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Preface

Riemannian geometry is characterized, and research is oriented towards and shaped
by concepts (geodesics, connections, curvature, ...) and objectives, in particular to
understand certain classes of (compact) Riemannian manifolds defined by curvature
conditions (constant or positive or negative curvature, ...). By way of contrast, geo-
metric analysis is a perhaps somewhat less systematic collection of techniques, for
solving extremal problems naturally arising in geometry and for investigating and
characterizing their solutions. It turns out that the two fields complement each other
very well; geometric analysis offers tools for solving difficult problems in geometry,
and Riemannian geometry stimulates progress in geometric analysis by setting ambi-
tious goals.

It is the aim of this book to be a systematic and comprehensive introduction to
Riemannian geometry and a representative introduction to the methods of geometric
analysis. It attempts a synthesis of geometric and analytic methods in the study of
Riemannian manifolds.

The present work is the fifth edition of my textbook on Riemannian geometry
and geometric analysis. It has developed on the basis of several graduate courses I
taught at the Ruhr-University Bochum and the University of Leipzig. The main new
features of the present edition are the systematic inclusion of flow equations and a
mathematical treatment of the nonlinear sigma model of quantum field theory. These
new topics also led to a systematic reorganization of the other material. Naturally,
I have also included several smaller additions and minor corrections (for which I am
grateful to several readers).

Let me now briefly describe the contents:

In the first chapter, we introduce the basic geometric concepts, like differentiable
manifolds, tangent spaces, vector bundles, vector fields and one-parameter groups of
diffeomorphisms, Lie algebras and groups and in particular Riemannian metrics. We
also treat the existence of geodesics with two different methods, both of which are
quite important in geometric analysis in general. Thus, the reader has the opportunity
to understand the basic ideas of those methods in an elementary context before moving
on to more difficult versions in subsequent chapters. The first method is based on
the local existence and uniqueness of geodesics and will be applied again in Chapter
8 for two-dimensional harmonic maps. The second method is the heat flow method
that gained prominence through Perelman’s solution of the Poincaré conjecture by
the Ricci flow method.



VIII Preface

The second chapter introduces de Rham cohomology groups and the essential
tools from elliptic PDE for treating these groups. We prove the existence of har-
monic forms representing cohomology classes both by a variational method, thereby
introducing another of the basic schemes of geometric analysis, and by the heat flow
method. The linear setting of cohomology classes allows us to understand some key
ideas without the technical difficulties of nonlinear problems.

The third chapter treats the general theory of connections and curvature.

In the fourth chapter, we introduce Jacobi fields, prove the Rauch comparison
theorems for Jacobi fields and apply these results to geodesics. We also develop the
global geometry of spaces of nonpositive curvature.

These first four chapters treat the more elementary and basic aspects of the
subject. Their results will be used in the remaining, more advanced chapters.

The fifth chapter treats Kédhler manifolds symmetric spaces as important exam-
ples of Riemannian manifolds in detail.

The sixth chapter is devoted to Morse theory and Floer homology.

In the seventh chapter, we treat harmonic maps between Riemannian manifolds.
We prove several existence theorems and apply them to Riemannian geometry. The
treatment uses an abstract approach based on convexity that should bring out the
fundamental structures. We also display a representative sample of techniques from
geometric analysis.

In the eighth chapter, we treat harmonic maps from Riemann surfaces. We enco-
unter here the phenomenon of conformal invariance which makes this two-dimensional
case distinctively different from the higher dimensional one.

The ninth chapter treats variational problems from quantum field theory, in
particular the Ginzburg-Landau, Seiberg-Witten equations, and a mathematical ver-
sion of the nonlinear supersymmetric sigma model. In mathematical terms, the two-
dimensional harmonic map problem is coupled with a Dirac field. The background
material on spin geometry and Dirac operators is already developed in earlier chap-
ters. The connections between geometry and physics will be further explored in a
forthcoming monograph [144].

A guiding principle for this textbook was that the material in the main body
should be self contained. The essential exception is that we use material about Sobolev
spaces and linear elliptic an parabolic PDEs without giving proofs. This material is
collected in Appendix A. Appendix B collects some elementary topological results
about fundamental groups and covering spaces.

Also, in certain places in Chapter 6, we do not present all technical details, but
rather explain some points in a more informal manner, in order to keep the size of
that chapter within reasonable limits and not to loose the patience of the readers.

We employ both coordinate free intrinsic notations and tensor notations depend-
ing on local coordinates. We usually develop a concept in both notations while we
sometimes alternate in the proofs. Besides not being a methodological purist, reasons
for often prefering the tensor calculus to the more elegant and concise intrinsic one
are the following. For the analytic aspects, one often has to employ results about (el-
liptic) partial differential equations (PDEs), and in order to check that the relevant
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assumptions like ellipticity hold and in order to make contact with the notations
usually employed in PDE theory, one has to write down the differential equation in
local coordinates. Also, manifold and important connections have been established
between theoretical physics and our subject. In the physical literature, usually the
tensor notation is employed, and therefore, familiarity with that notation is neces-
sary for exploring those connections that have been found to be stimulating for the
development of mathematics, or promise to be so in the future.

As appendices to most of the paragraphs, we have written sections with the
title “Perspectives”. The aim of those sections is to place the material in a broader
context and explain further results and directions without detailed proofs. The ma-
terial of these Perspectives will not be used in the main body of the text. Similarly,
after Chapter 4, we have inserted a section entitled “A short survey on curvature and
topology” that presents an account of many global results of Riemannian geometry
not covered in the main text. — At the end of each chapter, some exercises for the
reader are given. We assume of the reader sufficient perspicacity to understand our
system of numbering and cross-references without further explanations.

The development of the mathematical subject of Geometric Analysis, namely
the investigation of analytical questions arising from a geometric context and in turn
the application of analytical techniques to geometric problems, is to a large extent
due to the work and the influence of Shing-Tung Yau. This book, like its previous
editions, is dedicated to him.

I am also grateful to Minjie Chen for dedicated help with the Tex file.

Jirgen Jost
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Chapter 1

Foundational Material

1.1 Manifolds and Differentiable Manifolds

A topological space is a set M together with a family O of subsets of M satisfying the
following properties:

(1) Ql,QQ €E0=0NNQ e O,
(ii) for any index set A : (Q2a)aca C O = Uy Pa €0,
(iii) 0, M € 0.

The sets from O are called open. A topological space is called Hausdorffif for any
two distinct points py,ps € M there exists open sets Q1,02 € O with p; € Qq,p2 €
05,21 NQ = 0. A covering (Q4)aca (A an arbitrary index set) is called locally finite
if each p € M has a neighborhood that intersects only finitely many ,. M is called
paracompact if any open covering possesses a locally finite refinement. This means
that for any open covering (£2,)qca there exists a locally finite open covering (Q’B)geg
with

VBEBEIQEA:QQ,CQQ.
A map between topological spaces is called continuous if the preimage of any open
set is again open. A bijective map which is continuous in both directions is called a
homeomorphism.

Definition 1.1.1. A manifold M of dimension d is a connected paracompact
Hausdorff space for which every point has a neighborhood U that is homeomorphic
to an open subset Q of R?. Such a homeomorphism

z:U —Q
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is called a (coordinate) chart.
An atlas is a family {U,,x,} of charts for which the U, constitute an open
covering of M.

Remarks.

1. A point p € U, is determined by x,(p); hence it is often identified with z, (p).
Often, also the index « is omitted, and the components of z(p) € R? are called
local coordinates of p.

2. Any atlas is contained in a maximal one, namely the one consisting of all charts
compatible with the original one.

As we shall see, local coordinates yield a systematic method for locally repre-
senting a manifold in such a manner that computations can be carried out. We shall
now describe a concept that will allow us to utilize the framework of linear algebra
for local computations as will be explored in 1.2 and beyond.

Definition 1.1.2. An atlas {U,,z,} on a manifold is called differentiable if all chart
transitions
T30 .T;l : xa(Ua n Uﬂ) — .T[j(Ua n Uﬂ)

are differentiable of class C*° (in case U, N Ug # 0). A maximal differentiable atlas
is called a differentiable structure, and a differentiable manifold of dimension d is a
manifold of dimension d with a differentiable structure. From now on, all atlases are
supposed to be differentiable. Two atlases are called compatible if their union is again
an atlas. In general, a chart is called compatible with an atlas if adding the chart to
the atlas yields again an atlas. An atlas is called maximal if any chart compatible
with it is already contained in it.

Remarks.

1. Since the inverse of zg oz, ! is x, 0 xgl, chart transitions are differentiable in
both directions, i.e. diffeomorphisms.

2. One could also require a weaker differentiability property than C'°.

3. It is easy to show that the dimension of a differentiable manifold is uniquely
determined. For a general, not differentiable manifold, this is much harder.

4. Since any differentiable atlas is contained in a maximal differentiable one, it
suffices to exhibit some differentiable atlas if one wants to construct a differen-
tiable manifold.

Definition 1.1.3. An atlas for a differentiable manifold is called oriented if all chart
transitions have positive functional determinant. A differentiable manifold is called
orientable if it possesses an oriented atlas.
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It is customary to write the Euclidean coordinates of R%, Q ¢ R open, as
z= (24, ...,x), (1.1.1)

and these then are considered as local coordinates on our manifold M when z : U —
is a chart.

Ezxamples.

1. The sphere S™ := {(z',...,2"*1) € R*"1 : Y"1 (a7)2 = 1} is a differen-

tiable manifold of dimension n. Charts can be given as follows: On U; :=

S™\{(0,...,0,1)} we put

fl(x17"'7xn+1) = (f%(xl""7xn+1)’"'7f{L(x1""7xn+1))

xt "
T 17In+1""’171,n+1

and on Uy := S™\{(0,...,0,-1)}

fa(ah, o ™) = (fa (2t ™) et )
x! "
= <1+xn+1,..., 1+x"+1> .
2. Let wy,ws,...,w, € R" be linearly independent. We consider z1,25 € R as
equivalent if there are my, mo,...,m, € Z with

n
21 — 29 = E m;ws;.
i=1

Let m be the projection mapping z € R" to its equivalence class. The torus
T™ := w(R™) can then be made a differentiable manifold (of dimension n) as
follows: Suppose A, is open and does not contain any pair of equivalent points.
We put

Uy = m(AL),

(7T|AQ)_1.

Za t

3. The preceding examples are compact. Of course, there exist also noncompact
manifolds. The simplest example is R?. In general, any open subset of a (dif-
ferentiable) manifold is again a (differentiable) manifold.

4. If M and N are differentiable manifolds, the Cartesian product M x N also nat-
urally carries the structure of a differentiable manifold. Namely, if {Uy,, % taca
and {Vj, 95} sep are atlases for M and N, resp., then {Uq x V3, (2o, Y8) }(a,8)c AxB
is an atlas for M x N with differentiable chart transitions.
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Definition 1.1.4. A map h: M — M’ between differentiable manifolds M and M’
with charts {Un, 2o} and {U}, 2} is called differentiable if all maps a3 o h o z !
are differentiable (of class C*°, as always) where defined. Such a map is called a
diffeomorphism if bijective and differentiable in both directions.

For purposes of differentiation, a differentiable manifold locally has the structure
of Euclidean space. Thus, the differentiability of a map can be tested in local coor-
dinates. The diffeomorphism requirement for the chart transitions then guarantees
that differentiability defined in this manner is a consistent notion, i.e. independent
of the choice of a chart.

Remark. We want to point out that in the context of the preceding definitions, one
cannot distinguish between two homeomorphic manifolds nor between two diffeomor-
phic differentiable manifolds.

When looking at Definitions 1.1.2, 1.1.3, one may see a general pattern emerg-
ing. Namely, one can put any type of restriction on the chart transitions, for example,
require them to be affine, algebraic, real analytic, conformal, Euclidean volume pre-
serving,..., and thereby define a class of manifolds with that particular structure.
Perhaps the most important example is the notion of a complex manifold. We shall
need this, however, only at certain places in this book, namely in §5.1, §5.2.

Definition 1.1.5. A complex manifold of complex dimension d (dim¢ M = d) is a
differentiable manifold of (real) dimension 2d (dimg M = 2d) whose charts take values
in open subsets of C? with holomorphic chart transitions.

In the case of a complex manifold, it is customary to write the coordinates of
C? as ‘ . ‘
z=(z4...,2%), with 2/ =27 4y’ (1.1.2)
with 4 := /=1, that is, use (z',y',..., 2% y?) as Euclidean coordinates on R2¢., We
then also put ~ _ _
2=t — 1y’
The requirement that the chart transitions zg 0 2,1 : 24(Us N Ug) — 25(Us NUp) be
holomorphic then is expressed as

0 (1.1.3)
D2k - o
for all j, k where
9] 1/ 0 7]
R G 1.14
0zF 2 (837"‘ +28yk) ( )

We also observe that a complex manifold is always orientable because holomor-
phic maps always have a positive functional determinant.
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We conclude this section with a useful technical result.

Lemma 1.1.1. Let M be a differentiable manifold, (Uy)|aca an open covering. Then
there exists a partition of unity, subordinate to (Uy). This means that there exists
a locally finite refinement (Vg)gep of (Ua) and C§° (i.e. C* functions pg with
{z € M : pg(x) # 0} having compact closure) functions pg: M — R with

(1) supp g C Vg for all B € B,
(i) 0 < pg(x) <1 forallz e M,B € B,

(i1i) > geppp(x) =1 for allz € M.

Note that in (iii), there are only finitely many nonvanishing summands at each
point since only finitely many pg are nonzero at any given point because the covering
(V3) is locally finite.

Proof. See any advanced textbook on Analysis, e.g. J. Jost, Postmodern Analysis,
3rd ed., Springer, 2005. O

Perspectives. Like so many things in Riemannian geometry, the concept of a differentiable
manifold was in some vague manner implicitly contained in Bernhard Riemann’s habilitation
address “Uber die Hypothesen, welche der Geometrie zugrunde liegen”, reprinted in [262].
The first clear formulation of that concept, however, was given by H. Weyl[260].

The only one dimensional manifolds are the real line and the unit circle S*, the latter
being the only compact one. Two dimensional compact manifolds are classified by their
genus and orientability character. In three dimensions, Thurston[251, 252] had proposed a
program for the possible classification of compact three-dimensional manifolds. This could
recently be resolved by Perel’'man with techniques from geometric analysis (that were rather
different from those that Thurston had developed); see the Survey on Curvature and Topol-
ogy in the middle of this book for references. — In higher dimensions, the plethora of compact
manifolds makes a classification useless and impossible.

In dimension at most three, each manifold carries a unique differentiable structure, and
so here the classifications of manifolds and differentiable manifolds coincide. This is no longer
so in higher dimensions. Milnor[189, 190] discovered exotic 7-spheres, i.e. differentiable struc-
tures on the manifold S7 that are not diffeomorphic to the standard differentiable structure
exhibited in our example. Exotic spheres likewise exist in higher dimensions. Kervaire[164]
found an example of a manifold carrying no differentiable structure at all.

In dimension 4, the understanding of differentiable structures owes important progress
to the work of Donaldson. He defined invariants of a differentiable 4-manifold M from the
space of selfdual connections on principal bundles over it. These concepts will be discussed
in more detail in §3.2.
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In particular, there exist exotic structures on R*. A description can e.g. be found in

[86].

1.2 Tangent Spaces

Let z = (2!,...,2%) be Euclidean coordinates of R?,Q c R¢ open, zo € Q. The
tangent space of Q at the point xg,

Ty 2
is the space {xo} x E, where F is the d-dimensional vector space spanned by the
basis %, ceey a%d' Here, %, ceey a_id are the partial derivatives at the point zq. If

Q Cc R% Q' C R® are open, and f : Q — Q' is differentiable, we define the derivative
df (zo) for xy € Q as the induced linear map between the tangent spaces

df(l‘o) : th)Q - Tf(TO)Q/’
0 ;0 fj 0
P Vg (@) 55y
oz afi’
Here and in the sequel, we use the Finstein summation convention: An index occuring

twice in a product is to be summed from 1 up to the space dimension. Thus, v’ 86

an abbreviation for
d
Z xl ’

’U:i

v {-)L% stands for

d ¢
; g ox? 8 I
In the previous notations, we put
TQ :=Qx E~QxR%
Thus, T is an open subset of R? x R¢, hence in particular a differentiable manifold.

m:TQ — Q, (projection onto the first factor)

(z,v) — x
is called a tangent bundle of €2. T} is called the total space of the tangent bundle.

Likewise, we define

df : TQ — TS,
9 Of7 0
<x,v’axi> — (f(a:),vla—il(x)a—fj> .
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Instead of
df (z,v)
we write
df (z)(v).
If in particular, f : Q@ — R is a differentiable function, we have for v = v? 8?01‘

df (2)(v) = v 2L

O (.%‘) S Tf(w)R =R

In this case, we often write v(f)(z) in place of df (z)(v) when we want to express that
the tangent vector v operates by differentiation on the function f.

Let now M be a differentiable manifold of dimension d, and p € M. We want
to define the tangent space of M at the point p. Let z : U — R? be a chart with
p € U, U open in M. We say that the tangent space T}, M is represented in the chart
x by Typz(U). Let 2’ : U' — R? be another chart with p € U’, U’ open in M.
Q:=x(U),Q :=2/(U"). The transition map

ox ™l x(UNU) =2 (UNT)
induces a vector space isomorphism
L:=d(a oz ") (@(p)) : TupyQ — T .

We say that v € Ty and L(v) € T, ()Y represent the same tangent vector in T, M.
Thus, a tangent vector in T}, M is given by the family of its coordinate representations.
This is motivated as follows: Let f : M — R be a differentiable function. Assume
that the tangent vector w € T, M is represented by v € Tyyz(U). We then want
to define df (p) as a linear map from T,M to R. In the chart z, let w € T, M be
represented by v = vi% € Typyx(U). We then say that

df (p)(w)

in this chart is represented by

d(f o) (x(p))(v).

Now

d(foa'" o ox™h)(x(p))(v)

d(foa’ 1) (a'(p))(L(v)) by the chain rule

d(f o' 1) (@' (p)) o d(z’ o ™) (x(p))(v).

Thus, in the chart #/, w is represented by L(v). Here, a fundamental idea

emerges that will be essential for the understanding of the sequel. T,,M is a vector
space of dimension d, hence isomorphic to R?. This isomorphism, however, is not

d(f oz™")(x(p))(v)
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canonical, but depends on the choice of a chart. A change of charts changes the iso-
morphism, namely at the point p by the linear transformation L = d(z' o 271)(z(p)).
Under a change of charts, also other objects then are correspondingly transformed, for
example derivatives of functions, or more generally of maps. In other words, a chart
yields local representations for tangent vectors, derivatives, etc., and under a change
of charts, these local representations need to be correctly transformed. Or in still
other words: We know how to differentiate (differentiable) functions that are defined
on open subsets of R?. If now a function is given on a manifold, we pull it back by
a chart, to an open subset of R? and then differentiate the pulled back function. In
order to obtain an object that does not depend on the choice of chart, we have to
know in addition the transformation behavior under chart changes. A tangent vector
thus is determined by how it operates on functions by differentiation.

Likewise, for a differentiable map F': M — N between differentiable manifolds,
dF is represented in local charts 2 : U ¢ M — R4, y:V C N — R® by

d(yoFox™ ).

In the sequel, in our notation, we shall frequently drop reference to the charts and
write instead of d(y o F ox~!) simply dF, provided the choice of charts or at least the
fact that charts have been chosen is obvious from the context. We can achieve this
most simply as follows:

Let the local coordinates on U be

(zt, ..., x%),
and those on V be (F1,...  F¢). We then consider F(x) as abbreviation for
(FYzt, ...z, .. Fe(z!,. .. x)).
dF now induces a linear map
dF : Ty M — Tp)N,
which in our coordinates is represented by the matrix

oF“
ox? a=1,...,c ’
i d

i=1,...,

A change of charts leads to a base change of the tangent spaces, and the transformation
behavior is determined by the chain rule. If

(@t a?) (€ €0
and (F',... F¢) — (®',...,0°)

are coordinate changes, then dF is represented in the new coordinates by

000\ [ 00° OF* du'
o6 ) ~ \oF* ox" 05 )"
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Note that the functional matrix of the coordinate change of the image N, but the
inverse of the functional matrix of the coordinate change of the domain M appears
here. We also remark that for a function ¢ : N - Rand av € T, M,

(dF(v)(9))(F(x)) := dp(dF (v))(F(x))
by definition of the application of dF'(v) € Try)N to ¢ : N — R,

= d(p o F)(v)(x) by the chain rule
=v(po F)(z)

by definition of the application of v € T,M to ¢ o F : M — R.

Instead of applying the tangent vector dF'(v) to the function, one may also apply
the tangent vector v to the “pulled back” function ¢ o F.

We want to collect the previous considerations in a formal definition:

Definition 1.2.1. Let p € M. On {(z,v) : 2 : U — Q chart with p € U,v € Ty}
(z,v) ~ (y,w) : <= w = d(y o x~')v. The space of equivalence classes is called the
tangent space to M at the point p, and it is denoted by T}, M.

T, M naturally carries the structure of a vector space:

The equivalence class of A\i(x,v1) + A2 (2, v2) (A1, A2 € R) is the one of (z, A\yv1 +
A2v2). We now want to define the tangent bundle of a differentiable manifold of
dimension d. T'M is the disjoint union of the tangent spaces T,M,p € M, equipped
with the following structure of a differentiable manifold: First let 7 : TM — M with
m(w) = p for w € T,M be the projection onto the “base point”. If z : U — R? is a
chart for M, we let TU be the disjoint union of the 7,M with p € U and define the
chart

dv:TU - Tx(U), (= |J T,M)
pez(U)

where Tz(U) carries the differentiable structure of z(U) x R?
w = dr(m(w))(w) € Tyiruw)yz(U).

The transition maps
da' o (dz)™' =d(z' ox™1)

then are differentiable. 7 is locally represented by
romodr
and this map maps (z¢,v) € Tz(U) to zg.

Definition 1.2.2. The triple (T'M, w, M) is called the tangent bundle of M, and T M
is called the total space of the tangent bundle.
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Finally, we briefly discuss the case of a complex manifold M, to have it at our
disposal in §5.2. With the previous constructions and conventions in the real case
understood, we let 27 = x7 4 iy’ again be local holomorphic coordinates near z € M,
as at the end of §1.1. T®M := T, M is the ordinary (real) tangent space of M at z,
and

TEM := TRM @ C

is the complexified tangent space which we then decompose as

9 2, rMery,

Cas —
M= C{azj’ 0z

where T/M = C{;Z} is the holomorphic and T/M = (C{%} the antiholomor-
phic tangent space. In TCM, we have a conjugation, mapping % to %, and so,

T!M =T!M. The projection T®M — TEM — T!M is an R-linear isomorphism.

Perspectives. Other definitions of the tangent space of a differentiable manifold M are
possible that are more elegant and less easy to compute with.

A germ of a function at = € M is an equivalence class of smooth functions defined
on neighborhoods of x, where two such functions are equivalent if they coincide on some
neighborhood of x. A tangent vector at x may then be defined as a linear operator § on the
function germs at x satisfying the Leibniz rule

5(f - g)(x) = (6f(x))g(x) + f(x)dg(x).

This definition has the obvious advantage that it does not involve local coordinates.

1.3 Submanifolds

A differentiable map f: M — N is called an immersion, if for any x € M
df : TxM — Tf(Z)N

is injective. In particular, in this case m := dim M < n := dim N. If an immersion
f: M — N maps M homeomorphically onto its image in N, f is called differentiable
embedding. The following lemma shows that locally, any immersion is a differentiable
embedding:

Lemma 1.3.1. Let f : M — N be an immersion, dim M = m,dim N = n,xz € M.
Then there exist a neighborhood U of x and a chart (V,y) on N with f(x) € V, such
that

(i) fiv is a differentiable embedding, and
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(i) y" T (p) =...=y"(p) =0 for allp e f(U)NV.

Proof. This follows from the implicit function theorem. Inlocal coordinates (2!, ..., 2")
on N, (zt,...,2™) on M let, w.l.o.g. (since df(z) is injective)

s

be nonsingular.

‘We consider

F(z,x) = (' — fYx),...,2" — f"(z)),

which has maximal rank in z!',... 2™, 2™*! ... 2" By the implicit function theo-
rem, there locally exists a map
1 1
(2.2 = (P2 2™, e (2 ™)
with
F(z,x) =0 <= z' =p'(z', ..., 2™, .., 2™ =™z, ...,2™),
2L = pom L™ 2 = (L 2™,
for which (g“";) - has maximal rank.
2z ai=1,....m

As new coordinates, we now choose

(' ™) = (@Mt 2™, e (2™,
2L ML 2™, 2 = (2 2™).
Then
2= f(x)
& F(z,2) =0
< Wy = (b .., 2™,0,...,0),
and the claim follows. O

If f: M — N is a differentiable embedding, f(M) is called a differentiable
submanifold of N. A subset N’ of N, equipped with the relative topology, thus is a
differentiable submanifold of IV, if N’ is a manifold and the inclusion is a differentiable
embedding.

Charts on N’ then are simply given by restrictions of charts of N to N’, and
Lemma 1.3.1 shows that one may here always find a particularly convenient structure
of the charts.

Similarly, the implicit function theorem implies
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Lemma 1.3.2. Let f : M — N be a differentiable map, dim M = m, dimN =
n,m >mn, p € N. Let df (x) have rank n for all x € M with f(x) = p. Then f~1(p) is
a union of differentiable submanifolds of M of dimension m — n.

Proof. We again represent the situation in local coordinates around x € M and
p = f(x) € N. Of course, in these coordinates df (x) still has rank n. By the implicit
function theorem, there exist an open neighborhood U of = and a differentiable map

g(:z:"+1,...7x"1) Uy R - U; CR"
with
U= Ul X U2
and
With
C =g — g2t .. ™) fora=1,...,n,
y’ =’ fors=n+1,...,m,

we then get coordinates for which

fle)=p < y*=0 fora=1,...,n.

(y"*1, ..., y™) thus yield local coordinates for {f(z) = p} and this implies that in

some neighborhood of « {f(z) = p} is a submanifold of M of dimension m —n. O

Let M be a differentiable submanifold of NV, and let ¢ : M — N be the inclusion.
For p € M, T,M can then be considered as subspace of T,,N, namely as the image
di(T,M).

The standard example is the sphere

S ={z e R"" . |z| =1} c R*L.
By the Lemma 1.3.2, S” is a submanifold of R™*+1!.

Lemma 1.3.3. In the situation of Lemma 1.3.2, we have for the submanifold X =
FHp) and q € X
T, X = kerdf(q) C T, M.

Proof. Let v € ToX, (p,U) a chart on X with ¢ € U. Let v be any smooth curve in

p(U) with 4(0) = ¢(q), 7(0) := (1) =0 = di(v), for example, y(t) = p(q)+tdp(v).
c:= ¢ 1(y) then is a curve in X with ¢(0) = v. Because of X = f~1(p),

foclt)=p Wi,
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hence df(q) o ¢(0) = 0, and consequently v = ¢(0) € kerdf(q). Since also T, X =
dimker df (¢) = m — n, the claim follows. O

For our example S”, we may choose
fiRE SR, f(x) = |2,

Then o
T,5" =kerdf(z) = {v € R" : 2. v(= z'v’) = 0}.

Perspectives. H. Whitney (1936) showed that any d-dimensional differentiable manifold
can be embedded into R??*!. Thus, the class of abstract differentiable manifolds is the same
as the class of submanifolds of Euclidean space. Nevertheless, the abstract and intrinsic point
of view offers great conceptual and technical advantages over the approach of submanifold
geometry of Euclidean spaces.

1.4 Riemannian Metrics

We now want to introduce metric structures on differentiable manifolds. Again, we
shall start from infinitesimal considerations. We would like to be able to measure
the lengths of and the angles between tangent vectors. Then, one may, for example,
obtain the length of a differentiable curve by integration. In a vector space such a
notion of measurement is usually given by a scalar product. We thus define

Definition 1.4.1. A Riemannian metric on a differentiable manifold M is given by a
scalar product on each tangent space T,,M which depends smoothly on the base point
p. A Riemannian manifold is a differentiable manifold, equipped with a Riemannian
metric.

In order to understand the concept of a Riemannian metric, we again need
to study local coordinate representations and the transformation behavior of these
expressions.

Thus, let = = (2!,...,2%) be local coordinates. In these coordinates, a metric
is represented by a positive definite, symmetric matrix

(gij(x))i,jzl,...,d

(ie. gij = gji for all 4,5, ;€€ > 0 for all £ = (£4,...,£%) # 0), where the
coefficients depend smoothly on x. The transformation formula (1.4.3) below will
imply that this smoothness does not depend on the choice of coordinates. Therefore,
smooth dependence on the base point as required in Definition 1.4.1 can be expressed
in local coordinates.
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The product of two tangent vectors v,w € T,,M with coordinate representations
(', ...,v?) and (w!,...,w?) (ie. v="2v %711} *wjaa ) then is

(v,w) := gij(x(p))viwj. (1.4.1)

In particular, (52, 5% ) = gi;.
Similarly, the length of v is given by

1
[l := (v, 0)*.

We now want to study the transformation behavior. Let y = f(x) define different

local coordinates. In these coordinates, v and w have representations (@', ...,9%) and
i Gf

(w, ..., 0% with &/ = v
given by hie(y).
It follows that

,w) = wZ af . Let the metric in the new coordinates be

hie(f ()55 0" = (v, w) = gij(z)v'w, (1.4.2)

hence .
o . L
hie(f () 8];1 6£J w’ = gi(z)v'w’,

and since this holds for all tangent vectors v, w,

ofF oft
hkz(f(l’))%%fj = gij(). (1.4.3)

Formula (1.4.3) gives the transformation behavior of a metric under coordinate
changes.

The simplest example of a Riemannian metric of course is the Fuclidean one.

Forv = (vl,...,v%), w = (w!,...,w?) € T,R? the Euclidean scalar product is simply

dijv'w! = v'w',
where

5 — 1 fori=j
Y10 fori#g

is the standard Kronecker symbol.

Theorem 1.4.1. Each differentiable manifold may be equipped with a Riemannian
metric.

Proof. Let {(x4,Uy) : a € A} be an atlas, (¢a)aca a partition of unity subordinate
t0 (Ua)aca (see Lemma 1.1.1 (for simplicity of notation, we use the same index set
for (p,) and (U,); this may be justified by replacing the original covering (U, ) by a
locally finite refinement).
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For v,w € T,M and a € A with p € U, let the coordinate representations be

(L, ..., vd) and (wl,...,wd). Then we put
(v,w) := Z Yo (p)viwl,.
acA
with peU,

This defines a Riemannian metric. (The metric is simply obtained by piecing the
Euclidean metrics of the coordinate images together with the help of a partition of
unity.) O

Let now [a,b] be a closed interval in R, v : [a,b] — M a smooth curve, where
“smooth”, as always, means “of class C°°”.
The length of v then is defined as

b
d
L(v) ;:/ [FRGIEE
and the energy of v as
1 [t d 2
E(y) = 5/ (GRS

(In physics, E(7) is usually called “action of 4”7 where ~ is considered as the orbit
of a mass point.) Of course, these expressions can be computed in local coordinates.
Working with the coordinates (z'(y(t)),...,z%(y(t))) we use the abbreviation

#(1) = S (1(1)).

Then

b
L) = [ asato)a @ (0d

and
b
B0 =5 [ gs@lr)i 0 (.

We also remark for later technical purposes that the length of a (continuous and)
piecewise smooth curve may be defined as the sum of the lengths of the smooth
pieces, and the same holds for the energy.

On a Riemannian manifold M, the distance between two points p,q can be
defined:

d(p,q) == inf{L(7) : v : [a,b] — M piecewise smooth curve with vy(a) = p,v(b) = ¢}.

We first remark, that any two points p, ¢ € M can be connected by a piecewise
smooth curve, and d(p, ¢) therefore is always defined. Namely, let

E,:={q € M :pand ¢q can be connected by a piecewise smooth curve.}

With the help of local coordinates one sees that E, is open. But then also M\ E, =
Uqgr, Eq is open. Since M is connected and Ej, # 0 (p € E,), we conclude M = E,.
The distance function satisfies the usual axioms:
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Lemma 1.4.1.

(i) d(p,q) >0 for all p,q, and d(p,q) > 0 for all p # q
(ii) d(p,q) = d(q,p),

(iii) d(p,q) < d(p,r)+ d(r,q) (triangle inequality) for all points p,q,r € M.

Proof. (i) and (iii) are obvious. For (i), we only have to show d(p,q) > 0 for p # q.
For this purpose, let z : U — R? be a chart with p € U. Then there exists ¢ > 0 with

D.(x(p)) =={y eR?: |y — z(p)| < e} C x(U)

(the bars denote the Euclidean absolute value) and

q & 27 (De(z(p))). (1.4.4)

Let the metric be represented by (g;;(x)) in our chart. Since (g;;(x)) is positive
definite and smooth, hence continuous in & and D.(x(p)) is compact, there exists
A > 0 with

9 (V)€ > N¢? (1.4.5)
for all y € D.(x(p)), € = (€1,...,£%) € R Therefore, for any curve v : [a,b] — M
with y(a) = p,7(b) = ¢

L(y) 2 Ly na™ Y (D=((p)))

1.4.6
> Xe >0, ( )

because x(y) by (1.4.4) has to contain a point z € dD.(x(p)), i.e. a point whose
Euclidean distance from z(p) is . By (1.4.5), z then has distance from z(p) at least
Ae w.r.t. the metric (g;5). O

Corollary 1.4.1. The topology on M induced by the distance function d coincides
with the original manifold topology of M.

Proof. Tt suffices to show that in each chart the topology induced by d coincides with
the one of R?, i.e. the one induced by the Euclidean distance function. Now for every
2 in some chart, there exists € > 0 for which D.(z) is contained in the same chart,
and positive constants A, p with

NP < gij()€'¢7 < p?lE]? for all y € D (z),& € R

Thus
Aly —z| <d(y,z) < ply —z| for ally € D.(z),
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and thus each Euclidean distance ball contains a distance ball for d, and vice versa,
(with
B(z,0) :={y € M :d(z,y) <4}

we have
Dy s(z) C B(x,9) C Dus(x),
if uéd <e). O

We now return to the length and energy functionals.

Lemma 1.4.2. For each smooth curve v : [a,b] — M
L(7)* £2(b—a)E(v), (1L4.7)

and equality holds if and only if ||ili—'g|| = const.

Proof. By Holder’s inequality

b b 2 0\ 2
dry 1
— < — 2
/a o H dt < (b—a) (/a dt)

with equality precisely if || ‘{%H = const. O

dry

dt

Lemma 1.4.3. Ifv: [a,b] — M is a smooth curve, and ¥ : [a, 5] — [a,b] is a change
of parameter, then

L(yeoy) = L(y).
Proof. Let t = (7).

By the chain rule,

Low = [ i (ssGt@E s @ e (5)) a
and by a change of variables,

= L(7).
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Lemma 1.4.4. The Fuler-Lagrange equations for the energy E are

F(0) + T e 0) (0P (0) =0, i=1,....d (49
with
i 1 il
ik =39 (gjek + grej — Gjke)s
where g '
(9D)ig=1,a = (95) ™" (ie. g% ge5 = 6yj)
and

gjt.k = ngf-

The expressions F;k are called Christoffel symbols.

Proof. The Euler-Lagrange equations of a functional

b
I(m):/ ft,z(t), z(t))dt

are given by
d of of .
————-=——=0 =1,....d.
dtoi oz T U

In our case, recalling

E(y) = %/gjk(x(t))i:jikdt,

we get
d . L N
= (@) (1) + gjs (@) (1)) = gjni(w(t))3’ (£)a" (1) = 0,
fori=1,...,d, hence
gini® + gjid? + gin, e 3" + gji 0837 — gjp i’ a" = 0.
Renaming some indices and using the symmetry g;x = gri, we get

200mi™ + (gerj + Gjok — Gir0) B =0, £=1,...,d, (1.4.9)

and from this
il =M 1 il gk .
9" 9emi™ + 59" (ger.g + gjeg = gin)'E" = 0,0 =1,....d.

Because of _ _ _
gwgém = 5im> and thus gwgém:im = jjla

we obtain (1.4.8) from this. O
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Definition 1.4.2. A smooth curve v = [a,b] — M, which satisfies (with ¢(t) =
Lai(y(t)) etc.)

E(t) + Thp(x(t)d! (1)i"(t) =0, fori=1,....d
is called a geodesic.

Thus, geodesics are the critical points of the energy functional. By Lemma 1.4.3,
the length functional is invariant under parameter changes. As in the Fuclidean case,
one easily sees that regular curves can be parametrized by arc length. We shall
attempt to minimize the length within the class of regular smooth curves, and we
shall succeed and complete the program in Corollary 1.4.2 below. As the length is
invariant under reparametrization by Lemma 1.4.3, therefore, if one seeks curves of
shortest length, it suffices to consider curves that are parametrized by arc length. For
such curves, by Lemma 1.4.2 one may minimize energy instead of length. Conversely,
every critical point of the energy functional, i.e. each solution of (1.4.8), i.e. each
geodesic, is parametrized proportionally to arc length.

Namely, for a solution of (1.4.8)

) = (0 () (0 1)
ke

= i@ + giji' i + gijpi'il i

= —(Gjk.t + gojk — gor )2 "D + goy g3t d
by formula (1.4.9), which is equivalent to (1.4.8)

=0

since gj 02t @%i7 = gyp ;#°3%37 by interchanging the indices j and /.

Consequently (&, &) = const, and hence the curve is parametrized proportionally to
arc length. We have shown

Lemma 1.4.5. FEach geodesic is parametrized proportionally to arc length. O

Theorem 1.4.2. Let M be a Riemannian manifold, p € M,v € T,M. Then there
exist € > 0 and precisely one geodesic

c:[0,e] = M

with ¢(0) = p,¢(0) = v. In addition, ¢ depends smoothly on p and v.

Proof. (1.4.8) is a system of second order ODE, and the Picard-Lindeléf Theorem
yields the local existence and uniqueness of a solution with prescribed initial values
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and derivatives, and this solution depends smoothly on the data. O

We note that if 2:(¢) is a solution of (1.4.8), so is z(At) for any constant A € R.
Denoting the geodesic of Theorem 1.4.2 with ¢(0) = p,¢(0) = v by ¢, we obtain

co(t) = exo(%) for XA >0, € [0,e].

In particular, cy, is defined on [0, £].

Since ¢, depends smoothly on v, and {v € T,M : ||v|| = 1} is compact, there
exists 9 > 0 with the property that for |[v]| = 1 ¢, is defined at least on [0, ).
Therefore, for any w € T, M with ||w|| < &g, ¢, is defined at least on [0, 1].

Definition 1.4.3. Let M be a Riemannian manifold, p € M,

Vp :={v € T, M : ¢, is defined on [0, 1]
exp, :V, = M

v (1)
is called the exponential map of M at p.

By the preceding considerations, the domain of definition of the exponential
map always at least contains a small neighborhood of 0 € T),M. In general, however,
Vp is not all of T),M, as is already seen in the example of a proper, open subset of
R?, equipped with the Euclidean metric. Nevertheless, we shall see in Theorem 1.5.2
below that for a compact Riemannian manifold, exp,, can be defined on all of T}, M.

Theorem 1.4.3. The exponential map exp,, maps a neighborhood of 0 € T, M diffeo-
morphically onto a neighborhood of p € M.

Proof. Since T,,M is a vector space, we may identify T,7,,M, the tangent space of
Tp,M at 0 € T,M, with T, M itself. The derivative of exp, at 0 then becomes a map
from T, M onto itself:

dexp,(0) : T,M — T, M.

With this identification of TyT, M and T),M, for v € T, M

dexp,(0)(v) = %Ctv(l)h&:o

d

= Ecv(t)u:o

= év (0)

= .
Hence

dexp,(0) = id|, ar- (1.4.10)



1.4 Riemannian Metrics 21

In particular, d expp(O) has maximal rank, and by the inverse function theorem,
there exists a neighborhood of 0 € T, M which is mapped diffeomorphically onto a
neighborhood of p € M. O

Let now eq,ea,...,eq (d = dimM) be a basis of T,M which is orthonormal
w.r.t. the scalar product on 7}, M defined by the Riemannian metric. Writing for each
vector v € T, M its components w.r.t. this basis, we obtain a map

®:T,M — R?

v="vle; — (v},...,0%).
For the subsequent construction, we identify 7, M with R? via ®. By Theorem 1.4.3,
there exists a neighborhood U of p which is mapped by exp,, ! diffeomorphically onto a
neighborhood of 0 € T,, M, hence, with our identification T, M = R?, diffeomorphically
onto a neighborhood 2 of 0 € R%. In particular, p is mapped to 0.

Definition 1.4.4. The local coordinates defined by the chart (exp;l, U) are called
(Riemannian) normal coordinates with center p.

Theorem 1.4.4. In normal coordinates, we have for the Riemannian metric

9i;(0) = dij, (1.4.11)
x(0) =0, (and also g;; 1(0) =0) for all i, j, k. (1.4.12)

Proof. (1.4.11) directly follows from the fact that the above identification ® : T, M =
R? maps an orthonormal basis of T,M w.r.t. the Riemannian metric onto an Euclid-
ean orthonormal basis of R,

For (1.4.12), we note that in normal coordinates, the straight lines through the
origin of R? (or, more precisely, their portions contained in the chart image) are
geodesic. Namely, the line tv,t € R,v € R?, is mapped (for sufficiently small ¢) onto
cto(1) = ¢y (t), where ¢, (1) is the geodesic, parametrized by arc length, with ¢,(0) = v.

Inserting now z(¢) = tv into the geodesic equation (1.4.8), we obtain because of
i(t)=0

zk(tv)vjvk =0, fori=1,...,d. (1.4.13)

In particular at 0, i.e. for t =0,
I (007" =0 for allv e R i =1,... ,d. (1.4.14)
We put v = 3(ez + €,,) and obtain because of the symmetry T, =T ;
I},,(0) = 0 for alli.

Since this holds for all ¢, m, all F;k(O) vanish. By definition of F;k, we obtain at

0eR?
ié(

9" (gjek + Grej — Gike) =0 Vi, 5, k,
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hence also
Gimk T Gkm,j — Gikm = 0V j, k, m.

Adding now the relation (obtained by cyclic permutation of the indices)
Gkjm + Imjk — Gkm,; = 0,

we obtain (with gr; = gjk)
gim,k(0) =0, for allj, k, m.

O

Later on (in Chapter 3), we shall see that in general the second derivatives of
the metric cannot be made to vanish at a given point by a suitable choice of local
coordinates. The obstruction will be given by the curvature tensor.

Further properties of Riemannian normal coordinates may best be seen by using
polar coordinates, instead of the Euclidean ones (obtained from the map ®). We
therefore introduce on R? the standard polar coordinates

(r ", 9?7,
where p = (¢!, ..., % !) parametrizes the unit sphere S%~! (the precise formula for
¢ will be irrelevant for our purposes), and we then obtain polar coordinates on T, M
via & again. We express the metric in polar coordinates and write g, instead of gq1,
because of the special role of . We also write g, instead of gi¢,¢ € {2,...,d}, and
Jee as abbreviation for (gie)k¢=2,... 4. In particular, in these coordinates at 0 € T,M
(this point corresponds to p € M)

grr(0) = 1,9r4,(0) =0 (1.4.15)

by (1.4.11) and since this holds for Euclidean polar coordinates.

After these preparations, we return to the analysis of the geodesic equation
(1.4.8). The lines ¢ = const. are geodesic when parametrized by arc length. They
are given by z(t) = (¢, ¢o0), ¢o fixed, and from (1.4.8)

I, =0foralli
(we have written T, instead of T'{;), hence
gi£(2g”r’l,'r’ - grr}f) = 0, fOI' all 7:7

thus
2Gre,r — grre = 0, for all £. (1.4.16)

For ¢ = r, we conclude
Grror = 0,
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and with (1.4.15) then

grr = L. (1.4.17)
Inserting this in (1.4.16), we get

Iror =0,
and then again with (1.4.15)

gre = 0. (1.4.18)

We have shown

Theorem 1.4.5. For the polar coordinates, obtained by transforming the Fuclidean
coordinates of R, on which the normal coordinates with centre p are based, into polar
coordinates, we have

1 0 . 0
0
9ij = . )
: Gop (ra 90)
0
where guu(r, @) is the (d — 1) x (d — 1) matriz of the components of the metric w.r.t.
angular variables (o', ..., p%71) € S471, O

The polar coordinates of Theorem 1.4.5 are often called Riemannian polar coor-
dinates. The situation is the same as for Euclidean polar coordinates: For example in
polar coordinates on R?, the Euclidean metric is given by ((1) Toz ) We point out once
more that in contrast to Theorem 1.4.4, Theorem 1.4.5 holds not only at the origin
0 € T, M, but in the whole chart.

Corollary 1.4.2. For any p € M, there exists p > 0 such that Riemannian polar
coordinates may be introduced on B(p,p) :={q € M : d(p,q) < p}. For any such p
and any q € 0B(p, p), there is precisely one geodesic of shortest length (= p) from p
to q, and in polar coordinates, this geodesic is given by the straight line x(t) = (t, o),
0 <t < p, where q is represented by the coordinates (p, o), 00 € S4~t. Here, “of
shortest length” means that the curve is the shortest one among all curves in M from

p to q.

Proof. The first claim follows from Corollary 1.4.1 (and its proof) and Theorem 1.4.3.
For the second claim, let ¢(t) = (r(t),¢(t)),0 < t < T, be an arbitrary curve from
p to q. ¢(t) need not be entirely contained in B(p, p) and may leave our coordinate
neighborhood. Let
to ;= inf{t <T :d(c(t),p) > p}.

Then to < T, and the curve cjjo 4, is entirely contained in B(p,p). We shall show
L(cjjo,4,]) > p with equality only for a straight line in our polar coordinates. This will
then imply the second claim. The proof of this inequality goes as follows:

Leon) = /0 (gis (et at
Z/O (grr(c(t))rr)2dt
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by (1.4.18) and since g, is positive definite

to to
:/ |r’|dt2/ #dt by (1.4.17)
0 0

=r(to)
= p by definition of ¢y,

and equality holds precisely if g, = 0, in which case ¢(t) is constant and 7 > 0
and c(t) thus is a straight line through the origin. O

In particular, under the assumptions of Corollary 1.4.2, the Euclidean ball
d,(0) = {y e R : [y < p} C T,M

is mapped under exp, diffeomorphically onto the Riemannian ball with the same
radius,

B(p,p).

Corollary 1.4.3. Let M be a compact Riemannian manifold. Then there exists
po > 0 with the property that for any p € M, Riemannian polar coordinates may be
introduced on B(p, po).

Proof. By Corollary 1.4.2, for any p € M, there exists p > 0 with those properties.
By Theorem 1.4.2, exp,, is smooth in p. If thus exp, is injective and of maximal rank
on a closed ball with radius p in 7}, M, there exists a neighborhood U of p such that
for all ¢ € U,exp, is injective and of maximal rank on the closed ball with radius p
in T, M.

Since M is compact, it can be covered by finitely many such neighborhoods and
we choose pg as the smallest such p. O

Corollary 1.4.4. Let M be a compact Riemannian manifold. Then there exists pg >
0 with the property that any two points p,q € M with d(p,q) < po can be connected
by precisely one geodesic of shortest length. This geodesic depends continuously on p
and q.

Proof. py from Corollary 1.4.3 satisfies the first claim by Corollary 1.4.2. Moreover,
by the last claim of Corollary 1.4.2, the shortest geodesic from p to ¢ € B(p,po)
depends continuously on p. Exchanging the roles of p and ¢ yields the continuous
dependence on p as well. O

We explicitly point out that for any compact Riemannian manifold there is
always more than one geodesic connection between any two points (This will be
discussed in Chapter 6.). Only the shortest geodesic is unique, provided p and ¢ are
sufficiently close.
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Let now M be a differentiable submanifold of the Riemannian manifold N. The
Riemannian metric of N then induces a Riemannian metric on M, by restricting the
former one to T, M C T},N for p € N. Thus, M also becomes a Riemannian manifold.

In particular, S ¢ R™*! obtains a Riemannian metric. We want to compute
this metric in the local chart of §1.1, namely

1 n—+1 a! z" n+1
flzh, ... 2") = T T g for x #1

Syt .yt ER™L

In the sequel, a Latin index occuring twice in a product has to be summed from
1 to n+ 1, a Greek one from 1 to n. We compute

1= liil'i — yayu(l _ xn+1)2 4 xn+1xn+1

hence
$n+1 N yaya -1
and then ‘
) 2y’ .
.’EZ:W (221,...,77,).

For g := f~! then

og’ 20 dyTyk .

8_3/“7 5 yoge — (1+y°‘ya)2 forj=1,...,n, k=1,...,n

agn-l-l 4yk

Oyt (14 yoye)?

Let a tangent vector to S™ be represented by w = (w?,...,w") in our chart. Then

(w,w) = dg(w) - dg(w), where the point denotes the Euclidean

scalar product of R"*1

1
— m {4(1 + 3% 2wPw? — 16(1 + yy®)yPwly w?
+ 16y6yﬂy7w7y5w5 + 16y5w5y"’w7}
4
_ B,,8
= ——wlw”.
(1+ yoy=)?

Thus, the metric in our chart is given by

4
9i;(y) = 2 ij-

(1+Jy[?
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Definition 1.4.5. A diffeomorphism h : M — N between Riemannian manifolds is
an isometry if it preserves the Riemannian metric. Thus, for p € M,v,w € T, M, and
if (-,-)ar and (-, -)x denotes the scalar products in 7, M and Tj,(,) N, resp., we have

(v, w)pr = (dh(v),dh(w))N.

A differentiable map h : M — N is a local isometry if for every p € M there exists a
neighborhood U for which Ay : U — h(U) is an isometry, and h(U) is open in N.

If (gi;(p)) and (vap(h(p)) are the coordinate representations of the metric, an
isometry has to satisfy

a 8
9i5(p) = Yap(h(p)) 8% I(ip) 52 x(jp)

A local isometry thus has the same effect as a coordinate change. Isometries leave
the lengths of tangent vectors and therefore also the lengths and energies of curves
invariant. Thus, critical points, i.e. geodesics, are mapped to geodesics.

With this remark, we may easily determine the geodesics of S™. The orthogonal
group O(n + 1) operates isometrically on R"*! and since it maps S™ into S, it also
operates isometrically on S™. Let now p € S",v € T),S". Let I be the two dimensional
plane through the origin of R®*!, containing v. We claim that the geodesic ¢, through
p with tangent vector v is nothing but the great circle through p with tangent vector
v (parametrized proportionally to arc length), i.e. the intersection of S™ with E. For
this, let S € O(n + 1) be the reflection across that E. Together with ¢,, S¢, is also
a geodesic through p with tangent vector v. The uniqueness result of Theorem 1.4.2
implies ¢, = S¢,, and thus the image of ¢, is the great circle, as claimed.

As another example, we consider the torus 72 introduced in §1.1. We introduce
a metric on T2 by letting the projection m be a local isometry. For each chart of the
form (U, (m;7) "), we use the Euclidean metric on 7~ !(U). Since the translations

z— 2+ miwy + mowy  (my,me € Z)

are Euclidean isometries, the Euclidean metrics on the different components of 7=1(U)
(which are obtained from each other by such translations) yield the same metric on
U. Hence, the Riemannian metric on T2 is well defined.

Since 7 is a local isometry, Euclidean geodesics of R? are mapped onto geodesics
of T?. The global behavior of geodesics on such a torus is most easily studied in the
case where T? is generated by the two unit vectors w; = (1,0) and wo = (0,1) : A
straight line in R? which is parallel to one of the coordinate axes then becomes a
geodesic on T2 that closes up after going around once. More generally, a straight line
with rational slope becomes a closed, hence periodic geodesic on T2, while the image
of one with irrational slope lies dense in T2.

Before ending this paragraph, we want to introduce the following important
notion:

Definition 1.4.6. Let M be a Riemannian manifold, p € M. The injectivity radius
of p is

i(p) :=sup{p > 0: exp, is defined ond,(0) C T,M and injective}.
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The injectivity radius of M is

i(M) = plenjfv‘l i(p).

For example, the injectivity radius of the sphere S™ is 7, since the exponential
map of any point p maps the open ball of radius 7 in 7T,,M injectively onto the
complement of the antipodal point of p.

The injectivity radius of the torus just discussed is %, since here the exponen-
tial map is injective on the interior of a square with centre 0 € T}, M and side length 1.

Perspectives. As the name suggests, the concept of a Riemannian metric was introduced
by Bernhard Riemann, in his habilitation address [262]. He also suggested to consider more
generally metrics obtained by taking metrics on the tangent spaces that are not induced
by a scalar product. Such metrics were first systematically investigated by Finsler and are
therefore called Finsler metrics.

For a general metric space, a geodesic is defined as a curve which realizes the shortest
distance between any two sufficiently close points lying on it. Those metric spaces that
satisfy the conclusion of the Hopf-Rinow theorem (proved below) that any two points can be
connected by a shortest geodesic are called geodesic length spaces, and they are amenable to
geometric constructions as demonstrated by the school of Alexandrov. See e.g. [204], [15].

A Lorentz metric on a differentiable manifold of dimension d + 1 is given by an inner
product of signature (1, d) on each tangent space T, M depending smoothly on p. A Lorentz
manifold is a differentiable manifold with a Lorentz metric. The prototype is Minkowski
space, namely R"! equipped with the inner product

(@,y) = ="y’ +2'y' +.. +2hy?

for z = (z°,2',...,2%),y = (¥°%",...,y%). Lorentz manifolds are the spaces occuring in

general relativity. Let us briefly discuss some concepts. Tangent vectors V with negative,
positive, vanishing ||V||? = (V, V) are called time-like, space-like, and light-like, resp. Length
and energy of a curve may be defined formally as in the Riemannian case, and we again
obtain geodesic equations. Geodesics whose tangent vectors all have norm zero are called
null geodesics. They describe the paths of light rays. (Note that in our above description
of the Minkowski metric, the conventions have been chosen so that the speed of light is
1.) Submanifolds of Lorentz manifolds whose tangent vectors are all space-like are ordinary
Riemannian manifolds w.r.t. the induced metric. For treatments of Lorentzian geometry, an
introduction is [218]. Deeper aspects are treated in Hawking and Ellis[120].

J. Nash proved that every Riemannian manifold M can be isometrically embedded
into some Euclidean space R¥. For the proof of this result, he developed an implicit func-
tion theorem in Fréchet spaces and an iteration technique that have found other important
applications. A simpler proof was found by Giinther[114].

Although on a conceptual level, Nash’s theorem reduces the study of Riemannian
manifolds to the study of submanifolds of Euclidean spaces, in practice the intrinsic point of
view has proved to be preferable (see Perspectives on §1.3).

In our presentation, we only consider finite dimensional Riemannian manifolds. It is
also possible, and often very useful, to introduce infinite dimensional Riemannian manifolds.
Those are locally modeled on Hilbert spaces instead of Euclidean ones. The lack of local
compactness leads to certain technical complications, but most ideas and constructions of
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Riemannian geometry pertain to the infinite dimensional case. Such infinite dimensional
manifolds arise for example naturally as certain spaces of curves on finite dimensional
Riemannian manifolds. A thorough treatment is given in [168].

1.5 Existence of Geodesics on Compact Manifolds

In the preceding section, we have derived the local existence and uniqueness of geo-
desics on Riemannian manifolds. In this section, we address the global issue and show
the existence of shortest (geodesic) connections between any two points of arbitrary
distance on a given compact Riemannian manifold. In fact, we shall be able to pro-
duce a geodesic in any given homotopy class of curves with fixed endpoints, as well
as in any homotopy class of closed curves.

We recall the notion of homotopy between curves (see Appendix B):

Definition 1.5.1. Two curves 7,71 on a manifold M with common initial and end
points p and ¢, i.e. two continuous maps

Y0, 71 L= [071] - M

with 70(0) = 11(0) = p, 70(1) = 11(1) = ¢, are called homotopic if there exists a
continuous map

I':IxI—-M
with
r'o,s)=p, I'(l,s)=gq forall se I
L(t,0) =v(t), T'(t,1)=(t) forallt e I

Two closed curves cg, ¢y in M, i.e. two continuous maps
Cp,C1 : Sl — M,

are called homotopic if there exists a continuous map
c: St x I — M

with
c(t,0) = co(t),c(t,1) = c1(t) forallt e S*
(81, as usual, is the unit circle parametrized by [0, 27).)
Lemma 1.5.1. The concept of homotopy defines an equivalence relation on the set

of all curves in M with fixed initial and end points as well as on the set of all closed
curves in M.
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The proof is elementary. O

With the help of this concept, we now want to show the existence of geodesics:

Theorem 1.5.1. Let M be a compact Riemannian manifold, p,q € M. Then there
exists a geodesic in every homotopy class of curves from p to q, and this geodesic may
be chosen as a shortest curve in its homotopy class. Likewise, every homotopy class
of closed curves in M contains a curve which is shortest and geodesic.

Proof. Since the proof is the same in both cases, we shall only consider the case of
closed curves. O

As a preparation, we shall first show

Lemma 1.5.2. Let M be a compact Riemannian manifold, pg > 0 as in Corollary
1.4.4. Let vo,7v1 : S* — M be curves with

d(v0(t),71(t)) < po  for allt € S*.

Then ~y and v1 are homotopic.

Proof. For any t € S* let ¢;(s) : I — M be the unique shortest geodesic from 7 (t)
to 1 (t) (Corollary 1.4.4), as usual parametrized proportionally to arc length. Since
¢; depends continuously on its end points by Corollary 1.4.4, hence on ¢,

(L, s) := ci(s)

is continuous and yields the desired homotopy. O

Proof of Theorem 1.5.1. Let (Yn)nen be a minimizing sequence for arc length
in the given homotopy class. Here and in the sequel, all curves are parametrized
proportionally to arc length. We may assume w.l.o.g. that the curves ~,, are piecewise
geodesic; namely, for each curve, we may find tg =0 < t; <ty < ... <ty <tmi1 =
271 with the property that

L(Vnit;-1.t;)) < po/2(po as in Corollary 1.4.4),

for j=1,...,m+1 witht,,11 := 2m).

Replacing vp(¢,_,.,;;) by the shortest geodesic arc between 7, (t;—1) and 7,(t;), we
obtain a curve which is homotopic to and not longer than ,, (the same argument also
shows that each homotopy class does contain curves of finite length).

We may thus assume that for any +,, there exist points pg p, ..., pm,» for which
d(pj—1,n:Pjn) < po (Pmt1,n == Pon,J = 1,...,m + 1) and for which v, contains
the shortest geodesic arc between p;_i, and p;,. Since the lengths of the ~,, are
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bounded as they constitute a minimizing sequence, we may also assume that m is
independent of n. After selection of a subsequence, by the compactness of M, the
points po.n; - - -, Pm,n converge to points po,...,pm, for n — oo. The segment of v,
between p;_1, and p; , then converges to the shortest geodesic arc between p;_; and
pj, for example by Corollary 1.4.4. The union of these geodesic segments yields a
curve v. By Lemma 1.5.2, v is homotopic to the v,,, and

L(7) = lim L(z),

and since the curves 7, are minimizing sequence for the length in their homotopy
class, v is a shortest curve in this class. Therefore, v has to be geodesic. Namely,
otherwise, there would exist points p and q on « for which one of the two segments
of v between p and ¢ would have length at most pg, but would not be geodesic. By
Corollary 1.4.4, v could then be shortened by replacing this segment by the shortest
geodesic arc between p and ¢. By the argument of Lemma 1.5.2, this does not change
the homotopy class, and we obtain a contradiction to the minimizing property of ~.
~ thus is the desired closed geodesic. O

Corollary 1.5.1. On any compact Riemannian manifold My, any two points p,q can
be connected by a curve of shortest length, and this curve is geodesic.

Proof. Minimize over all curves between p and ¢ (and not only over those in a fixed
homotopy class) as in the proof of Theorem 1.5.1. O

We also show

Theorem 1.5.2. Let M be a compact Riemannian manifold. Then for any p € M,
the exponential map exp,, is defined on all of TyM, and any geodesic may be extended
indefinitely in each direction.

Proof. For v € T,M, let
A :={t € RT : ¢, is defined on [—t,]},

where ¢, is, as usual, the geodesic with ¢,(0) = p, &,(0) = v. It follows from ¢, (—t) =
¢_y(t) that ¢, may also be defined for negative ¢, at the moment at least for those
with sufficiently small absolute value. Theorem 1.4.2 implies A # (). The compact-
ness of M implies the closedness of A. We shall now show openness of A : Let ¢, be
defined on [~t,t]; for example ¢,(t) = w € T, )M. By Theorem 1.4.2 there exists a
geodesic Yy, (s) with v, (0) = ¢, (t), Y (0) = ¢é,(t), for s € [0,e] and € > 0. Putting
co(t+8) = Y (s) for s € [0, ], we have extended ¢, to [—t,t+¢]. Analogously, ¢, may
be extended in the direction of negative t. This implies openness of A, hence A = R*.
The claims follow easily. O
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Perspectives. For an axiomatic approach towards the construction of closed geodesics on
the basis of local existence and uniqueness, see [152].

1.6 The Heat Flow and the Existence of (Geodesics

In the preceding section, we have derived the global existence of geodesics from the lo-
cal existence and uniqueness of geodesic connections between points. In this section,
we shall present an alternative method that uses methods from partial differential
equations instead. This section thus serves as a first introduction to methods of geo-
metric analysis. A reader who wishes to understand the geometry first may therefore
skip this section. Conversely, for a reader interested in analytical methods, this sec-
tion should be a good starting point.

Our scheme developed here will use parabolic partial differential equations. The
idea is to start with some curve (in the homotopy class under consideration) and let
it evolve according to a partial differential equation that decreases its energy until
the curve becomes geodesic in the limit of “time” going to infinity (in fact, this will
constitute some gradient descent for the energy in an (infinite dimensional) space of
curves). This is the so-called heat flow method

The methods we are going to present here can naturally prove all the statements
of Theorem 1.5.1. Since we do not wish to be repetitive, however, we shall confine
ourselves here to the existence of closed geodesics

Theorem 1.6.1. Let M be a compact Riemannian manifold. Then every homotopy
class of closed curves in M contains a geodesic.

Proof. In order to conform to conventions in the theory of partial differential equa-
tions, we need to slightly change our preceding notation. The parameter on a curve
¢ :[0,1] — M will now be called s, that is, the points on the curve are ¢(s), because we
need ¢ for the time parameter of the evolution that we now introduce. For technical
convenience, we also parametrize our closed curves on the unit circle S* instead of on
the interval [0, 1] because we do not have to stipulate the closedness as an additional
condition (¢(0) = ¢(1) in the preceding sections). We consider mappings

u: St x [0,00) — M with arguments s € S*,0 <t (1.6.1)
and impose the partial differential equation

9 o2 ; o 0
i _ i i J k 1>
pr (s,t) 52U (s,t) + F]k(u(s,t))asu (s,t) 55t (s,t) forse S*,t >0 (1.6.2)

u(s,0) = 7(s) for s € S* (1.6.3)
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for some smooth curve v : S — M in the given homotopy class. (1.6.2) can also be
abbreviated in obvious notation for partial derivatives as

ul = ul, + F;kugulg (1.6.4)
The proof will then consist of several steps:

1. A solution of (1.6.2) exists at least on some short time interval [0,¢o) for some
to > 0. This implies more generally that the maximal interval of existence of a
solution is nonempty and open.

2. For a solution u(s,t), the “spatial” derivative %u(s, t) stays bounded (indepen-

dently of ¢). We may then rewrite (1.6.4) as
ul —ul, = f (1.6.5)

with some bounded function f and may apply the regularity theory for linear
parabolic differential equations as presented in ?? to obtain a time-independent
control of higher derivatives.

3. Therefore, when a solution exists on [0,T), for t — T, u(s,t) will converge to
a smooth curve u(s,T’). This curve can then be taken as new initial values
to continue the solution beyond 7. This implies that the maximal existence
interval is also closed. Consequently, the solution will exist for all time ¢ > 0.

4. E(u(-,t) is a decreasing function of ¢, in fact L E(u(-,t) = — Jor llue(s,t)]?ds.
Since this quantity is also bounded from below, because nonnegative, we can
find a sequence t, — oo for which u(-,t,) will converge to a a curve with
U +Flku3u = 0, that is, a geodesic.

5. A convexity argument shows that this convergence not only takes place for some
sequence t,, — 0o, but generally for ¢t — oo.

Step 1 is a general result from the theory of partial differential equations which follows
by linearizing the equation at ¢ = 0 and applying the implicit function theorem in
Banach spaces, see A.3. Therefore, we shall not discuss this here any further.
For step 2, we compute, using the symmetry g;; = g;; repeatedly,
0? 0 ; j
(7 ~ ) 0 o )30,k 5,0) (1.6.6)

k
- 291]”93 88 + 2911( sss st)u + 491] ku usuw gij,kut u + gZ] klusususu]q

From (1.6.4), we obtain

4

uSSS

—ul, = fFJk ululu® — 2F’ ul uk (1.6.7)

which we can insert into (1.6.6). In order to simplify our computations, it is natural to
use normal coordinates at the point under considerations so that all first derivatives
of the metric g;; and the Christoffel symbols I %) vanish. Moreover, we then have

, 1
Gkl = 5(9z’j,kz + Gik,jt — Gjk,it)- (1.6.8)
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Inserting this as well, we obtain altogether

(62 —8)( ulul) = 2g;ul u? (1.6.9)
882 (9t gl] sYs) T gl] ss'ss U
because the terms with the second derivatives of g;; cancel.! This implies
9% 0 Py
(522~ ) isusuz) 20, (1.6.10)

that is, g;;u’u? is a subsolution of the heat equation. The parabolic maximum prin-
ciple (Theorem A.3.1) then implies that

sup g;;(u(s, t))ui(s, t)ug(s, t) (1.6.11)
seSt

is a nonincreasing function of t. In particular,
gij (u(s, ))ug(s, t)ul(s, ) < K (1.6.12)

for some constant that does not depend on ¢ and s. Thus, we have (1.6.5) with some
bounded function f. We also note that since M is assumed compact, our solution u
will automatically stay bounded. We may therefore apply the estimates of Theorem
A.3.2.2

By the first estimate in Theorem A.3.2, u(s,t) therefore has Holder continuous first
derivatives with respect to s. Since f is given in terms of such first derivatives, f then
is also Holder continuous. By the second estimate in Theorem A.3.2, we then get
higher estimates. In fact, this procedure can be iterated. Higher order estimates on u
from the linear theory imply a corresponding control on f which in turn then yields
even higher estimates from the linear theory. (This is the so-called bootstrapping
method.) This completes step 2.

Step 3 is self-explanatory, and so, we may now turn to step 4. The computation
to follow is a consequence of (1.6.9), but as it is easier than the derivation of that
formula, we do it directly.

GEC0) = 55 [ as(uts. 0 it
1

2

— 5/ (—2gijuy u] — 29ij7k.u§u;ug + gij,kufuéug) (integrating by parts)
Sl

o
=5 [ ol + gyt
S

= —/ gijujuy by (1.6.4) (1.6.13)
Sl

1We shall see a deeper geometric interpretation of the computation leading to (1.6.9) in 7.2B
below.

2These estimates are local estimates on the domain, and therefore, we have to make sure that
for suitable regions Q x (t1,%2) in S* x [0,00), the image of u on such a region stays in the same
coordinate chart in which we write our equation (1.6.4). First of all, since we already have derived
a bound on us, in particular u is uniformly continuous w.r.t. s. As a solution of the heat equation,
u is also continuous w.r.t. to ¢ so that we may apply the estimates locally in time. The uniform
continuity w.r.t. to ¢t will be derived shortly.
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Since E is nonnegative and the integrand also satisfies pointwise estimates by step 2,
we obtain the conclusion of step 4. Finally, we find by similar computations as above
(again in normal coordinates) from (1.6.13)

2 B S
B0 == [ gl

_ i ,.J
= _/ 2gijugpuy
Sl

gt
_/1 2g7/Jusst/U“s
S

:/ 2giutul, > 0. (1.6.14)
S1

Thus, the energy E(u(-,t)) is a convex function of ¢, and since we already know that
4 B(u(-,t,)) — 0 for some sequence t, — oo, we conclude that 4+ E(u(-,t)) — 0 for
t — oco. Thus, again invoking our pointwise estimates, u¢(s,¢) — 0 for ¢ — oo. This
implies that u(s) = lim;_. o u(s,t) exists and is geodesic.

This completes the proof. O

We remark that the closed geodesic produced by the heat flow method need not
be the shortest curve in its homotopy class. The reason is simple: When the initial
curve « for the heat flow (1.6.2) happens to be a closed geodesic already, the heat
flow will stay there, that is u(s,t) = v(s) for all ¢ > 0. In particular, if v is a closed
geodesic that is not the shortest one in its homotopy class, the heat flow with those
initial values will fail to produce a shortest one.

1.7 Existence of Geodesics on Complete Manifolds

In this section, we want to address the question whether the results of Theorem 1.5.2
continue to hold for a more general class of Riemannian manifolds than the compact
ones. Obviously, they do hold for Euclidean space which is not compact, but they
do not hold for any proper open subset of Euclidean space, essentially since such a
set is not complete. It will turn out that completeness will be the right condition for
extending Theorem 1.5.2.

Definition 1.7.1. A Riemannian manifold M is geodesically complete if for all p € M,
the exponential map exp,, is defined on all of T),M, or, in other words, if any geodesic
c(t) with ¢(0) = p is defined for all ¢ € R.

We can now state the Theorem of Hopf-Rinow.

Theorem 1.7.1. Let M be a Riemannian manifold. The following statements are
equivalent:
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(i) M is complete as a metric space (or equivalently, it is complete as a topological
space w.r.t. its underlying topology, see Corollary 1.4.1).

(i) The closed and bounded subsets of M are compact.
(i4i) There exists p € M for which exp,, is defined on all of T),M.

(iv) M is geodesically complete, i.e. for every p € M,exp, is defined on all of T),M.

Furthermore, each of the statements (i) — (iv) implies

(v) Any two points p,q € M can be joined by a geodesic of length d(p,q), i.e. by a
geodesic of shortest length.

Proof. We shall first prove that if exp, is defined on all of T, M, then any ¢ € M
can be connected with p by a shortest geodesic. In particular, this will show the
implication (iv) = (v).
For this purpose, let
r=d(p,q),

and let p > 0 be given by Corollary 1.4.2; let pg € dB(p,p) be a point where the
continuous function d(q,-) attains its minimum on the compact set 9B(p, p). Then
po = exp,, pV, for some V' € T;, M. We consider the geodesic

c(t) := exp, tV,

and we want to show that
c(r) =q. (1.7.1)

¢|[o,-] Will then be a shortest geodesic from p to q.
For this purpose, let

I:={te[0,r]:d(c(t),q) =r—t}.

(1.7.1)) means r € I, and we shall show I = [0, ] for that purpose. I is not empty, as
it contains 0 by definition of r, and it is closed for continuity reasons. I = [0,r] will
therefore follow if we can show openness of I.

Let to € I. Let p1 > 0 be the radius of Corollary 1.4.2 corresponding to the
point c¢(tp) € M. W.lo.g. p1 < r —tg. Let p1 € dB(c(ty), p1) be a point where the
continuous function d(g,-) assumes its minimum on the compact set dB(c(to), p1)-
Then

d(p.p1) = d(p,q) — d(gq, p1).- (1.7.2)

Now for every curve 7 from c(tp) to ¢, there exists some

(t) € 9B(c(to), p1)-
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Hence
L(y) z d(c(to), (1)) + d(v(t),q)
= p1+d(y(t),q)
> p1 +d(p1,q) because of the minimizing property of p;.
Hence also

d(q,c(to)) > p1 +d(p1,q) (1.7.3)

and by the triangle inequality, we then actually must have equality. Inserting (1.7.3)
into (1.7.2) and recalling d(q, c(to)) = r — to gives

d(p,p1) > r—(r—to—p1) =to + p1.

On the other hand, there exists a curve from p to p; of length ty + p1; namely one
goes from p to c(tp) along ¢ and then takes the geodesic from c(tg) to p1 of length p;.
That curve thus is shortest and therefore has to be geodesic as shown in the proof of
Theorem 1.5.1. By uniqueness of geodesics with given initial values, it has to coincide
with ¢, and then

p1 = c(to + p1).

Since we observed that equality has to hold in (1.7.3), we get

d(q, c(to + p1)) =7 — (to + p1),

hence
to+p1 €1,

and openness of I follows, proving our claim.

It is now easy to complete the proof of Theorem 1.7.1:

(iv) = (iii) is trivial.

(iii) = (ii)) Let K C M be closed and bounded. Since bounded, K C B(p,r)
for some r > 0. By what we have shown in the beginning, any point in B(p,r) can
be connected with p by a geodesic (of length < r). Hence, B(p,r) is the image of
the compact ball in T}, M of radius r under the continuous map exp,, . Hence, B(p,r)
is compact itself. Since K is assumed to be closed and shown to be contained in a
compact set, it must be compact itself.

(ii) = (i) Let (pn)nen C M be a Cauchy sequence. It then is bounded, and,
by (ii), its closure is compact. It therefore contains a convergent subsequence, and
being Cauchy, it has to converge itself. This shows completeness of M.

(i) = (iv) Let ¢ be a geodesic in M, parametrized by arc length, and being
defined on a maximal interval I. I then is nonempty, and by Theorem 1.4.2, it is also
open. To show closedness, let (¢,)neny C I converge to t.

Since

d(c(tn), c(tm)) < |tn — timl

as ¢ is parametrized by arc length, c¢(¢,) is a Cauchy sequence, hence has a limit
p € M, because we assume M to be complete. Let p > 0 be as in Corollary 1.4.2.
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Then B(p, p) is compact, being the image of the compact ball of radius r in 7, M under

the continuous map exp,, . Therefore, the argument of Corollary 1.4.3 and Corollary

1.4.4 applies to show that there exists pg > 0 with the property that for any point

q € B(p,p) any geodesic starting from ¢ can be extended at least up to length py.
Since c(t,) converges to p, for all sufficiently large m,n

d(c(tn), c(tm)) < [tn —tm| < po/2

and
d(C(tn),p), d(C(tm),p) S Po-

Therefore, the shortest geodesic from c(t,,) to ¢(t,,) can be defined at least on the
interval [—po, po]. This shortest geodesic, however, has to be a subarc of ¢, and ¢
thus can be defined up to the parameter value t,, 4+ pg, in particular for ¢, showing
closedness of I. O

1.8 Vector Bundles

Definition 1.8.1. A (differentiable) vector bundle of rank n consists of a total space
E, a base M, and a projection w : E — M, where F and M are differentiable mani-
folds,  is differentiable, each “fiber” E, := 7w~ 1(x) for x € M, carries the structure
of an n-dimensional (real) vector space, and the following local triviality requirement
is satisfied: For each x € M, there exist a neighborhood U and a diffeomorphism

o:m N U) - UxR"
with the property that for every y € U
Py = PlE, * E, — {y} xR"

is a vector space isomorphism, i.e. a bijective linear map. Such a pair (p, U) is called
a bundle chart.

In the sequel, we shall omit the word “differentiable” for a vector bundle. Often,
a vector bundle will simply be denoted by its total space.

It is important to point out that a vector bundle is by definition locally, but not
necessarily globally a product of base and fiber. A vector bundle which is isomorphic
to M x R™ (n = rank) is called trivial.

A vector bundle may be considered as a family of vector spaces (all isomorphic
to a fixed model R™) parametrized (in a locally trivial manner) by a manifold.

Let now (E, 7, M) be a vector bundle of rank n, (U,)aeca a covering of M by
open sets over which the bundle is trivial, and ¢, : ﬂ_l(Ua) — U, x R™ be the
corresponding local trivializations. For nonempty U, N Ug,we obtain transition maps

Yga : Ua NUg — Gl(n,R)
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by
05 0 ot (,v) = (z,0pa(x)v) forx € U, NUg,v e R", (1.8.1)

where Gl(n,R) is the general linear group of bijective linear self maps of R™. The
transition maps express the transformation behavior of a vector in the fiber under a
change of local trivialization.

The transition maps satisfy

Yaa(x) = idgn  for x €U, (1.8.2)
Yap(T)pga(r) = idpn for ze€U,NUg (1.8.3)
Vary (2)0ya(2)psa(x) = idrn  for ze€U, NUgNU,. (1.8.4)

These properties are direct consequences of (1.8.1).
A vector bundle can be reconstructed from its transition maps.

Theorem 1.8.1.
E = ]_[ Uy x R"/ ~,
a€cA

where 11 denotes disjoint union, and the equivalence relation ~ is defined by

(z,0) ~ (y,w) : <= z=y and w = pgo(x)v (v € Uy,y € Ug, v,w € R")

Proof. This is a straightforward verification of the properties required in Definition
1.8.1. A reader who does not want to carry this out him/herself may consult [129]. O

Definition 1.8.2. Let G be a subgroup of Gl(n,R), for example O(n) or SO(n), the
orthogonal or special orthogonal group. We say that a vector bundle has the structure
group G if there exists an atlas of bundle charts for which all transition maps have
their values in G.

Definition 1.8.3. Let (E,m, M) be a vector bundle. A section of E is a differentiable
map s: M — E with w o s = idys. The space of sections of E is denoted by I'(E).

We have already seen an example of a vector bundle above, namely the tangent
bundle T'M of a differentiable manifold M.

Definition 1.8.4. A section of the tangent bundle TM of M is called a vector field
on M.

Let now f: M — N be a differentiable map, (E,w, N) a vector bundle over N.
We want to pull back the bundle via f, i.e. construct a bundle f*E, for which the
fiber over w € M is Ey(,), the fiber over the image of x.

Definition 1.8.5. The pulled back bundle f*E is the bundle over M with bundle
charts (¢ o f, f~1(U)), where (o, U) are bundle charts of E.
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We now want to extend some algebraic concepts and constructions from vector
spaces to vector bundles by performing them fiberwise. For example:

Definition 1.8.6. Let (Fp,m, M) and (FE3,ms, M) be vector bundles over M. Let
the differentiable map f : E1 — FE5 be fiber preserving, i.e.

7720f:71-17

and let the fiber maps f; : £, — Fs, be linear, i.e. vector space homomorphisms.
Then f is called a bundle homomorphism.

Definition 1.8.7. Let (E,m, M) be a vector bundle of rank n. Let E/ C FE, and
suppose that for any « € M there exists a bundle chart (o, U) with « € U and

o(r Y U)NE)=U xR™(C U x R",m < n).
The resulting vector bundle (E', 7 g/, M) is called subbundle of E of rank m.

Let us discuss an example: S = {x € R? : |z|?> = 1} is a submanifold of R?. If
we restrict the tangent bundle TR? of R? to S!, we obtain a bundle E over S! that is
isomorphic to S* x R2. The tangent bundle of S* has fiber T,S' = {y e R? : v -y =
0} C R? (where the dot - denotes the Euclidean scalar product). T'S? is a subbundle
of TR?|S!; the reader is invited to write down explicit bundle charts.

Definition 1.8.8. Let (Eq,m, M) and (FE3,m2, M) be vector bundles over M. The
Cartesian product of Iy and L5 is the vector bundle over M with fiber Ey , x Es3
and bundle charts (o X ¥g, Uy NVg), where (¢q,Us) and (103, V) are bundle charts
for F1 and FE5 resp., and

(Pa X Pp) (2, (v,0)) = (pal2,v),Pp(z,w)) (V€ Ery,w € Eyy).

Thus, the product bundle is simply the bundle with fiber over x € M being the
product of the fibers of £y and Fs over x. By this pattern, all constructions for vector
spaces can be extended to vector bundles. Of particular importance for us will be
dual space, exterior and tensor product. Let us briefly recall the definition of the
latter:

Let V and W be vector spaces (as always over R) of dimension m and n, resp.,
and let (e1,...,em,) and (fi,..., f,) be bases. Then V ® W is the vector space of

.....

L:VxXW-—-VeW

mapping (a’e;, b’ f;) onto a’ble; ® f;
One may then also define the tensor product of more than two vector spaces in
an associative manner.

map

Definition 1.8.9. Let M be a differentiable manifold, z € M. The vector space dual
to the tangent space T, M to R is called the cotangent space of M at the point z and
denoted by T M. The vector bundle over M whose fibers are the cotangent spaces of
M is called the cotangent bundle of M and denoted by T*M. Elements of T*M are
called cotangent vectors, sections of T*M are 1-forms.
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We now want to study the transformation behavior of cotangent vectors. Let
(€;)i=1,....a be a basis of T, M and (w’);—1, 4 the dual basis of T} M, i.e.

1 fori=j,

! 0 fori#j.

Moreover, let v = v'le; € T, M, n = njw’ € T; M. We have n(v) = n;v’. Let the bases
(e;) and (w’) be given by local coordinates, i.e.

0
ozt
Let now f be a coordinate change. v is transformed to

i 9
fe(w) = 927 Ofa

e; = w! = da’.

7 then has to be transformed to

N 0z’
() = "i57e df”

because in this case

oxi ofe |
£ OU0) = 15 G0 S = = (o)

Thus a tangent vector transforms with the functional matrix of the coordinate change
whereas a cotangent vector transforms with the transposed inverse of this matrix. This
different transformation behavior is expressed by the following definition:

Definition 1.8.10. A p times contravariant and g times covariant tensor on a differ-
entiable manifold M is a section of

TM®..TM ® T"M®..T"M .
—_————

p times q times

Actually, one should speak of a tensor field, because “tensor” often also means
an element of the corresponding fibers, in the same manner, as a (tangent) vector is
an element of T, M and a vector field a section of T'M.

If f is a coordinate change, a p times contravariant and ¢ times covariant tensor
is transformed p times by the matrix (df) and ¢ times by the matrix (df ~1).

Lemma 1.8.1. A Riemannian metric on a differentiable manifold M is a two times
covariant (and symmetric and positive definite) tensor on M.

Proof. From the formula (1.4.3) for the transformation behavior of a Riemannian
metric. O
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A Riemannian metric thus is a section of T*M ® T M. We consequently write
the metric in local coordinates as

gij(z)dz’ @ da’.
Theorem 1.8.2. The tangent bundle of a Riemannian manifold M of dimension d
has structure group O(d).
Proof. Let (f,U) be a bundle chart for T M,

f:m Y U) - U xR

Let eq,...,eq be the canonical basis vectors of Rd, and let vq,...,vq be the sections of
7~ YU) with f(v;) = e;,i = 1,...,d. Applying the Gram-Schmidt orthogonalization
procedure to v1(x),...,v4(z) for each x € U we obtain sections w, ..., wq of 7= 1(U)
for which wy (z), ..., wq(z) are an orthonormal basis w.r.t. the Riemannian metric on

T,.M, for each x € U. By

fron Y U) - U xRY
N (x) — (2, AL, ... D)

we then get a bundle chart which maps the basis wy (), ..., wq(z), i.e. an orthonormal
basis w.r.t. the Riemannian metric, for each x € U onto an Euclidean orthonormal
basis of R%. We apply this orthonormalization process for each bundle chart and ob-
tain a new bundle atlas whose transition maps always map an FEuclidean orthonormal
basis of R? into another such basis, and are hence in O(d). O

We want to point out, however, that in general there do not exist local coordi-
nates for which w;(z) = % fori=1,...,d.

Corollary 1.8.1. The tangent bundle of an oriented Riemannian manifold of dimen-
ston d has structure group SO(d).

Proof. The orientation allows to select an atlas for which all transition maps have pos-
itive functional determinant. From this, one sees that we also may obtain transition
functions for the tangent bundle with positive determinant. The orthonormalization
process of Theorem 1.8.2 preserves the positivity of the determinant, and thus, in the
oriented case, we obtain a new bundle atlas with transition maps in SO(d). O

Definition 1.8.11. Let (F,w, M) be a a vector bundle. A bundle metric is given by
a family of scalar products on the fibers F,, depending smoothly on = € M.

In the same manner as Theorem 1.8.2, one shows
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Theorem 1.8.3. Each vector bundle (E, 7, M) of rank n with a bundle metric has
structure group O(n). In particular, there exist bundle charts (f,U), f : 7= (U) —
U x R™, for which for all z € U, f~'(x,(e1,...,en)) is an orthonormal basis of E,
(e1,...,en s an orthonormal basis of R™). O

Definition 1.8.12. The bundle charts of Theorem 1.8.3 are called metric.
In the same manner as Theorem 1.4.1, one shows
Theorem 1.8.4. Fach vector bundle can be equipped with a bundle metric. O

It will be more important for us, however, that a Riemannian metric automati-
cally induces bundle metrics on all tensor bundles over M. The metric of the cotangent
bundle is given in local coordinates by

(w,n) = g7wim; for w = w;da’,n = nda’. (1.8.5)

(We recall that (¢*) is the matrix inverse to (gi;))-
Namely, this expression has the correct transformation behavior under coordi-
nate changes: If w — x(w) is a coordinate change, we get
; Ozt
widx' = w;
K3 K3 a

dw® =: Ondw®,
wO(

while g% is transformed into

i Ow® dw”

haﬂ = —
Oxt Oxi’

and
hPGais = g wm;.

Moreover, we get
lw(@)|| = supfw(z)(v) : v € T M, |[v]| = 1}.

A Riemannian metric also induces an identification between T'M and T*M :

9 ,
v = v'=— corresponds to w = w;dx’

ox?
with  w; = g;;0°
or v'=gwj.

(1.8.5) may also be justified as follows:
Under this identification, to v € T, M there corresponds a 1-form w € T M via

w(w) = (v,w) for all w
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and (1.8.5) means then that
lwll = [oll-

For example, on TM ® T'M, the metric is given by

(vow,E@n) = giv'e grew™n' (1.8.6)

(v =1'5% etc. in local coordinates).

Definition 1.8.13. A local orthonormal basis of T, M of the type obtained in The-
orem 1.8.3 is called an (orthonormal) frame field.

We put
ANP(TiM) =Ty M A...NTyM (exterior product).

p times

On AP(T;M), we have two important operations: First, the exterior product by
neT:M=A(T:M):

AP(T; M) — APFH(T; M)
wr— e(Nw =1 Aw.
Second, the interior product or contraction by an element v € T, M :
AP(TFM) — AP~H(TFM)
wr— 1(V)w
with
(L()w(vr, ..., vp_1) == w(V,01,. .., Vp_1)
for v, vy,...,vp—1 € T, M.

In fact, such constructions may be carried out with any vector space W and its dual
W= in place of T M and T, M. This will be relevant in §1.11.
The vector bundle over M with fiber AP(TF M) over x is then denoted by AP(M).

Definition 1.8.14. The space of sections of AP (M) is denoted by QP (M),i.e. QP(M) =
I'(AP(M)). Elements of QP (M) are called (exterior) p-forms.

A p-form thus is a sum of terms of the form
w(z) = n(x)dz™ A ... Adx'
where 1(x) is a smooth function and (x!,...,z%) are local coordinates.

Definition 1.8.15. The exterior derivative d : QP(M) — QP (M) (p =0,...,d =
dim M) is defined through the formula

. , 9 , , ,
din(z)dx™ N...Ndx'?) = %dmﬂ Adz"™ AL N da'r
x

and extended by linearity to all of QP(M).
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Lemma 1.8.2. Ifw € QP(M),9 € QI(M), then d(w AJ) = dw A + (—1)Pw A d0.

Proof. This easily follows from the formula w A9 = (—1)P%) A w and the definition
of d. O

Let f: M — N be a differentiable map,
w(z) = n(2)dz" A...Ndz'" € QP(N).
We then define

of Az N ... A of'

dx®r.
Jx™ ox»

[ (w)(@) = n(f(z))

This obviously is the correct transformation formula for p-forms.

Lemma 1.8.3.

d(f*(w)) = f*(dw).

Proof. This easily follows from the transformation invariance

n(z) , ; _ on(f(x) of . _on(f(z) o
90 T 0w o™ T w1
O
Corollary 1.8.2. d is independent of the choice of coordinates.
Proof. Apply Lemma 1.8.3 to a coordinate transformation f. O

Theorem 1.8.5.
dod=0.

Proof. By linearity of d, it suffices to check the asserted identity on forms of the type

w(z) = flx)dz™ A... Adx'>.

Now
L (Of i ip
dod(w(x))—d(@dac Adz A ... A dz )
*f k j i i
_8xj8xkdx ANdx? Ndx™ A ... Ndx

=0,
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; *f _ _9%f iq aaq
since 72— = zorp7 (f is assumed to be smooth) and

da? A da* = —da® A dad .

O

Let now M beadifferentiable submanifold of the Riemannian manifold N; dim M =
m,dim N = n. We saw already that M then also carries a Riemannian metric. For
x € M, we define

T+ M c T,N
by
TIM :={veT,N:VweT,M: (v,w) =0},
where (.,.), as usual, is the scalar product given by the Riemannian metric.

The spaces T;-M are the fibers of a vector bundle T+ M over M, and TM and
T+M are both subbundles of TNy, the restriction of TN to M (in a more compli-
cated manner: T'N|y; = i*T'N, where i : M — N is the differentiable embedding of
M as a submanifold of N). In order to see this, one may choose the first m basis vec-
tors vy, ..., vy, of T'Njpy in the orthonormalization procedure of the proof of Theorem
1.8.2 in such a manner that they locally span TM.

Then TM is also locally spanned by wy,...,w, (notation as in the proof of
Theorem 1.8.2), and the remaining basis vectors then span T+M, and we have

(wi,wa)=0fori=1,....ma=m+1,...,n.
Thus, T+ M is the orthogonal complement of TM in T'Njps-
Definition 1.8.16. T M is called the normal bundle of M in N.
For our example of the submanifold S* of R2, T+ S! is the subbundle of T]R%S17
the restriction of TR? to S!, with fiber T;-S' = {\z: A € R} C R2.

We conclude this section with a consideration of the complex case — again, we
remind the reader that is needed only in particular places, like §5.2.

Definition 1.8.17. A vector bundle E over a differentiable manifold M is called
a complex vector bundle if each fiber E, = 7 1(2) is a complex vector space, i.e.,
isomorphic to z x C*, and if that complex structure varies smoothly, that is, the local
trivializations are of the form

o : 1 YU) = U x CF.
We thus have transition maps
Yga : Ua NUg — Gl(k,C).

Here, in contrast to the Definition 1.1.5 of a complex manifold, we neither require that
the base M be complex nor that these transition maps be holomorphic. If, however,
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these conditions are satisfied, that is, M is a complex manifold and the transition
maps are ho lomorphic, then we have a holomorphic vector bundle . On a complex

manifold M, in local holomorphic coordinates, we have the 1-forms
dz’ = da + idy’, dzF = dzd — idy?

(recall (1.1.2)). We can then decompose the space QF of k-forms into subspaces Q2P+
with p 4+ ¢ = k. Namely, QP'? is locally spanned by forms of the type

w(z) = 77(2)dzi1 Ao N2 AdZIYA LA d2de

Thus
OF (M) = > ari(M (1.8.7)
p+a=k

We can then let the differential operators

170 0 ; ; = 1/ 0 0 ; ;
= _— — 1 J idy? = = | — ) —— I —qdy? 1.8.
0= (8951 aJ)(dac +idy’) and O 2<axj+zayj>(dac idy’) (1.8.8)
operate on such a form by
on i i j j
aw:ﬁdz ANdz" Ao Nd2'P NdZTY N LN d2 (1.8.9)
and 5
Ow = 8—775de ANz AL N dZ NdZI A LA d2 (1.8.10)
z

The following important relations link them with the exterior derivative d:

Lemma 1.8.4. The exterior derivative d satisfies

d=0+0. (1.8.11)

Moreover,
00 =0, 90 =0, (1.8.12)
00 = —00. (1.8.13)

Proof. We have

-~ 1/ 0 5, 1/ 0 9,
J Y ;2 j_
0+0= 2(8 aJ)(dw +idy?) + 2(8wj+zay>(dx idy”)

0 0
= J _ —
D dx +8de d.

Therefore, - - o -
0=d*=(0+0)(0+0) =09*+ 090+ 90 + 0*
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and decomposing this into types yields (1.8.12) and (1.8.13). One may verify these
relations also by direct computation, e.g.

0? . - 0?
dzI NdZF = — :

— ~d:F A ded = —d0.
023 0zF 02F029

90 =

1.9 Integral Curves of Vector Fields. Lie Algebras

Let M be a differentiable manifold, X a vector field on M, i.e. a (smooth) section of
the tangent bundle TM. X then defines a first order differential equation (or, more
precisely, if dim M > 1, a system of differential equations):

¢ =X (o). (1.9.1)

This means the following: For each p € M, one wants to find an open interval I = I,
around 0 € R and a solution of the following differential equation for ¢: I — M

de
%(t) =X(e(t)) fort el

c(0) =p.

(1.9.2)

One checks in local coordinates that this is indeed a system of differential equations:
in such coordinates, let ¢(t) be given by

(cX(t),...,c%(t)) (d = dim M)

and let X be represented by

oz’
Then (1.9.2) becomes

dc

E(t) = X(c(t)) fori=1,...,d. (1.9.3)

Since (1.9.3) has a unique solution for given initial value ¢(0) = p by the Picard-Lindelof
theorem, we obtain

Lemma 1.9.1. For each p € M, there exist an open interval I, C R with 0 € I, and
a smooth curve
cp:lp — M
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with
dep
(1) = X(ep (1)
cp(0) =p

O

Since the solution also depends smoothly on the initial point p by the theory of
ODE, we furthermore obtain

Lemma 1.9.2. For each p € M, there exist an open neighborhood U of p and an
open interval I with 0 € I, with the property that for all ¢ € U, the curve cq (éq(t) =
X(cq(t)),cq(0) = q) is defined on I. The map (t,q) — c4(t) from I x U to M s
smooth. O

Definition 1.9.1. The map (t,q) — ¢,4(t) is called the local flow of the vector field
X. The curve ¢, is called the integral curve of X through g.

For fixed ¢, one thus seeks a curve through ¢ whose tangent vector at each point
coincides with the value of X at this point, i.e. a curve which is always tangent to
the vector field X. Now, however, we want to fix ¢t and vary ¢; we put

Theorem 1.9.1. We have

i 09s(q) = @irs(q), if st t+s €I, (1.9.4)

and if @y is defined on U C M, it maps U diffeomorphically onto its image.

Proof. We have
Ce(t +s) = X(cg(t+ 5)),
hence
Cq(t -+ S) = ch(s) (t)

Starting from ¢, at time s one reaches the point ¢4(s), and if one proceeds a time ¢
further, one reaches ¢q(t + s). One therefore reaches the same point if one walks from
¢q on the integral curve for a time ¢+ s, or if one walks a time ¢ from ¢4(s). This shows
(1.9.4). Inserting t = —s into (1.9.4) for s € I;, we obtain

-5 0ps(q) = volg) = ¢

Thus, the map ¢_g is the inverse of ¢, and the diffeomorphism property follows. [

Corollary 1.9.1. Fach point in M is contained in precisely one integral curve for

(1.9.1).
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Proof. Let p € M. Then p = ¢,(0), and so, it is trivially contained in an integral
curve. Assume now that p = ¢4(¢). Then, by Theorem 1.9.1, ¢ = ¢,(—t). Thus, any
point whose flow line passes through p is contained in the same flow line, namely the
one starting at p. Therefore, there is precisely one flow line going through p. O

We point out, however, that flow lines can reduce to single points; this happens
for those points for which X (p) = 0. Also, flow lines in general are not closed even if
the flow exists for all ¢ € R. Namely, the points lim;_, + ¢,(¢) (assuming that these
limits exist) need not be contained in the flow line through p.

Definition 1.9.2. A family (¢:)ier (I open interval with 0 € I) of diffeomorphisms
from M to M satisfying (1.9.4) is called a local 1-parameter group of diffeomorphisms.

In general, a local 1-parameter group need not be extendable to a group, since
the maximal interval of definition I, of ¢, need not be all of R. This is already seen by
easy examples, e.g. M =R, X(1) = 72£, i.e. ¢(t) = c*(t) as differential equation.

However

Theorem 1.9.2. Let X be a wvector field on M with compact support. Then the
corresponding flow is defined for all ¢ € M and all t € R, and the local 1-parameter
group becomes a group of diffeomorphisms.

Proof. By Lemma 1.9.2; for every p € M there exist a neighborhood U and € > 0
such that for all ¢ € U, the curve ¢, is defined on (—¢,¢). Let now supp X C K, K
compact. K can then be covered by finitely many such neighborhoods, and we choose
€0 as the smallest such e.

Since for g ¢ K X(q) =0,

i(q) = ¢q(t)

is defined on (—&g,e0) x M, and for |s|,|t| < €0/2, we have the semigroup property
(1.9.4).

Since the interval of existence (—eg,eg) may be chosen uniformly for all ¢, one
may iteratively extend the flow to all of R. For this purpose, we write ¢t € R as

t:m(%oer with m € Z,0 < p < g¢/2

and put
Pt 1= (Peo/2)™ 0 0p

(¢1)ter then is the desired 1-parameter group. O

Corollary 1.9.2. On a compact differentiable manifold, any vector field generates a
1-parameter group of diffeomorphisms. O
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The preceding is a geometric interpretation of systems of first order ODE on
manifolds. However, also higher order systems of ODE may be reduced to first order
systems by introducing additional independent variables. As an example, we want to
study the system for geodesics, i.e. in local coordinates

B () + T (a(t)dd ()i (t) =0, i=1,...,d. (1.9.5)

We want to transform this second order system into a first order system on the
cotangent bundle T*M. As usual, we locally trivialize T*M by a chart

T*My ~U x R
with coordinates (z',...,2% p1,...,pa).

We also put

H(z,p) = %gij(w)pipj (99 (z)g;r(x) = 1) - (1.9.6)

(The transformation behavior of g* and p, implies that H does not depend on the
choice of coordinates.)

Theorem 1.9.3. (1.9.5) is equivalent to the following system on T*M :

., OH i
= = 9" (x)p;
21;—} 1 9 (1.9.7)
), = — — 4k . Jjk . jk
Di ot 29 ,l(x)ngk (g gt —axig ) .

Proof. From the first equation
i = g"(x)p; + 97 k(2)i*p;
=9"p; + 9" pi"gjei*

and with the second equation then

&= *59”9% Pepk + 97 kgiedtit,
_ 5gz]gfmgmmjgnkgh‘xrgksws o gzmgmmkgnjgjexkxf

using g% ;= —g" gn,0g™ (which follows from g% g;, = d%),

ij - MmN im 2k n
:_gjgmntjx =g YGmnkT T

2

L .
= Eg” (gmn,j — 9jn,m — gjm,n)xmxn
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since gmnyk:tkd?” = %gmnyka}ki” + %gmk’nj:kj:” and after renumbering some indices,

= —T¢ i"mi",

O

Definition 1.9.3. The flow determined by (1.9.7) is called the cogeodesic flow. The
geodesic flow on T'M is obtained from the cogeodesic flow by the first equation of
(1.9.7).

Thus, the geodesic lines are the projections of the integral curves of the geodesic
flow onto M.

The reason for considering the cogeodesic instead of the geodesic flow is that
the former is a Hamiltonian flow for the Hamiltonian H from (1.9.6).

We remark that by (1.9.7), we have along the integral curves

dH
dt
Thus, the cogeodesic flow maps the set E, := {(z,p) € T*M : H(z,p) = A} onto
itself for every A > 0. If M is compact, so are all E). Hence, by Corollary 1.9.2, the
geodesic flow is defined on all of E, for every A. Since M = Uy>oFE), Theorem 1.9.3
yields a new proof of Theorem 1.5.2. If ¢ : M — N is a diffeomorphism between

= Hyid' + Hy,pi = —pid’ +@'p; = 0.

differentiable manifolds, and if X is a vector field on M, we define a vector field
Y =¢. X

on N by
Y(p) = dp(X (¥~ (p))). (1.9.8)
Then

Lemma 1.9.3. For any differentiable function f: N — R

(LX) (H)p) = X(fo )™ (). (1.9.9)

Proof.

(. X)(f)(p) = (dip o X)(£)(p)
= (df odyp o X) (v (p))
=X(fov)w ™ (p).

If ¢ : N — P is another diffeomorphism, obviously
(o)X = pu(hu(X)). (1.9.10)
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Lemma 1.9.4. Let X be a vector field on M, ) : M — N a diffeomorphism. If the
local 1-parameter group generated by X is given by ¢y, the local group generated by
. X is

Yoot

Proof. 1 o @; 011 is a local 1-parameter group, and therefore, by uniqueness of
solutions of ODE, it suffices to show the claim near t = 0. Now

d d
Ew 0@ 0 () tmo = d¥ (E% o 1/11(P)t=0>
(where dv is evaluated at ¢ oy~ (p)) = 1~ (p))
=dpX (¥~ (p)
= . X(p).

Definition 1.9.4. For vector fields X,Y on M, the Lie bracket
[X,Y]
is defined as the vector field

OY 0 0X' 0 ;0 .0
J [ Ve =X'— Y =Y"
Oxd Ox? Oxd Ox? (X=X Y=y

oxt’ ox? )
We say that the vector fields X and Y commute, if

[X,Y] = 0.

Lemma 1.9.5. [X,Y] is linear (over R) in X and Y. For a differentiable function
M — R, we have [X,Y]f = X(Y(f)) =Y (X(f)). Furthermore, the Jacobi identity
holds:
(X, Y], Z] +[[Y, Z], X] + [[Z, X],Y] =0
for any three vector fields X,Y, Z.
Proof. In local coordinates with X = X i%, Y = Yi%, we have
OY Of 0X'Of
XY f=X'——-Y ——=X(Y -Y(X 1.9.11
X =00 L i %Ol _xy-vxtp) (e

and this is linear in f, X, Y. This implies the first two claims. The Jacobi identity
follows by direct computation. O

Definition 1.9.5. A Lie algebra (over R) is a real vector space V equipped with a
bilinear map [-,-] : V' x V' — V, the Lie bracket, satisfying:
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(i) [X,X]=0 forall X eV.
(i) [X,[Y,Z]) + [V, [Z, X]| + [Z,[X,Y]] =0 forall X,Y,Z € V.

Corollary 1.9.3. The space of vector fields on M, equipped with the Lie bracket, is
a Lie algebra. O

Lemma 1.9.6. Let ) : M — N be a diffeomorphism, X,Y wvector fields on M. Then
[0 X, .Y = . [X,Y]. (1.9.12)

Thus, 1, induces a Lie algebra isomorphism.

Proof. Directly from Lemma 1.9.3. O

We now want to investigate how one might differentiate tensor fields. A function
f: M — R, if smooth, may simply be differentiated at a point x by comparing its
values at = with those at neighboring points. For a tensor field S, this is not possible
any more, because the values of S at different points lie in different spaces, and it
is not clear how to compare elements of different fibers. For this purpose, however,
one might use a map F' of one fiber onto another one, and an element v of the first
fiber may then be compared with an element w of the second fiber by comparing
F(v) and w. One possibility to obtain such a map at least between neighboring fibers
(which is sufficient for purposes of differentiation) is to use a local 1-parameter group
(¥¢)ter of diffeomorphisms. If for example X = X i% is a vector field, we consider
(¥—¢)+ X (¢y(z)). This yields a curve X; in T, M (for t € I), and such a curve may be
differentiated. In particular,

ok,

(V—t)x o (wt( ) = 97 B 5 (evaluated at (). (1.9.13)
In general, one has for ¢ : M — N, ¢, 22 = Q@ =%, but in case M = N and z and
¥ P+ oz dxt Oy

p(x) are containgd in the same coordinate neighborhood, of course % = W)'
If w = w;dx’ is a 1-form, we may simply consider
0
wtd k:

(W) (W)(@) = wi(e(2)) 5 (1.9.14)

which is a curve in T M.
In general for a smooth map ¢ : M — N and a 1-form w = w;dz* on N,
i

. 0z
Prw = wi(cp(a:))axk da*; (1.9.15)

note that ¢ need not be a diffeomorphism here.
Analogously, for a section h = h;jdz' ® dz7, of T*N @ T*N

02" 077

i3 5 gt ® dat. (1.9.16)

(@")h = h;
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Finally, for a function f: N — R of course

o f=foep. (1.9.17)
If p: M — N is a diffeomorphism, and Y is a vector field on N, we put
©*Y == (7). Y. (1.9.18)

in order to unify our notation.
©* is then defined analogously for other contravariant tensors.
In particular, for a vector field X on M and a local group (¢)tc; as above:

()X = (Y1) X. (1.9.19)

Definition 1.9.6. Let X be a vector field with a local 1-parameter group (¢):cr of
local diffeomorphisms, S a tensor field on M. The Lie derivative of S in the direction

X is defined as J
LxS:= %W:S)n:o-
Theorem 1.9.4.
(i) Let f : M — R be a (differentiable) function. Then
Lx(f) = df(X) = X(f).
(ii) Let'Y be a vector field on M. Then
LyY = [X,Y].

(iii) Let w = w;dz? be a 1-form on M. Then for X = Xi%

. Xt .
waz(aw]Xl—Fa .wi>dxj.

oxt Oxd

Proof.
() Lx(f) = $05 flimo = . F 0 r,_, = 2E X7 = X(f) (cf. (1.9.17).
(i) Y =Y' 2.

LxY = %W(Yi%)\t:o
_ %w_t)*(yi%)‘tzo by (1.9.19)
— %(Yi(lbt)a;;t%hmo by (1.9.13), Lemma 1.9.3
= zj;: Xkég% + Yi(—aa);j )6;;, since ¥y = 1id, %w_tltzo =-X
= (G Y 5

= [X,Y].
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(iii)

d
Lxw = —(Y{w)i=o

dt
d 0
= wild) 5 ¢ wt ——da¥) ;o by (1.9.14)
9w ¢ . o d
— P +wja—dx since ¢y = id, %wt\t:o =X
O’ _, 8Xl
= g j

O

In this manner, also Lie derivatives of arbitrary tensor fields may be computed.
For example for h = h;;dz* @ da’

. . X7
Lxh = hij X"da' @ da? + hwg dz* @ dz? + hy; gmk dz’ @ da®

k
oXx* 0X
(.. k ) .

= (h”’kX +hk] O + R 9

(1.9.20)
)dac ® da’

Remark. For vector fields X, Y, Z and 1 = 1), the local flow of X, Lemma 1.9.6 yields
by differentiation at t =0

Lx[Y,Z] = [LxY. Z] + [Y, Lx Z],
and with Theorem 1.9.4 (ii), we then obtain the Jacobi identity

[Xv [K ZH = HXv Y]’Z] + [K [Xv ZH
_[Z’ [X’YH - [Ya [Z’XH

Definition 1.9.7. Let M carry a Riemannian metric
g= gijdxi ® da?.
A vector field X on M is called a Killing field or an infinitesimal isometry if
Lx(g)=0. (1.9.21)
Lemma 1.9.7. A vector field X on a Riemannian manifold M is a Killing field if

and only if the local 1-parameter group generated by X consists of local isometries.

Proof. From (1.9.21)
d *
= Wi 9)i=0 = 0. (1.9.22)
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Since this holds for every point of M, we obtain
Yvyg=g foralltel

Therefore, the diffeomorphisms 1; are isometries. Conversely, if the 1; are isometries,
(1.9.22) holds, hence also (1.9.21). O

Lemma 1.9.8. The Killing fields of a Riemannian manifold constitute a Lie algebra.

Proof. The space of all vector fields on a differentiable manifold constitute a Lie
algebra by Corollary 1.9.3. The claim then follows if we show that the space of
Killing fields is closed under the Lie bracket [.,.], i.e. that for any two Killing fields
X and Y, [X,Y] is again a Killing field. This, however, follows from the following
identity which was derived in the proof of Theorem 1.9.4 (ii):

d
[(X,Y]=LxY = adib—ty(%)u:o,

where (¢)tes is the local group of isometries generated by X. Namely, for any fixed
t,

¢—t O ps O ¢t7
is the local group for dy_,;Y (¢), where (ps)ser is the local group generated by Y.
Since 9, and ¢ are isometries, so are ¥_; o g 0 ;.

It follows that
82
L = ——(Y_1ps¥t)* gls=t—0 = 0.
XY19 = 55 (V—tpstt) " gls=t=0

Thus, [X,Y] indeed is a Killing field. O

1.10 Lie Groups

Definition 1.10.1. A Lie group is a group G carrying the structure of a differen-
tiable manifold or, more generally, of a disjoint union of finitely many differentiable
manifolds for which the following maps are differentiable:
G x G — G (multiplication)
(9:h) —g-h

and

G — G (inverse)

g—g .
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We say that G acts on a differentiable manifold M from the left if there is a
differentiable map
GxM—M
(9,7) — gz
that respects the Lie group structure of G in the sense that

g(hx) = (g-h)x forall ghe G, ze M.

An action from the right is defined analogously.

The Lie groups we shall encounter will mostly be linear algebraic groups. In
order to describe the most important ones, let V' be a vector space over R of dimension
n. We put

Gl(V) :={A:V — V linear and bijective},

the vector space isomorphisms of V.
If V is equipped with a scalar product (-,-), we put
O(V):={4A e GUV): (Av, Av) = (v,v) for all v € V.}

and

SO(V) :={A € O(V) : the matrix (Ae;, €;); j=1,....n has positive

determinant for some (and hence any) basis eq,...,e, of V}.

(In the terminology of §2.1 below, one might express the last condition as: A trans-
forms positive bases into positive bases.) Clearly SO(V) c O(V). GI(V'), SO(V) and
O(V) become Lie groups w.r.t. composition of linear maps. Since bijectivity is an
open condition, the tangent space to GI(V'), for example at the identity linear map,
i.e. the Lie algebra of GI(V'), can be identified with

gl(V) :={X :V — V linear},
the space of endomorphisms of V. The Lie algebra bracket is simply given by
[X,Y]=XY —-YX.

The Lie algebra of SO(V') then is obtained by differentiating the relation (Av, Aw) =
(v,w), i.e. as

s0(V) :={X e gl(V) : (Xv,w) + (v, Xw) =0 for all v,w € V},

the skew symmetric endomorphisms of V. (Of course, this is also the Lie algebra of
O(V), and therefore in the sequel, we shall sometimes write o(V') in place of so(V).)

The relation between a Lie algebra and its Lie group is given by the exponential
map which in the present case is simply

1

3
3!X I

1
eX:Id+X+§X2+
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For t € R, we have
t2
etX:Id+tX+5X2+...

As the ordinary exponential map converges, this series converges for all ¢ € R, and
e!X is continuous in t.
For s,t € R, we have

e(ert)X _ esXetX.

In particular
eXe X =1d

Therefore, e is always invertible, i.e. in GI(V), with inverse given by e~*. Thus,
for each X € gl(V),

X

t*—>€tX

yields a group homomorphism from R to GI(V).
We assume that (-, -) is nondegenerate. Every X € gl(V') then has a adjoint X*
characterized by the relation

(Xv,w) = (v, X*w) forall v,weV.
With this notation
Xeso(V) < X=-X"
For X € so(V), then

. 1
(e™) :Id+X*+§(X*)2+...
:Id—X+%X2—...=e—X:(eX)—l,

hence eX € SO(V).

In fact, the exponential map maps so(V') onto SO(V'). However, the exponential
map from gl(V') is not surjective; its image does not even contain all elements of
Gl (V), the subgroup of automorphisms of V' with positive determinant (w.r.t. some
basis).

Typically, (V, (-,-)) will be the Euclidean space of dimension n, i.e. R™ with its
standard Euclidean scalar product. For that purpose, we shall often use the notation
Gl(n,R) in place of G1(V), gl(n), O(n), SO(n), o(n), so(n) in place of gl(V), O(V),
SO(V), o(V), so(V) ete.

Sometimes, we shall also need complex vector spaces. Let V¢ be a vector space
over C of complex dimension m. We put
Gl(Ve) := {A : V& — V¢ complex linear and bijective}.
If V¢ is equipped with a Hermitian product (-, -}, we put

U(Ve)(:=U(Ve, (1)) = {4 € GI(Vg) : (Av, Aw) = (v, w) for all v,w € V¢ }
SU(Ve) :={A e U(Vg) : det A = 1}.
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The associated Lie algebras are
gl(Ve) :={X : V& — V¢ complex linear}
u(Ve) :=={X € gl(Vg) : (Xv,w) + (v, Xw) = 0 for all v,w € V},
(the skew Hermitian endomorphisms of V), and
su(Ve) :={X eu(Vp) : tr X =0}

(the skew Hermitian endomorphisms with vanishing trace), where the trace tr is
defined using a unitary basis eq,...,en of Vg, ie. (e, e;) = ;5.

If V is C™ with its standard Hermitian product, we write Gl(m,C), U(m),
SU(m) ete. in place of G1(Ve), U(Ve), SU(Ve) ete.

For A, B € GI(V), we have the conjugation by A.
Int (A)B = ABA™L. (1.10.1)
For X € gl(V), then the induced action of A is given by
(AdA)X = AXA™!,
and for Y € gl(V'), we obtain the infinitesimal version
(adV)X =YX — XY = [V, X]

as follows by writing B = ¢!, A = e*Y and differentiating (1.10.1) w.r.t. ¢ and s and
s=t=0.

Thus, Ad and ad associate to each element in GI(V) resp. gl(V) a linear
endomorphism of the vector space gl(V). Thus, Ad and ad yield representations
of the Lie group GI(V') and the Lie algebra gl(V'), resp., on the vector space gl(V).
These representations are called adjoint representations.

The unit element of a Lie group G will be denoted by e.
For g € G, we have the left translation

L,:G—G
h — gh
and the right translation
Ry:G— G
h — hg.

Ly and Ry are diffeomorphisms of G, (Lg) ™' = Ly-1.

A vector field X on G is called left invariant if for all g,h € G
Lg. X (h) = X(gh),

(see (1.9.8) for the definition of Lg.; note that we should write (Lg), for Lg.)
ie.

LgX =X oL,. (1.10.2)
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Theorem 1.10.1. Let G be a Lie group. For every V € T.G,
X(g) :==Lg.V (1.10.3)

defines a left invariant vector field on G, and we thus obtain an isomorphism between
T.G and the space of left invariant vector fields on G.

Proof.
X(gh) = Lgn)«V = LgsLp.V = Ly X (h)

which is left invariance.

Since a left invariant vector field is determined by its value at any point of G, for
example at e, we obtain an isomorphism between T.G and the space of left invariant
vector fields. O

By Lemma 1.9.6, for g € G and vector fields X,Y
[Lg«X,LgY] = Ly [X,Y]. (1.10.4)

Consequently, the Lie bracket of left invariant vector fields is left invariant itself, and
the space of left invariant vector fields is closed under the Lie bracket and hence forms
a Lie subalgebra of the Lie algebra of all vector fields on G (cf. Corollary 1.9.3). From

Theorem 1.10.1, we obtain
Corollary 1.10.1. T.G carries the structure of a Lie algebra. O

Definition 1.10.2. The Lie algebra g of G is the vector space T.G equipped with
the Lie algebra structure of Corollary 1.10.1.

We may easily construct so-called left invariant Riemannian metrics on a Lie
group G by the following procedure:
We select a scalar product (-,-) on the Lie algebra T.G. For h € G,V € TG,

there exists a unique V, € T,G with
V =LV, (1.10.5)
since Ly, is a diffeomorphism. We then put for VW € T;,G
(VW) = (Ve, We). (1.10.6)

This defines a Riemannian metric on G which is left invariant. In analogy to the

definition of a vector bundle (Definition 1.8.1) where the fiber is a vector space we
now define a principal bundle as one where the fiber is a Lie group.

Definition 1.10.3. Let G be a Lie group. A principal G-bundle consists of a base
M, which is a differentiable manifold, and a differentiable manifold P, the total space
of the bundle, and a differentiable projection 7 : P — M, with an action of G on P
satisfying:
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(i) G acts freely on P from the right: (¢,g) € P x G is mapped to qg € P, and
q9 # q for g # e.
The G-action then defines an equivalence relation on P :p ~¢q: <= dg € G :
p=4q9.

(ii) M is the quotient of P by this equivalence relation, and 7 : P — M maps ¢ € P
to its equivalence class. By (i), each fiber 77 (x) can then be identified with G.

(iii) P is locally trivial in the following sense:

For each x € M, there exist a neighborhood U of z and a diffeomorphism
p:m Y U) - UxG

of the form ¢(p) = (7(p), ¥ (p)) which is G-equivariant, i.e. ¢(pg)=(7(p), ¥ (p)g)
for all g € G.

As in Definition 1.8.2, a subgroup H of G is called the structure group of the
bundle P if all transition maps take their values in H. Here, the structure group
operates on G by left translations.

The notions of vector and principal bundle are closely associated with each other
as we now want to explain briefly. Given a principal G-bundle P — M and a vector
space V on which G acts from the left, we construct the associated vector bundle
E — M with fiber V as follows:

We have a free action of G on P x V from the right:

PxVxG—PxV
(pv)-g=p-9.9 'v).

If we divide out this G-action, i.e. identify (p,v) and (p, v)-g, the fibers of (PxV)/G —
P/G become vector spaces isomorphic to V, and

E:=PxgV:i=(PxV)g—M

is a vector bundle with fiber G xg V := (G x V) ;¢ = V and structure group G. The
transition functions for P also give transition functions for E via the left action of
G on V. Conversely, given a vector bundle E with structure group G, we construct a
principal G-bundle as

HUa X G/ ~
with
(Tasga) ~ (28,98) 1 <= o =23 €Uy NUg and g3 = ¢sa(T)ga

where {Uy,} is a local trivialization of E with transition functions ¢g,, as in Theorem
1.8.1.
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P can be considered as the bundle of admissible bases of E. In a local trivial-
ization, each fiber of F is identified with R™, and each admissible basis is represented
by a matrix contained in G. The transition functions describe a base change.

For example, if we have an SO(n) vector bundle F, i.e. a vector bundle with
structure group SO(n), then the associated principal SO(n) bundle is the bundle of
oriented orthonormal bases (frames) for the fibres of E.

Perspectives. Lie groups, while only treated relatively briefly in the present text book, form
a central object of mathematical study. An introduction to their geometry and classification
may be found in [123]. As symmetry groups of physical systems, they also play an important
role in modern physics, in particular in quantum mechanics and quantum field theory.

We shall encounter Lie groups again in Chapter 5 as isometry groups of symmetric
spaces. A theorem of Myers-Steenrod says that the isometry group of a Riemannian manifold
is a Lie group. For a generic Riemannian manifold, the isometry group is discrete or even
trivial. A homogeneous space is a Riemannian manifold with a transitive group G of isome-
tries. It may thus be represented as G/H where H := {g € G : gzo = xo} is the isotropy
group of an arbitrarily selected x¢o € M. Homogeneous spaces form important examples of
Riemannian manifolds and include the symmetric spaces discussed in Chapter 5.

1.11 Spin Structures

For the definition of the Dirac operator in §3.4 and its applications in Chapter 9, we
need a compact Lie group, Spin (n), which is not a subgroup of Gl(n, R), but rather a
two-fold covering of SO(n) for n > 3. The case n = 4 will be particularly important
for our applications. In order to define Spin(n), we start by introducing Clifford

algebras.
We let V' be a vector space of dimension n over R, equipped with a positive
1
definite inner product (-, -). We put ||v]| := (v,v)z, for every v € V. For a substantial

part of the algebraic constructions to follow in fact a not necessarily nondegenerate
quadratic form on V would suffice, but here we have no need to investigate the most
general possible construction. On the contrary, for our purposes it suffices to take R”
with its standard Euclidean scalar product. An orthonormal basis will be denoted by
€1y...,€En.

Definition 1.11.1. The Clifford algebra C1(V'), also denoted Cl(n), is the quotient

of the tensor algebra @ V®...®V generated by V by the two sided ideal generated
k>0
by all elements of the form v ® v + ||v||? for v € V.

Thus, the multiplication rule for the Clifford algebra C1(V) is

vw + wu = —2(v, w) (1.11.1)
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In particular, in terms of our orthonormal basis ey, ..., e,, we have
e;2 = —1 and ee; = —e;e; for i # j. (1.11.2)
From this, one easily sees that a basis of Cl(V') as a real vector space is given by
ep =1, eq i =c¢€q,Cn,. . €Ca,

with o = {aq,...,a,} C {l,...,n} and a1 < aa... < ai. For such an a, we shall
put || := k in the sequel. Thus, as a vector space, CI(V') is isomorphic to A*(V)
(as algebras, these two spaces are of course different). In particular, the dimension
of Cl(V') as a vector space is 2. Also, declaring this basis as being orthonormal, we
obtain a scalar product on C1(V') extending the one on V.
We define the degree of e, as being |a|. The e, of degree k generate the subset

CI*(V) of elements of degree k. We have

Cl’=R

cl'=V.
Finally, we let C1°*(V') and C1°Y(V) be the subspaces of elements of even, resp. odd
degree. The former is a subalgebra of C1(V'), but not the latter.

Lemma 1.11.1. The center of CI(V') consists of those elements that commute with
allv e CIY(V) = V. Forn even, the center is C1°(V), while for n odd, it is C1°(V) @
C1I"(v).

Proof. 1t suffices to consider basis vectors eq = €q, ...€q, as above. For j € a, we
have
_ o
eat; = (—1)%ejeq,

and thus |« has to be even for eq to commute with e;, while
— || =1
eata; = (—1) €a;Cas

so that || needs to be odd for a commutation.
The conclusion follows easily for monomials and with a little algebra also in the
general case. O

We next observe that
C1? =: spin(V) (or simply spin(n))
is a Lie algebra with the bracket
[a,b] = ab — ba (1.11.3)

For that, note that [a,b] € C1?(V) if a,b € CI*(V) as an easy consequence of (1.11.2).
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To verify this, let us first consider the case
a=eie;, b=ecpe.
with the indices i, j, k, [ all different. In this case

€;€;€LE] — €LEI€;€5 = €i€LC|C; — CLEIEE;

= epereie; —epere;e; =0 by (1.11.2)

Another case is
a=eie;, b=ejep.

Then, using (1.11.2)
€i€jEj€L — €5€LE€; = —E€€L — €5€5€ELE;
= —eieg + ere;

= —2¢;ep € Cl2(V).

From these two cases, the general pattern should be clear.
In a similar manner, the bracket defines an action 7 of C1(V) on CI*(V) = V:

7(a)v :=[a,v] == av — va (1.11.4)

Again, by (1.11.2) [a,v] € CI'(V) if a € CI*(V), v € CI*(V).
Let us consider the two typical cases as before, first

a4 = €;€y4, v = €k,
with i, 7, k all different. Then
e;ejer — epeej = ejejer — ejeje = 0.

The second case is
a4 = €;€5, U= €,

Then
1
€i€j€; — €;€;€j = —€;€;€; — €;€;€; = 26]‘ e Cl (V)

Lemma 1.11.2. 7 defines a Lie algebra isomorphism between spin(V') and so(V).

Proof. Since, as noted, 7(a) preserves V', and since one readily checks that 7[a,b] =
[7(a), 7(b)], T defines a Lie algebra homomorphism from spin(V) = CI*(V) to gl(V).
For a € CI*(V),
1 1
(t(a)v,w) + (v, T(a)w) = 75[[a,v],w] - 5[1}, [a,w]] by (1.11.1)
= 0’

(1.11.5)
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as one easily checks by employing (1.11.2), after the same pattern as above.
Therefore, 7(a) € so(V) for all a € CI*(V). Tt follows from Lemma 1.11.1 that
7 is injective on CI*(V). Since CI*(V)) and so both are vector spaces of dimension

%, and 7 is an injective linear map between them, 7 in fact has to be bijective. [

In the Clifford algebra C1(V), one can now define an exponential series as in
gl(V), and one may define the group Spin (V) as the exponential image of the Lie
algebra spin(V). Spin (V) then becomes a Lie group. This follows from general
properties of the exponential map. Here, however, we rather wish to define Spin (v)
directly, as this may be more instructive from a geometric point of view.

For that purpose, let us first introduce an anti-automorphism a — a® of C1(V),
defined on a basis vector ey, €q, ... €q, as above by

k(k—1)
(CarCay - Cay) = Cay - Canlay (= (=1) 2 €qy€ay---Cap)- (1.11.6)

In particular
1, if k is even

o (1.11.7)
—1, if kisodd

)

CorCas -+ Cap (€ay - Cay ) = {

Also, for all a,b € CI(V)
(ab)t = b'a". (1.11.8)

Definition 1.11.2. Pin(V) is the group of elements of C1(V') of the form
a=ay...a witha; € V,|ja;]| =1fori=1,... .k

Spin (V) is the group Pin(V) N C1®(V), i.e. the group of elements of Cl(v) of the
form
a=aj...azy, witha; € V,||la;|| =1fori=1,...,2m (m € N).

We shall often write Pin(n), Spin (n) in place of Pin(R™), Spin (R™), resp.
From (1.11.7), we see that Spin (V') is the group of all elements a € Pin(V') with

aa’ = 1. (1.11.9)

Theorem 1.11.1. Putting
p(a)v := ava'

defines a surjective homomorphism p : Pin(V') — O(V) with p(Spin (V)) = SO(V).

In particular, Pin(V) C Cl(V) acts on V. This is the so-called vector represen-
tation, not to be confused with the spinor representation introduced below.

Proof. We start with a € V, ||a|| = 1. In that case, every v € V' decomposes as

v =Aa+at, with (a,at) =0, A € R.
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Then, since a = a’ for a € V

pla)v = a(Aa+ at)a
= —\a — aaa™, since aa = aa’ = —1 by (1.11.7)
and ata + aat =0 by (1.11.2)
=-)la+at.

Consequently p(a) is the reflection across the hyperplane orthogonal to a. This is an
element of O(V). Then also for a general a = a; ...ax € Pin(V), p(a) is a product
of reflections across hyperplanes, hence in O(V). The preceding construction also
shows that all reflections across hyperplanes are contained in the image of p(Pin(V)).
Since every element in O(V) can be represented as a product of such reflections?,
it follows that p(Pin(V)) = O(V). If now a € Spin(V), then p(a) is a product
of an even number of reflections, hence in SO(V'). Since every element SO(V) can
conversely be represented as a product of an even number of reflections, it follows
that p(Spin (V)) = SO(V).

From (1.11.8), it is clear that p(ab) = p(a)p(b), and so p defines a homomor-
phism. O

Let us now determine the kernel of
p: Spin (V) — SO(V).

If a € ker p, then p(a)v =v for all v € V.
From the definition of p and aa® = 1 for a € Spin (V), we obtain that this is
equivalent to
av = wva for all v € V,

i.e. a commutes with all elements of V. Since all elements in Spin (V') are even,
Lemma 1.11.1 implies a € R. Since aa® = 1, we conclude that

a = =£1.
We next claim that Spin (V') is connected for dimg V' > 2. Let
a=aj...az, € Spin(V), with a; in the unit sphere of V. (1.11.10)

Since that sphere is connected, we may connect every a; by a path a;(t) to e;. Hence,
a can be connected to e; ...e; (2m times), which is £1. Thus we need to connect 1
and —1. We use the path

~y(t) = (cos (gt) ey + sin (Et) 62) (cos (gt) e1 — sin (gt) 62)

2
= — cos? (Et) + sin? (zt) — 2sin (zt) cos (zt> ele
- 2 2 2 27 )

since e1e; = egeg = —1.

3Every rotation of a plane is a product of two reflections, and the normal form of an orthogo-
nal matrix shows that it can be represented as a product of rotations and reflections in mutually
orthogonal planes.
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This path is contained in Spin (V') and satisfy v(0) = —1, (1) = 1, and we have
shown connectedness of Spin (V') for dimg V' > 2.

(1.11.10) also easily implies that Spin (V) is compact. If we finally use the
information that 71 (SO(V)) = Zs for n = dimg V' > 3, we obtain altogether

Theorem 1.11.2. p : Spin (V) — SO(V) is a nontrivial double covering. Spin (V)
is compact and connected, and for dimg V' > 3, it is also simply connected. Thus, for
dimg V' > 3, Spin (V) is the universal cover of SO(V). O

Let us briefly return to the relation between spin(V') and Spin (V). If we differ-
entiate the relation characterizing Spin (V), i.e.

aa' =1 and ava' €V forallveV,

(differentiating means that we consider a = 1 + eb + O(€?) and take the derivative
w.r.t. € at € = 0), we obtain the infinitesimal relations

b+b=0 and bv+ovb =bv—vbforallveV,

which were the relations satisfied by elements of spin(V) = C1>(V). Since the preced-
ing implies that Spin (V') and spin(V') have the same dimension, namely the one of
SO(V) and so(V), i.e. @, spin(V) indeed turns out to be the Lie algebra of the
Lie group Spin (V).

Let us also discuss the induced homomorphism

dp : spin(V) — so(V),

the infinitesimal version of p. The preceding discussion implies that dp coincides with
the Lie algebra isomorphism 7 of Lemma 1.11.2. In order to obtain a more explicit
relation, we observe that a basis for so(n), the Lie algebra of skew symmetric n x n-
matrices is given by the matrices e; Aej, 1 < i < j < n, (denoting the skew symmetric
matrix that has —1 at the intersection of the i*" row and the j' column, +1 at the
intersection of the j' row and the i*" column, and 0 entries elsewhere)?. e; Ae; is the
tangent vector at the identity of SO(n) for the one parameter subgroup of rotations
through an angle ¥ in the e;e; plane from e; towards e;. In Spin (n), we may consider
the one parameter subgroup

¥ = e;i(—cos(V)e; + sin(V)e;) = cos(V) + sin(V)e;e;.
Its tangent vector at 1, i.e. at ¥ = 0, is e;e;.

Lemma 1.11.3.
dp(eie;) = 2(e; Nej)

Proof. We have seen in the proof of Theorem 1.11.1, that p(a) is the reflection
across the hyperplane perpendicular to a, for a unit vector a € R™. Thus, p(cos(?) +

4For the sake of the present discussion, we identify V with R™ (n = dimg V).
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sin(v)e;e;) is the reflection across the hyperplane orthogonal to — cos(d)e; + sin(d)e;
followed by the one across the hyperplane orthogonal to e;. This, however, is the
rotation in the e;, e; plane through an angle of 29 from e; towards e;. O

FExamples.

1. From its definition, the Clifford algebra CI(R) is R[z]/(z? + 1), the algebra
generated by x with the relation 22 = —1. In order to make contact with our
previous notation, we should write e; in place of . Of course this algebra
can be identified with C, and we identify the basis vector e; with ¢ CI¥(R) =
CI°(R) then are the reals, while CI°Y(R) = CI'(R) is identified with the purely
imaginary complex numbers. Pin(R) then is the subgroup of C generated by
+i, and Spin (R) is the group with elements +1.

2. CI(R?) is the algebra generated by = and y with the relations
2?=—1, y*=-1, ay=—yz.

Again, we write e1, es in place of x, y. This algebra can be identified with the
quaternion algebra H, by putting

i:€1, j:€2, k:(ileg.
Since i2 = j2 = k? = —1, ij + ji = ik + ki = jk + kj = 0 the relations (1.11.2)
are indeed satisfied.
In fact, we have a natural linear embedding
v :H — C**? (2 by 2 matrices with complex coefficients) (1.11.11)
by writing w € H as
w = (wo + kwi) — i(wa + kws) = w — it

with wo, w1, ws, ws € R while we consider w and v as elements of C, and putting

fy(i):(_ol (1)) v(j)=<3 6) v(k)=<(i) _Oz>

These matrices satisfy the same commutation relations as i, j, k, and

Then

*

Y(ww') = y(w)y(w'), (@) =y(w)

for all w,w’ € H. Thus, 7 is an algebra homomorphism.
The subalgebra C1°V(R?) is generated by k, and thus it is isomorphic to C C H,
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where the purely imaginary complex numbers correspond to multiples of k.
Under the embedding v, it corresponds to the diagonal elements in C2*2, that

is, the ones of the form w —— 0> , i.e. those with ¥ = 0.

w
0 @
Pin(R?) is generated by the circle cos(d9)i + sin(+)j through i and j (¢ € S1).
Spin (R?) then is the group consisting of products (cos(d1 )i+sin(¥1)7)(cos(2 )i+
sin(¥2)7) (91,92 € S1) = — cos ¥y cos ¥ — sin ¥y sin¥a + (cos ¥y sin ¥g — cos Vo
sin)k, i.e. the unit circle in the above subspace C C H. (So, while Pin(V) is
generated by 1,4, j, k, Spin (V) is generated by 1, k. i and j act on R? by reflec-
tion while k acts as a rotation.) Thus, Spin (R?) is isomorphic to U(1) = S*.
We should note, however, that it is a double cover of SO(2) as +1 both are
mapped to the trivial element of SO(2).

3. Similarly, we identify CI(R?®) with H & H by putting
€o = (17 1)7 €1 = (ia _i)7 €2 = (]a _]) €3 = (k, _k)

Then
€162 = (k,]f), €263 = (i,i), €3€1 = (.j?j))

and CI®¥(R?) is identified with the diagonal embedding of H into H & H. Since
C1'(R3) = R? is identified with the pairs (o, —c) of purely imaginary quater-
nions «a, Pin(R3) is generated by such elements of length 1. Spin (R?) then is
the group of pairs (3, 3) of unit quaternions 3, as every such pair can be ob-
tained as a product (a1, —aq)(@e, —aa) where aq, ag are purely imaginary unit
quaternions themselves. Thus, Spin (R?) is isomorphic to the group Sp(1) of
unit quaternions in H. One also knows that this group is isomorphic to SU(2).
The above embedding v : H — C2*2 (1.11.11) induces an isomorphism between
Sp(1) and SU(2).

4. CI(R?*) is identified with H?*2, the space of two by two matrices with quater-
nionic coefficients, by putting

(10 (0 1 (0 i
60_01a el__loa 62_7;07
(0 g (0 k
“=\; o) “=\k o)

Pin(R*) is generated by the unit sphere in Cl'(R*) = R*, i.e. in our identifica-
tion by all linear combinations of e; es, es, e4 of unit length. Spin (R4) then is
the group of products of two such elements, i.e. the group of all elements of the
form { g where o and 3 are unit quaternions. Thus, Spin (R?*) is homeomorphic
to S3 x S% = Sp(1) x Sp(1) = SU(2) x SU(2). From Theorem 1.11.2, we then
infer that

SO(4) = Spin (4)/Zs = (SU(2) x SU(2))/Zs.
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In the sequel, we shall also need the complex Clifford algebra and the corre-
sponding spin group. For V as before, we denote the complexified Clifford algebra
by

CI°(V) = CI(V) @g C.

Thus, the e, again form a basis, and the only difference is that we now admit complex
coefficients.

For the sequel, we need to choose an orientation of V, i.e. select an (orthonor-
mal) basis eq,...,e, of V being positive. (Any other basis of V' obtained from this
particular one by an element of SO(V') then is also called positive.)

Definition 1.11.3. Let ey, ..., e, be a positive orthonormal basis of V. The chirality
operator is
[=i",...,e, € CI°(V)

with m = 3 for even n, m = "Tl for odd n.

It is easy to check that I' is independent of the chosen positive orthonormal
basis. To see the mechanism, let us just consider the case n = 2, and the new basis
f1 = cosde; + sinves, fo = —sinve; + cosves. Then

f1f2 = —sin¥ cosVereq + sin ¥ cos Yeses + cos® Yeqey — sin® deseq
= €1€2 by (1.11.2)

Lemma 1.11.4.

r? =1.
For odd n, T'v =0T, for allv e V.
For even n, T'v=—ol, for allv e V.
Proof. A simple computation based on (1.11.2). O

Thus, we may use I' to obtain a decomposition
Clf(V)*

of CIC(V) into the eigenspaces with eigenvalue +1 under multiplication by I". This is
particularly interesting for even n, because we have

vCI(V)E = CIS(V)T  for every v e V' \ {0}, (1.11.12)

i.e. Clifford multiplication by v interchanges these eigenspaces. This is a simple
consequence of Lemma 1.11.4, namely if e.g.

then
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Definition 1.11.4. Spin® (V) is the subgroup of the multiplicative group of units of
CI°(V) = CI(V) @ C generated by Spin (V) and the unit circle in C.

Lemma 1.11.5. Spin® (V) is isomorphic to SpinV xz, S, where the Zs action iden-
tifies (a, z) with (—a, —z).

Proof. By Lemma 1.11.1, the unit complex scalars are in the center of CIC(V), and
hence commute with Spin (V). Therefore, we obtain a map

Spin (V) x S* — Spin® (V), (1.11.13)

which is surjective. The kernel of this mapping are the elements (a,z) with az = 1,
which means a = z~! € Spin (V) N S'. We have already seen in the preparations for
Theorem 1.11.2 that this latter set consists precisely of £1. O

By Lemma 1.11.5, changing (a, z) to (—a, z) amounts to the same as changing
(a,z) to (a,—%), and thus we obtain an action of Zs on Spin® (V). The quotient of
Spin® (V') by this action yields a double covering

Spin® (V) — SO(V) x S* (1.11.14)

that is nontrivial on both factors.

The maps given in (1.11.13), (1.11.14) allow to determine the fundamental group
m1(Spin® (V)). Namely, a homotopically nontrivial loop v in S! induces a loop in
Spin® (V) that is mapped to the loop 27y in S! by (1.11.14) (2y means the loop v
traversed twice) which again is nontrivial. Thus, 71 (Spin® (V)) contains 71(S?) = Z
as a subgroup. On the other hand, if we have a loop in Spin® (V') that is mapped to a
homotopically trivial one in S when we compose (1.11.14) with the projection on the
second factor, it is homotopic to a loop in the kernel of that composition. That kernel
can be identified with Spin (V') by (1.11.13), and since Spin (V') is simply connected
by Theorem 1.11.2 for dim V' > 3, such a loop is homotopically trivial for dim V' > 3.
Thus

Theorem 1.11.3. For dimV >3
m1(Spin® (V)) = Z

O

Ezamples. The treatment here will be based on the above discussion of examples in
the real case.

1. CI°(R) = CI(R) ®g C = C&C, and Spin® (R) = S sits diagonally in this space.

2. CI°(R?) = CI(R?) @ C = H ®r C. We want to identify C1°(R?) with C2*2,
the space of two by two matrices with complex coefficients. We consider the



72

Chapter 1 Foundational Material

above homomorphism of algebras H — C2?*2, and extending scalars, we obtain
an isomorphism of C-algebras

H® C — C?*2,

Thus, we identify C1°(R?) with C2*2. Under this identification, Spin (R?) cor-
responds to the elements

a 0 . 1
(0 E) with « € S =U(1) C C.

Spin® (R?) then consists of the unitary diagonal matrices, i.e. Spin®(R?) =
U(1) x U(1) = St x St.

. CI°(R?) = CI(R?)®C = (HeH)®C = C**2&C?*? from the preceding example.

We have identified Spin (R?) with SU(2), and so

Spin‘ (R?) = {e"U : ¥ € R,U € SU(2)} = U(2)

. Similarly, CI°(R*) = CI(R?) ®g C = H?>*? @ C = C***. We have identified

Spin (R*) with SU(2) x SU(2), and so

Spin® (R*) = Spin (R*) xz, S*
> {(U,V)eU2) x U(2) : det U = det V'}

In order to describe the isomorphism C1¢(R*) =2 C*** more explicitly, we recall
the homomorphism « : H — C2*2 from the description of CI(R?). We define

I:H-—C"*

via

‘We recall
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We identify R* with H, putting e; = 1, ey =14, e3 = j, e4 = k. Then

0 1
Penren) =" 0 o | =T,
—i 0
0 -1
Megles) =| 1 " ;| = Tes)(en.
1 0
i 0.
Penfen) =" 7, | == Teare,
0 4
1 O.
Meles) = |0 7 | =~ Tea)(e),
0 —i
0 1
Peaen)=| - 0 ) | = Teor(e),
-1 0
Q 1
Mele) = |* ° | =—TleT(es).
—i 0

(always with 0’s in the off diagonal blocks). One also easily checks that
F(eq)T(en) = —1d, for a=1,2,34.

Thus, I' preserves the relations in the Clifford algebra, and it is not hard to ver-
ify that I in fact extends to the desired isomorphism between CI%(R*) and C**4,

The preceding examples seem to indicate a general pattern that we now wish to
demonstrate by induction on the basis of

Lemma 1.11.6. For any vector space V' as above
CI%(V @ R?) = CI%(V) @c CI(R?).
Proof. We choose orthonormal bases v1,...,v, of V and e;,es of R?. In order to

define a map that is linear over R,

1:V@®R? - CI%(V) ®c CI5(R?)
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we put

l(’l}j) =1iv; @ejey, forj=1,...,n,
lea) = 1®eq, for a =1,2.

Since for example

l(vjog + vpvj) = (—vjuE — VEV;) @ er1€2e1€2 = VU + VRV © 1
l(vjeq + eqvj) = iv; ® (e1e2eq + €qe1e2) =0 fora =1,2

we have an extension of [ as an algebra homomorphism
1: Cl(V @ R?) — CI%(V) @c CI°(R?).
Extending scalars from R to C, we obtain an algebra homomorphism
1: CI°(V @ R?) — CI%V) @c CI%(R?).
Now [ has become a homomorphism between two algebras of the same dimension,
and it is injective (and surjective) on the generators, hence an isomorphism. O
Corollary 1.11.1.
(i) If dimg V = 2n, CIS(V) = C2"x2",
(i) If dimp V =2n+1, CIS(V)=C2"*2" ¢ C2"*2",
Proof. By Example 2, CI°(R2) 2 C2%2, and the proof follows from Lemma 1.11.6 by

induction, starting with Example 2 in the even and Example 1 in the odd dimensional

case, and using
(mem ®(C (C2><2 o (c2m><2m'

O

We now wish to identify C1°(V) for even dimensional V as the algebra of endo-
morphisms of some other vector space in a more explicit manner than in Corollary
1.11.1. We thus assume that n = dimg V' is even, n = 2m. We also choose an orien-

tation of V, i.e. select a positive orthonormal basis eq,...,e,.

In V ® C, we consider the subspace W spanned by the basis vectors
1 . .
n; = ﬁ(egj_l —iey;), j=1,...,m. (1.11.15)

If we extend the scalar product (-,-) to V' @ C by complex linearity, we have

(ni,nj)e =0 for all 7, (1.11.16)



1.11 Spin Structures 5

hence
(w,w)ye =0 forallwe W (1.11.17)

(One expresses this by saying that W is isotropic w.r.t. (-,-)¢)
We have L
VeC=WaeW,
with W spanned by the vectors n; = \/Li(egj_l +ieg;), 7 = 1,...,m. Because of

(1.11.17), W is the dual space W* of W w.rt. (,-)c, i.e. for every w € W\ {0},
there exists a unique w’ € W with |jw’|| =1 and

(w,w')e = |lw].

Definition 1.11.5. The spinor space S is defined as the exterior algebra AW of W.
If we want to emphasize the dimension n of V', we write .S,, in place of S.

We may then identify CI®(V) as End ¢(S) as follows: We write v € V @ C as
v=w+w withweW, v eW,
and for s € S = AW, we put

plw)s = 2e(w)s (= V2w A s, as € denotes the exterior product)

p(w')s == —v/2u(w')s  (where t(w') denotes the interior product; note that
we identify W with the dual space W* of W, c.f.
§1.8)

p obviously extends to all of CI®(V) by the rule p(vw) = p(v)p(w).
We have the following explicit rules for e(w) and ¢(w'): If s =n;, A...n;,, with
1<j1 <...<jr <m, then

emj)s =m Ay Ao A (=005 € {j1,. - k), (1.11.18)
and
u(T;)s = 0 REARCIERNE (1.11.19)
J (=Dt A AT A A, 3 G =
In particular
L 0 ifjé {j, - -, Jrt
e(n;)ic(n;)s = {S £ G i) (1.11.20)
= S 1f-7¢{.71a).]k}7
u(1;)€(n;)s = {0 £ L i) (1.11.21)

Thus, we have for all s and all j

(e(nj)e(T;) + ¢(7;)e(n;))s = s (1.11.22)
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For subsequent use in §5.2, we also record that in the same manner, one sees that

(e(nj)e(@e) + ¢(7)e(n;))s = 0 for j # L. (1.11.23)

In order to verify that the claimed identification is possible, we need to check
first that p preserves the relations in the Clifford algebra. The following examples
will bring out the general pattern:

%) = i6 —Lb_ Le —LL_
o (e >—2(ﬁ o) - > (171)> (ﬁ - (m))
— (em)y) + 1)) since e(m)? = 0 = o(7,)?
= 1 by (1.11.22),

and

(e(m) — (my))i(e(m) + ¢(71))
+ i(e(m) + (1)) (e(m) — ¢(M))
= 07
pleres) + pleser) = (e(m) — o(M1))(€(n2) — ¢(72))
+ (e(n2) — o(M2))(e(m) — ¢())
= (e(m)e(n2) + €(n2)(e(m)
+ (e(71)e(M2) + ¢(M2)e(71))
= (e(n)e(m3) + ¢(72)e(m))
= (e(n2)e(m1) + ¢(71)e(n2))
= 07

pleiez) + p(ezer)

since the €(n1),...,t(7,) all anticommute, e.g.
€(m)u(M@2)n2 A s = e(mns = mAns,
UMa)e(m)nz Ans = u(a)m Anz Ans = —m Ans.

Now dimg CIS(V) = 2" = (dim¢ (AW))? = dimg (End ¢(S)), and since p has

nontrivial kernel, we conclude

Theorem 1.11.4. If n = dimg V is even, CI°(V) is isomorphic to the algebra of
complex linear endomorphisms of the spinor space S. O

(Later on, we shall omit the symbol p and simply say that CIC(V) operates on the
spinor space S via Clifford multiplication, denoted by “”). Now since

NN — N5 = 2ieaj-1€2;,

we have
=27 (i —=mm) - Ty = M)
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and so I' acts on the spinor space S = AW via

p(I) = (=1)™(e(n)e(m) = e(T)e(m)) - - (€(mm) i) = (T )€(1m))

and for the same reasons as in the computation of p(e;?), we see that p(T') equals
(—1)¥ on A*W. As above, any representation of CIC(V), in particular p, decomposes
into the eigenspaces of I' for the eigenvalues +1, and so in the present case we have
the decomposition
St = AEW

where the + (—) sign on the right hand side denotes elements of even (odd) degree.

Since Spin (V') sits in C1(V), hence in CI°(V'), any representation of the Clif-
ford algebra C1°(V) restricts to a representation of Spin(V), and we thus have a
representation

p : Spin (V) — End ¢(9).

Since Spin (V) € CIT(V), Spin (V) leaves the spaces S* and S~ invariant, and thus
the representation is not irreducible, but decomposes into the ones on S+ and S~.
(The latter are in fact irreducible.) As in (1.11.12), multiplication by an element of
C17(V), in particular by a vector v € V, exchanges ST and S~.

Definition 1.11.6. The above representation p of Spin (V') on the spinor space S
is called the spinor representation, and the representations on St and S~ are called
half spinor representations.

Note that the spinor space S = AW is different from the Clifford space C1(V)
(= A*(V) as a vector space). Cl(V), and therefore also V, acts on both of them by
Clifford multiplication.

We now want to extend the representation of Spin (V) to Spin® (V).

Lemma 1.11.7. Let o : Spin (V) — End ¢(T) be a complex representation of Spin (V')
on some vector space T, satisfying

o(—1)=-1.
Then o extends in a unique manner to a representation
o : Spin® (V) — End ¢ (7).
Proof. Since o is complex linear, it commutes with multiplication by complex scalars,

in particular with those of unit length. Thus, ¢ extends to ¢’ : Spin (V) x S! —
End ¢(T). Since o(—1) = —1, it descends to Spin® (V). O

Corollary 1.11.2. The spinor and half spinor representations of Spin (V) possess
unique extensions to Spin© (V). O
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Of course, this is also clear from the fact that these representations of Spin (V')
come from CI%(V).
For CI°(R?), the spinor space is isomorphic to C? and generated by v; := 1 and
Vg =1 = \%(61 —ies), see (1.11.15). Since e; = \%(171 +11) and eg = ﬁ(m —m),
we have
€1V1 = Vg, €1V = —V1, €1 = iU27 €Uy = ivl,

that is, the action of CI1°(R?) on its spinor space is given by the above representation
(1.11.11) of H as C?*? acting on C2.
Let us also discuss the example of C1°(R?) once more. We recall the isomorphism

I': CI°(RY) — C!

I' in fact is the representation described in Theorem 1.11.4, and C* is isomorphic
to S4. The formulas given above for the products I'(eq)T'(eg) also show that the
representation admits a decomposition into two copies of C? that is preserved by the
elements of even order of C1°(R*). In fact, these yield the half spinor representations
Sf in dimension 4. In the above formulas, the upper left block corresponds to ST,
the lower right one to S™.

In dimension 4, we also have a decomposition

A2 = A2 @ A2~ (A2 =A%V, dimV =4)

of exterior two forms. Namely, we have the Hodge * operator (to be discussed in §2.1
for arbitrary dimensions) determined by

st ne?) = e3ned,
x(et ned) = —e? Net,
st net)= e ned,
x(e2ned) = el net,
x(e? Net) = —et A e,
x(e*Net)= el ne?

L ...,e*is an orthonormal frame in V*.

and linear extensions, where e
We have

sk = 1,

and * thus has eigenvalues +1, and A%* then are defined as the corresponding
eigenspaces. Both these spaces are three dimensional. A% is spanned by e! A €% +
eSnet, et ned —e2 net, el Aet +e? Aed, while A% is spanned by e' Ae? —e3 Ae?,
el Ned+e? et el Net —e? Aed. Elements of A2t are called selfdual, those of A%~
antiselfdual.

We have a bijective linear map AV* — CI%(V), given by ¢’ A el — e; - ej (where
e’ is the orthonormal frame in V* dual to the frame e; in V).

Therefore, I' induces a map I't : A2V* — End (C*). In the above decomposition
of the representation of C1“°”(R*), the selfdual forms then act only on C2& {0}, while
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the antiselfdual ones act only on {0} @ C2, as one directly sees from the formulae for
I'(eq)'(eg) and the description of the bases of A%,

Finally, let us briefly summarize the situation in the odd dimensional case. Here,
according to Corollary 1.11.1, CIC(V) is a sum of two endomorphism algebras, and we
therefore obtain two representations of CI(V). When restricted to Spin (V), these
representations become isomorphic and irreducible. This yields the spinor represen-
tation in the odd dimensional case. We omit the details.

We also observe that the spinor representation is a unitary representation in a
natural manner. For that purpose, we now extend the scalar product (-, -) from V to
V ® C as a Hermitian product, i.e.

n n n
<Zaiei,§:ﬁjej> = Z%ﬂz‘ for avy,..., ay, B1,..., Bn € C.
i=1 j=1 i=1

Note that this is different from the above complex linear extensions (,-)c. This
product extends to AV by letting the monomials e;, A...e;,, 1 <iy <...<...ip <n,
constitute an orthonormal basis. From the above computations for the p(e;), one
checks that each p(e;) preserves (-, ), i.e.

(p(ej)s,plej)s’)y = (s,s") for all s, s € AW.
Of course, this then holds more generally for every v € V with ||v]| = 1, and then also
for products vy ... v with |lvj|| =1 for j =1,..., k. This implies

Corollary 1.11.3. The induced representation of Pin(V') and Spin (V) on End ¢(S)
preserves the Hermitian product (-,-). O

Corollary 1.11.4.

(p(v)s, sy = —(s,p(v)s’) foralls, s € A\W,veV.

Proof. We may assume ||v|| = 1. Then p(v)? = —1, hence

(p(v)s,s") = —(p(v)s, p(v)p(v)s') = —(s, p(v)s’) by Corollary 1.11.3.
O

After these algebraic preparations, we may now define spin structures on an
oriented Riemannian manifold M. At each point z € M, we may take the tangent
space T, M as the vector space V for the definition of the Clifford algebra C1(V'), and
we want to to construct vector bundles with fibers carrying the above constructions
of spin groups and spinors.

We let TM be the tangent bundle of M. The Riemannian metric allows to
reduce the structure group of TM to SO(n) (n = dim M), and we obtain an associated
principal bundle P over M with fiber SO(n), the so-called frame bundle of M.
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Definition 1.11.7. A spin structure on M is a principal bundle P over M with fiber
Spin (n) for which the quotient of each fiber by the center +1 is isomorphic to the
above frame bundle of M. A Riemannian manifold with a fixed spin structure is
called a spin manifold.

In other words, we require that the following diagram commutes,
~ P

p ———F

M

where 7 denotes the projection onto the base point, and p is the nontrivial double
covering p : Spin (n) — SO(n) on each fiber as described in Theorem 1.11.2. This is
also expressed by saying that the frame bundle is lifted to a Spin (n) bundle. It is
important to note that such a lift need not always be possible. One way to realize
this is by considering the corresponding transition functions. We recall from §1.8 that
the frame bundle P for each trivializing covering (Uy)aeca of M induces transition
functions

©ga : Us NUg — SO(n)
satisfying

Yaa(r) =id  for z € U,

0ap()ppa =1id  for z € U, NUg
Gay () 0ra(2)pga(z) =id  for x € Uy NUgNU,.

Lifting the frame bundle to a Spin (n) bundle then requires finding transition functions
©8a : Ua NUg — Spin (n)
with
P (P8a) = ppa for all B, (1.11.24)
and satisfying the same relations as the ¢g,. By making the U, sufficiently small, in

particular simply connected, lifting the @g, to @, satisfying (1.11.24), is no problem,
but the problem arises with the third relation, i.e.

Pap(x)Ppy (2)Pya(z) =id for z € U, NUzNTU,. (1.11.25)

Namely, it may happen that @,g(x)@s,(x) and @ya () differ by the nontrivial deck
transformation of the covering p : Spin (n) — SO(n).

In fact, the existence of a spin structure, i.e. the possibility of such a lift, de-
pends on a topological condition, the vanishing of the so-called Stiefel-Whitney class
wo(M) € H?(M,Zsy). Here, however, we cannot define these topological concepts.
Furthermore, if a spin structure exists, it need not to be unique. For example, a com-
pact oriented two-dimensional Riemannian manifold of genus® g carries 229 different

5The genus is a basic topological invariant of a compact surface. There are several different ways
of defining or characterizing it, see [147]. For instance, it equals the first Betti number b1, the
dimension of the first cohomology, that will be defined in the next chapter.
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spin structures. In particular, the two-dimensional sphere S2 has genus 0 and hence
carries a unique spin structure.

Let us_assume that M possesses a spin structure P — M. Since the fiber
Spin (n) of P operates on the spinor space S,, and for even n also on the half spinor
spaces S;& via the (half) spinor representations, we obtain associated vector bundles
8., 8 over M with structure group Spin (n),

Sy = P X Spin (n) O Sf =P X Spin (n) Si’

with
8, =8 @8, forevenn.

Definition 1.11.8. §,, is called the spinor bundle, 8 the half spinor bundles asso-
ciated with the spin structure P. Sections are called (half) spinor fields.

From Corollary 1.11.3, we infer that these bundles carry Hermitian products
that are invariant under the action of Spin (n), and even of Pin(n), on each fiber. In
particular, Clifford multiplication by a unit vector in R™ C CI(R™) is an isometry on
each fiber.

We may also consider Spin©(n) in place of of Spin (n) and ask for a lift of the
frame bundle P over M to a principal Spin® (n) bundle Pe. Of course, the requirement
here is that the map from a fiber of P to the corresponding one of P is given by the
homomorphism

Spin® (n) — SO(n)
obtained from (1.11.14) by projecting onto the first factor.

Definition 1.11.9. Such a principal Spin® (n) bundle P¢ (if it exists) is called a spin®
structure on M. An oriented Riemannian manifold M equipped with a fixed spin®
structure is called a spin® manifold.

Again, the existence of a spin® structure depends on a topological condition,
namely that wo (M) lifts to an integral class in H2(M, Zz). Again, however, we cannot
explain this here any further. We point out, however, that the required condition is
satisfied for all oriented Riemannian manifolds of dimension 4. Thus, each oriented
four-manifold possesses a spin® structure.

Given a spin® structure, we may also consider the homomorphism

Spin© (n) — S*

obtained from (1.11.14) by projecting on the second factor. Identifying S* with U(1),
we see that a spin® structure induces a set of transition functions for a vector bundle
L with fiber C, a so called (complex) line bundle.

Definition 1.11.10. The line bundle L is called the determinant line bundle of the
spin® structure.
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As in the case of a spin structure, a spin® structure induces (half) spinor bundles
8, cf. Corollary 1.11.2.

We return to the frame bundle P over M with fiber SO(n). SO(n) acts on
CI(R™) and CI1°(R") simply by extending the action of SO(n) on R™. Thus, P induces
bundles

CI(P) = P xso(n) CI(R")
CI°(P) = P xg0o(n) CI°(R™)
of Clifford algebras.
Definition 1.11.11. The bundles C1(P) and C1%(P) are called the Clifford bundles.

Again, these Clifford bundles can be decomposed into bundles of elements of
even and of odd degree. The chirality operator I" (cf. Definition 1.11.3) is invariant
under the action of SO(n),and it therefore defines a section of C1°(P) of norm 1.

The definition of the Clifford bundles did not need a spin or spin® structure on
M. But suppose now that we do have such a structure, a spin structure, say. Spin (n)
acts on C1© (R™) by conjugation.

p(a)v = ava™  for a € Spin (n),v € CI°(R™) (1.11.26)

(cf. Theorem 1.11.1 (note that a® = a* for a € Spin (n) by (1.11.9)) for the action
of Spin (n) on R™, and extend this action to C1°(R™); this is of course induced by
the above action of SO(n) on CI®(R™)). This action commutes with the action of
Spin (n) on CI®(R™) given by (1.11.26) and the action of Spin (n) on S,; namely for
a € Spin (n), v € CIC(R"), s €S,

(ava™")(as) = a(vs). (1.11.27)
This compatibility with the Spin (n) actions ensures that we get a global action
CI®(R™) x 8,, — Sy, (1.11.28)

which is the above action by Clifford multiplication on each fiber. Recalling that the
space R™ here is a tangent space T, M, we thus can Clifford multiply a tangent vector
v € T, M at x with a spinor s € §,, , at z. In fact, since a vector is an odd element
in the Clifford algebra, we have the action

T,M x 8

n,xr

— 87, (1.11.29)

According to Corollary 1.11.4, this Clifford multiplication is skew-symmetric w.r.t.
the Hermitian product on 8, ,, that is,

(vs, 8"y = —(s,vs’) foralls, s’ €8, ., vel, M. (1.11.30)

Perspectives. References for this section are [7], [176], [267], [18], [221], [196].
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Exercises for Chapter 1

1. Give five more examples of differentiable manifolds besides those discussed in
the text.

2. Determine the tangent space of S™. (Give a concrete description of the tangent
bundle of S™ as a submanifold of S™ x R"T1.)

3. Let M be a differentiable manifold, 7 : M — M an involution without fixed
points, i.e. To7 = id,7(z) # x for all z € M. We call points z and y in M
equivalent if y = 7(x). Show that the space M /7 of equivalence classes possesses
a unique differentiable structure for which the projection M — M/t is a local
diffeomorphism.

Discuss the example M = S™ C R"*! 7(z) = —z. M/7 is real projective space
RP™.

4. a: Let N be a differentiable manifold, f : M — N a homeomorphism. Intro-
duce a structure of a differentiable manifold on M such that f becomes a
diffeomorphism. Show that such a differentiable structure is unique.

b: Can the boundary of a cube, i.e. theset {z € R";max{|z;| :i=1,...,n} =
1} be equipped with a structure of a differentiable manifold?

5. We equip R"*! with the inner product
(z,y) == =% + gt + .. 2"y
for x = (2%, 2%, ..., 2"),y = (% 9%, ...,y™). We put
H" :={z e R"™' : (z,2) = —1, 29 > 0}.

Show that (-,-) induces a Riemannian metric on the tangent spaces T,H" C
T,R"*! for p € H™. H" is called hyperbolic space.

6. In the notations of Exercise 5, let
s=(~1,0,...,0) € R**!

2(x —s)
@) i=s— (x — s, — s)
Show that f : H® — {{ € R™ : |{] < 1} is a diffeomorphism (here, R" =
{(0,2%,...,2™)} € R™*1). Show that in this chart, the metric assumes the form
4

TGRS



84

10.

11.

12.

13.

14.

15.

16.

17.

18.

Chapter 1 Foundational Material

. Determine the geodesics of H™ in the chart given in Exercise 6. (The geodesics

through 0 are the easiest ones.)

Hint for Exercises 5, 6, 7: Consult §4.4.

. Determine the exponential map of the sphere S™, for example at the north pole

p. Write down normal coordinates. Compute the supremum of the radii of balls
in T),S™ on which exp, is injective. Where does exp,, have maximal rank?

. Same as 8. for the flat torus generated by (1,0) and (0,1) € R2.

What is the transformation behavior of the Christoffel symbols under coordinate
changes? Do they define a tensor?

Let ¢p,c1 : [0,1] — M be smooth curves in a Riemannian manifold.

If d(co(t), c1(t)) < i(co(t)) for all ¢, there exists a smooth map ¢ : [0,1] x [0,1] —
M with ¢(t,0) = ¢o(t),c(t,1) = ¢1(t) for which the curves c(t,-) are geodesics
for all ¢.

Consider the surface S of revolution obtained by rotating the curve (z,y =
€,z = 0) in the plane, i.e. the graph of the exponential function, about the
x — az in Euclidean 3-space, equiped with the induced Riemannian metric from
that FEuclidean space. Show that X is complete and compute its injectivity
radius.

Show that the structure group of the tangent bundle of an oriented d-dimensional
Riemannian manifold can be reduced to SO(d).

Can one define the normal bundle of a differentiable submanifold of a differ-
entiable manifold in a meaningful manner without introducing a Riemannian
metric?

Let M be a differentiable submanifold of the Riemannian manifold N. M then
receives an induced Riemannian metric, and this metric defines a distance func-
tion and a topology on M, as explained in §1.4. Show that this topology coin-
cides with the topology on M that is induced from the topology of N.

We consider the constant vector field X (z) = a for all z € R""!. We obtain a
vector field X (z) on S™ by projecting X (x) onto T,,S™ for x € S™. Determine
the corresponding flow on S™.

Let T be the flat torus generated by (1,0) and (0,1) € R?, with projection
7 : R2 — T. For which vector fields X on R? can one define a vector field m, X

on T in a meaningful way? Determine the flow of 7, X on T for a constant
vector field X.

Compute a formula for the Lie derivative (in the direction of a vector field) for
a p-times contravariant and ¢-times covariant tensor.
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19. Show that for arbitrary vector fields X, Y, the Lie derivative satisfies
LX o Ly - Ly o LX = L[X,Y]'

20. Prove Corollaries 4.2.3 and 4.2.4 below with the arguments used in the proofs
of Theorem 1.4.5 and Corollary 1.4.2.



Chapter 2

De Rham Cohomology and
Harmonic Differential Forms

2.1 The Laplace Operator

We need some preparations from linear algebra. Let V be a real vector space with a
scalar product (-,-), and let APV be the p-fold exterior product of V. We then obtain
a scalar product on APV by

(Vi A Ay w1 AL Awp) = det((v;, wy)) (2.1.1)
and bilinear extension to AP(V). If eq, ..., eq is an orthonormal basis of V,
e Ao Ne, withl <iy <ig <...<i,<d (2.1.2)

constitute an orthonormal basis of APV.

An orientation on V' is obtained by distinguishing a basis of V' as positive. Any
other basis that is obtained from this basis by a base change with positive determinant
then is likewise called positive, and the remaining bases are called negative.

Let now V carry an orientation. We define the linear star operator

% : AP(V) = ATP(V) (0<p<d)
by
*(6,;1/\.../\eip):6jl/\.../\€jd7p, (213)

where j1,...,ja—p is selected such that e;,,...,e;,,¢ej,...,¢€;,_, is a positive basis of
V. Since the star operator is supposed to be linear, it is determined by its values on
some basis (2.1.3).
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In particular,

(1) =e1 A...Neg (2.1.4)
*(61 /\.../\ed) = 17 (215)
if e1,...,eq is a positive basis.

From the rules of multilinear algebra, it easily follows that if A is a d X d-matrix,
and if fi,..., fp € V, then

*(Aft Ao  ANAS) = (det A) s (fi A A ).

In particular, this implies that the star operator does not depend on the choice
of positive orthonormal basis in V', as any two such bases are related by a linear
transformation with determinant 1.

For a negative basis instead of a positive one, one gets a minus sign on the right
hand sides of (2.1.3), (2.1.4), (2.1.5).

Lemma 2.1.1. %+ = (—1)P(4=P) . AP(V) — AP(V).

Proof. #x maps AP(V) onto itself. Suppose

*(61'1 /\.../\eip) = €4, /\.../\ejd_p (Cf (213))

Then
k% (e Ao Nei,) =Fe;, Ao Neg,,
depending on whether ej,,...,e;,_ ,€i,...,¢;, is a positive or negative basis of V.
Now
€y /\~~~/\eip/\€j1 /\.../\ejd_][7
= (_1)p(d—p)6jl N .../\ejdfp /\61'1 N .../\eip,

and (—1)P(?=P) thus is the determinant of the base change from e, ,... 3 Cjq_, O
€j1s---5€ip-

Lemma 2.1.2. For v,w € AP(V)

(v, w) = *(w A *v) = *(v A *w). (2.1.6)
Proof. Tt suffices to show (2.1.6) for elements of the basis (2.1.2). For any two different
such basis vectors, w A *v = 0, whereas

k(e Ao Nei, Nx(e Ao Neg,)) =x*(ex Ao . ANeg), whereey,..., eq
is an orthonormal basis (2.1.3)
=1 by (2.1.5),
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and the claim follows. O

Remark. We may consider (-,-) as a scalar product on
d
A(V):= @ AP(V)
p=0

with AP(V) and A%(V) being orthogonal for p # q.

Lemma 2.1.3. Let vy,...,vq be an arbitrary positive basis of V. Then

(1) = mvl A Avg. (2.1.7)

Proof. Let eq,...,eq be a positive orthonormal basis as before. Then
VAL Avg = (det((vi,'uj)))%el A Ned,

and the claim follows from (2.1.4). O

Let now M be an oriented Riemannian manifold of dimension d. Since M is
oriented, we may select an orientation on all tangent spaces T, M, hence also on all
cotangent spaces T M in a consistent manner. We simply choose the Euclidean ortho-

normal basis 22+, . .. id of R? as being positive. Since all chart transitions of an ori-
ozl ’ Oz

ented manifold have positive functional determinant, calling the basis d@‘l(%), e
dg@’l(a%d) of T, M positive, will not depend on the choice of the chart.

Since M carries a Riemannian structure, we have a scalar product on each 7 M.
We thus obtain a star operator

w0 AP(T*M) — AP(TFM),
i.e. a base point preserving operator
%1 QP (M) — QP(M)  (QP(M) = T(AP(M))).

We recall that the metric on T;M is given by (¢"/(z)) = (gi;(z))~". Therefore, by
Lemma 2.1.3 we have in local coordinates

%(1) = y/det(gij)da' A ... A dz. (2.1.8)

This expression is called the volume form.
In particular

Vol (M) = / +(1) (2.1.9)

M
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(provided this is finite).
For a, 8 € QP(M) with compact support, we define the L2-product as

(a,ﬁ>::/M<a,ﬁ>*(1>
:/ aA*3 by Lemma 2.1.2.
M

This product on QP(M) is obviously bilinear and positive definite.
We shall also use the L?-norm

o = (). (2.1.10)

(In 2.2 below, we shall also introduce another norm, the Sobolov norm || - ||g1.2.) So
far, we have considered only smooth sections of vector bundles, in particular only
smooth p-forms. For later purposes, we shall also need LP- and Sobolev spaces of
sections of vector bundles. For this aim, from now on, we deviate from Definition
1.8.3 and don’t require sections to be smooth anymore. We let E be a vector bundle
over M, s : M — E asection of E with compact support. We say that s is contained in
the Sobolev space H""(E), if for any bundle atlas with the property that on compact
sets all coordinate changes and all their derivatives are bounded (it is not difficult to
obtain such an atlas, by making coordinate neighborhoods smaller if necessary), and
for any bundle chart from such an atlas,

p:Ey—UxR"

we have that ¢ o sy is contained in H k7 (U). We note the following consistency
property: If 1 : By, — Uy X R", @3 : By, — Uz x R™ are two such bundle charts,
then ¢; o s, ny, s contained in H®"(U; NUsy) if and only if s 0 S|U,nU, 18 contained
in this space. The reason is that the coordinate change ¢9 o ] Lis of class C°°, and
all derivatives are bounded on the support of s which was assumed to be compact.

We can extend our product (-,-) to L2(QP(M)). It remains bilinear, and also
positive definite, because as usual, in the definition of L?, functions that differ only
on a set of measure zero are identified.

We now make the assumption that M is compact, in order not to always have
to restrict our considerations to compactly supported forms.

Definition 2.1.1. d* is the operator which is (formally) adjoint to d on pGiBO QP (M)
w.r.t. (+,-). This means that for « € QP~1(M), 3 € QP(M)
(dov, B) = (a,d"B); (2.1.11)
d* therefore maps QP (M) to QP~1(M).
Lemma 2.1.4. d* : Q°(M) — QP~Y(M) satisfies
d* = (=1)3PFDH g5 (2.1.12)
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Proof. For a € QP~Y(M), 3 € QP(M)
dlaAxB) =danxB+ (=1 Tandxp
=da A#f3+ (—1)P7H (1) PP o A vk (d x B)
by Lemma 2.1.1 (d* 8 is a (d — p + 1)-form)
=daAxf— (=1 g A s xdx 3
=+ % ((da, B) — (=1)*PHD+ (o wd « 3)).

We integrate this formula. By Stokes’ theorem, the integral of the left hand side
vanishes, and the claim results. O

Definition 2.1.2. The Laplace(-Beltrami) operator on QP (M) is
A=dd* +d*d: QP(M) — QP(M).

w € QP(M) is called harmonic if
Aw =0.

Remark. Since two stars appear on the right hand side of (2.1.12), d* and hence also
A may also be defined by (2.1.12) on nonorientable Riemannian manifolds. We just
define it locally, hence globally up to a choice of sign which then cancels in (2.1.12).
Similarly, the L2-product can be defined on nonorientable Riemannian manifolds,
because the ambiguity of sign of the * involved cancels with the one coming from the
integration.

More precisely, one should write

dP QP (M) — QPTH(M)
d* QP (M) — QP~H(M).

Then
AP = dP7 4 d*dP QP (M) — QP(M).

Nevertheless, we shall usually omit the index p.

Corollary 2.1.1. A is (formally) selfadjoint, i.e.

(A, B) = (o, AB)  for a, p € QP(M).
Proof. Directly from the definition of A. O

Lemma 2.1.5. Aa =0 < da=0 and d*a = 0.
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Proof.

“<«="7: obvious.

“=7 (Aa,a) = (ddfa, ) + (dfda, o) = (dFa,d* @) + (da, da).

Since both terms on the right hand side are nonnegative and vanish only if
da=0=d*a, Aa = 0 implies da = 0 = d*a. O

Corollary 2.1.2. On a compact Riemannian manifold, every harmonic function is
constant. O

Lemma 2.1.6. A = A x .

Proof. Direct computation. O

We want to compare the Laplace operator as defined here with the standard one
on RY. For this purpose, let f : R — R be a differentiable function. We have

0
¥ = s

and for gp @idz® with compact support, and *p = od_,(=1)""tp;dzt A... A dzt A
. A dx?

(df, ¢ / % Z(pzdiﬂ Ao ANdat

.. Adz?, since ¢ is compactly supported.

f

8301
It follows that d*p = —%‘5—: = —divp, and

o2 f

Af =d'df = — ok

M=

= —div (grad f).

i=1

This Laplace operator therefore differs from the usual one on RY by a minus sign.
This is regrettable, but cannot be changed any more since the notation has been
established too thoroughly. With our definition above, A is a positive operator.
More generally, for a differentiable function, the Laplace-Beltrami operator is
f+M—-R
1 0

75009

with ¢ := det(g;;). This is seen as follows:
Since for functions, i.e. 0-forms, we have d* = 0, we get for ¢ : M — R

Af = — (\/ggijg;) (2.1.13)
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(differentiable with compact support)

/Af-ga\/gdml/\.../\dxd:(Af,cp): (df, dy)
= [tarae )

. Of O
:/g”alj;a—% gdat ... dz?

= oo ('

and since this holds for all p € C§°(M,R), (2.1.13) follows.
For a function f, we may define its gradient as

><p\/_dx dzd,

L O0f 0
— i v
Vf:=grad f:=g D D (2.1.14)
We thus have for any vector field X
(grad f, X) = X(f) = df (X). (2.1.15)
The divergence of a vector field Z = Z* 8?:i is defined as
1 0 y 0
divZ = —— = — U(Z,— ). 2.1.16
v \/_8333 (Vo2') N (vas" (2. 3,7)) (2.1.16)
(2.1.13) then becomes
Af = —divgrad f. (2.1.17)

In particular, if M is compact, and f : M — R is a smooth function, then as a
consequence of (2.1.17) and (2.1.16) or (2.1.13) and the Gauss theorem, we have

/ Af % (1) = 0. (2.1.18)
M

We now want to compute the Euclidean Laplace operator for p-forms. It is
denoted by A.; likewise, the star operator w.r.t. the Euclidean metric is denoted by
*e¢, and d* is the operator adjoint to d w.r.t. the Euclidean scalar product.

Let now

w=wj g, dr't AL A dx'r

be a p-form on an open subset of R?, as usual with an increasing p-tuple 1 < i; <
19 < ... <1, <d. We choose ji,...,Jq—p such that 8w71""’89?11”(9171""’%% is
a positive orthonormal basis of R%. In the sequel always

te{l,....,p},ke{l,...,d—p}.
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Now
d—p
0w, .4 . ; ;
dw = Z %dl‘“ ANdz™ N ... ANdz'
= 9T
i ¢ Ow; —
o dw = NP1 220t godi A A dadn AL A dadi 2.1.19
b= Y . v (2.1.19)
e ¢ 0w, —
d¥edw ="y (=1~ 1ﬁd 2 Ada? AL Adrik LA e
k=1
d—p p —
1)ptk= 107w, 20t goie AdpIL AL Adadk A . A dziir o (2.1.20
+;;( ) B e 08 N x x ( )
i g 8 wj
*od . deZ(—l)p+p(d p) ;pd WAL Adat
2 @)
d—p p d+682w - )
_1)P Y % g gk i1 i i
+k=1;( P o da?t Ada A Adat AL N datr. (21.21)
Hence with (2.1.12)
d—p 2
* 0 Wiy .. “ip i %
ddw—;( 1)—t CEDE dax™ A ... Ada'r
i 4 0?w;
“1#d i A dg A, AdTEA. . AT 2.1.22
+ ﬂ; 1) Baic i O° T i x ( )
Analogously
KW :wil ipdle A ..o Adadi-r (2.1.23)
d*ew = Z 8“1 2 gt A dadt AL A daiir (2.1.24)
e

Ow;iy .4 — )
sod e w—Z( 1)pld=p)Fd=—p+i= 1—pdx“ AL Adxie AL ANdate (2.1.25)

— ox'e
- dep)td—pio—1 O Wi e i
d*ed*ew:Z( )p( p)+d=p+ (a—”)pd 2 AN da™ AL A dzie AL A date
z
=1
Py 02w, — ,
+) ) (—uyplmprdmp deﬂk Adz AL NdzieA LA e
i O
(=1 k=1

(2.1.26)
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hence with (2.1.25)

2, .
O Wi .y dz™ A ... Adxtr

(‘”W

—Pp

dd*w

[
NE

o~
Il

1

Q..

+
e

o~
Il
-
£
Il
-

Ozt Oxir
(2.1.22) and (2.1.27) yield

d
82 1 .1 .
Aw = d*dw + dd*w = (-1) > Gz g AL Adath

m=1
Some more formulae:
We write
n = \/Ed:zl Ao A det = nil,,,idd:cil Ao Adzi.
For 3 = 3j,. j,dz/t A ... Adalr
Bil...ip — giljlgisz B .gipjpﬁjlmjp.

With these conventions, for o = oy, i dx™ A ... Adx'»

. L . ot
(*O‘)zpﬂmw = ol Miy...ip, & ’

and
Ok ..i,

ke 2 j
(d*a)il»-~ip—1 =9 ( 31'; - - F?céajir--ip—l)'

Further

(, B) = cy i, B

Ociy..i,, OBji.jy ke iy

(dOt, dﬁ) = 8mk axe g o gzp]p
8ak- ; i
ke ] dp—
(d*a,d*B) = (9 (T Jieam.‘.%)ew. A€
aﬁmjl,,‘j 1
gmn (Tnp — Frmnﬂ’fj1n.jp,1)€jl A.. ./\ejp71
_ Okis iy s WBmiy. gy s g g gio-sios
ozt oxm .
(90[;ﬂ i , ‘ .
— #F:nnﬁljl-~-jp,lg . glpfljp—l
- M ke _mn _i1j1 gip—u'p—l

oxm annajn dp— 199 g

(-1 )Z Sty i A dat AL A dzie A A dat.
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(2.1.27)

(2.1.28)

(2.1.29)

(2.1.30)

(2.1.31)

(2.1.32)

(2.1.33)

(2.1.34)

(2.1.35)
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Formula (2.1.31) is clear. (2.1.32) may be verified by a straightforward, but somewhat
lengthy computation. We shall see a different proof in §3.3 as a consequence of Lemma
3.3.4. The remaining formulae then are clear again.

2.2 Representing Cohomology Classes by Harmonic
Forms

We first recall the definition of the de Rham cohomology groups. Let M be a differ-
entiable manifold. The operator d : QP (M) — QPT1(M) satisfies (Theorem 1.8.5)
dod=0 (dod:QP(M)— QPT2(M)). (2.2.1)

a € QP(M) is called closed if da = 0, ezact, if there exists n € QP~1(M) with dn = a.
Because of (2.2.1), exact forms are always closed. Two closed forms «, 8 € QP (M)
are called cohomologous if a — 3 is exact. This property determines an equivalence
relation on the space of closed forms in QP(M), and the set of equivalence classes is
a vector space over R, called the p-th de Rham cohomology group and denoted by

HY.(M,R).
Usually, however, we shall simply write
HP(M).
In this Paragraph, we want to show the following fundamental result:

Theorem 2.2.1 (Hodge). Let M be a compact Riemannian manifold. Then every
cohomology class in HP(M) (0 < p < d = dim M) contains precisely one harmonic
form.

Here, we shall demonstrate the Hodge theorem by a variational method. An
alternative proof, by the heat flow method, as well as some important extensions, will
be given in 2.4 below.

Proof. Uniqueness is easy: Let wy,ws € QP(M) be cohomologous and both harmonic.
Then either p = 0 (in which case wq; = wy anyway) or
(W1 — w2, w1 — wa) = (w1 — wa,dn)
for somen € QP (M), since
wy and wy are cohomologous
= (d*(wl - w2)777)
= 0, since w; and w9 are harmonic,

hence satisfy d*w; =0 = d*w, .
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Since (-, -) is positive definite, we conclude w; = wo, hence uniqueness. O

For the proof of existence, which is much harder, we shall use Dirichlet’s prin-
ciple.

Let wg be a (closed) differential form, representing the given cohomology class
in HP(M).

All forms cohomologous to wg then are of the form

w=uwy+da (ac QP HM)).
We now minimize the L?-norm
D(w) := (w,w)

in the class of all such forms.
The essential step consists in showing that the infimum is achieved by a smooth
form 7. Such an 7 then has to satisfy the Euler-Lagrange equations for D, i.e.

d
= E(n +tdB,n+tdf) = for all3 € QP (M)

= 2(n, dp).

This implies dn = 0. Since dn = 0 anyway, 77 is harmonic.

In order to make Dirichlet’s principle precise, we shall need some results and
constructions from the calculus of variations. Some of them will be merely sketched
(see §A.1, A.2 of the Appendices), and for details, we refer to our textbook [143]. First
of all, we have to work with the space of L?-forms instead of the one of C*°-forms,
since we want to minimize the L?-norm and therefore certainly need a space that is
complete w.r.t. L2-convergence. For technical purposes, we shall also need Sobolev
spaces which we now want to define in the present context ( see also §A.1).

On QP(M), we introduce a new scalar product

0 (2.2.2)

((w,w)) = (dw, dw) + (dw, dw) + (w,w) (2.2.3)

and put )
lwllz12 ) = ((w,w)) 2. (2.2.4)

(This norm is to be distinguished from the L?-norm of (2.1.10).) We complete the
space QP(M) of smooth p-forms w.r.t. the || - [|g1.2(pr-norm. The resulting Hilbert
space will be denoted by H)*(M) or simply by H"#(M), if the index p is clear from
the context.

Let now V C R? be open. For a smooth map f : V' — R”, the Euclidean Sobolev
norm is given by

of of\?
sz, = ([ 70+ [ 2% 2L

the dot - denoting the Euclidean scalar product.
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With the help of charts for M and bundle charts for AP(M) for every xoy € M,
there exist an open neighborhood U and a diffeomorphism

p: AP(M)jy —V xR"

where V is open in RY, n = (i) is the dimension of the fibers of AP(M), and the
fiber over x € U is mapped to a fiber {m(p(z))} x R™, where 7 : V x R® — V is the
projection onto the first factor.

Lemma 2.2.1. On any U’ € U, the norms
||W||H1~2(U’) and H‘P(W)HH;‘;?:L(V')

(with V' .= w(@(U"))) are equivalent.

Proof. As long as we restrict ourselves to relatively compact subsets of U, all co-
ordinate changes lead to equivalent norms. Furthermore, by a covering argument,
it suffices to find for every z in the closure of U’ a neighborhood U” on which the
claimed equivalence of norms holds.

After these remarks, we may assume that first of all oy is the map onto normal
coordinates with center zg, and that secondly for the metric in our neighborhood of
Ty, we have

|gij () — 05| < € and |T%; (x)] < efori,j,k=1,....d. (2.2.5)

The formulae (2.1.33) - (2.1.35) then imply that the claim holds for sufficiently small
e > 0, i.e. for a sufficiently small neighborhood of zy. Since U’ C U is compact by

assumption, the claim for U’ follows by a covering argument. O
Lemma 2.2.1 implies that the Sobolev spaces defined by the norms || - || g1.2(ar)
and || - || H2 coincide. Hence all results for Sobolev spaces in the Euclidean setting

may be carrled over to the Riemannian situation. In particular, we have Rellich’s
theorem (cf. Theorem A.1.8):

Lemma 2.2.2. Let (wp)nen C Hy?(M) be bounded, i.e.
lwn | 7120y < K.
Then a subsequence of (w,) converges w.r.t. the L*-norm
1
lwllz2(a) = (w,w)?
to some w € H)*(M). O

Corollary 2.2.1. There exists a constant ¢, depending only on the Riemannian metric
of M, with the property that for all closed forms ( that are orthogonal to the kernel
of d*,

(8,8) < c(d"B,d*B). (2:2.6)
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Proof. Otherwise, there would exist a sequence of closed forms (3,, orthogonal to the
kernel of d*, with

(Brs Bn) = n(d* B, d* Bn). (2.2.7)
We put )
An = (Bp, Bn) 2.
Then
1= (AnfBn, AnBn) = n(d*(\nfn), d* (AnfBn))- (2.2.8)

Since df3, = 0, we have
1
||)\nﬁn||H1’2 <14 -—.
n

By Lemma 2.2.2, after selection of a subsequence, )\, 3, converges in L? to some form
. By (2.2.8), d*(A\uf3,) converges to 0 in L2. Hence d*i) = 0; this is seen as follows:
For all ¢

0= lim (d"(Anfn), ¢) = lm(X,fBn, d)
= (¢, dp) = (d*, p) and hence d*1p = 0.

(With the same argument, d3, = 0 for all n implies dy = 0.)
Now, since d*1) = 0 and [3,, is orthogonal to the kernel of d*,

(1/% )\nﬁn) =0. (2.2.9)

On the other hand, (A,3,, \n3,) = 1 and the L2-convergence of A\, 3, to 1 imply

lim (¥, Anf3p) = 1.

n—oo

This is a contradiction, and (2.2.7) is impossible. O

We can now complete the proof of Theorem 2.2.1:
Let (wn)nen be a minimizing sequence for D(w) in the given cohomology class,
ie.

Wy, = wo + da,

w=wp+da
By (2.2.10), w.lo.g.
(nn) = Dlown) S e+ 1. (2.211)

As with Dirichlet’s principle in R?, w,, converges weakly to some w, after selection of
a subsequence.
We have
(w—wg,p) =0for allp € QP (M) withd*p =0, (2.2.12)
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because
(wn — wo, ) = (do, p) = (o, d"p) = 0 for all such .

(2.2.12) means that w — wy is weakly exact.
We want to study this condition more closely and put

7= w — wo.
We define a linear functional on d*(QP(M)) by

o) = (1, ), (2.2.13)

¢ is well defined; namely if d*p; = d*p3, then

(n,¢1 — p2) =0 by (2.2.12).

For ¢ € QP(M) let 7(p) be the orthogonal projection onto the kernel of d*, and
= p — 7(yp); in particular d*¢p = d* .
Then
Ud o) = U(d" V) = (n,9). (2.2.14)

Since v is orthogonal to the kernel of 4, by Corollary 2.2.1,
[¥llz> < clld™ |2 = clld @] 2. (2.2.15)

(2.2.14) and (2.2.15) imply

[e(d* )| < cllnllz2l|d" @]l 2

Therefore, the function ¢ on d*(2(M)) is bounded and can be extended to the
L?-closure of d*(QP(M)). By the Riesz representation theorem, any bounded linear
functional on a Hilbert space is representable as the scalar product with an element
of the space itself. Consequently, there exists o with

(a,d*p) = (n, ) (2.2.16)

for all ¢ € QP (M).
Thus, we have weakly
do = 1. (2.2.17)

Therefore, w = wy + 1 is contained in the closure of the considered class. Instead of
minimizing among the w cohomologous to wy, we could have minimized as well in the
closure of this class, i.e., in the space of all w for which there exists some o with

(o, d*¢) = (w — wo, p) for allp € QP(M).

Then w, as weak limit of a minimizing sequence, is contained in this class. Namely,
suppose w,, = wg + da,, weakly, i.e.

Un(d”p) = (an, d"p) = (wn — wo, ) ¥V € Q(M).
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By the same estimate as above, the linear functionals ¢,, converge to some functional
£, again represented by some «. Since D also is weakly lower semicontinuous w.r.t.
weak convergence, it follows that

k < D(w) < lim inf D(w,) = &,

hence
D(w) = k.
Furthermore, by (2.2.2),
0 = (w,dB) for all 3 € QP~1(M). (2.2.18)

In this sense, w is weakly harmonic.

We still need the regularity theorem implying that solutions of (2.2.18) are
smooth. This can be carried out as in the Euclidean case. If one would be allowed to
insert § = d*w in (2.2.18) and integrate by parts, it would follow that

0= (d"w,d"w),

ie. d*w=0.

Iteratively, also higher derivatives would vanish, and the Sobolev embedding
theorem would imply regularity. However, we cannot yet insert 8 = d*w, since we
do not know yet whether dd*w exists. This difficulty, however, may be overcome as
usual by replacing derivatives by difference quotients (See §A.2 of the Appendix.). In
this manner, one obtains regularity and completes the proof. O

Corollary 2.2.2. Let M be a compact, oriented, differentiable manifold. Then all
cohomology groups HYp(M,R) (0 <p < d:=dimM) are finite dimensional.

Proof. By Theorem 1.4.1, a Riemannian metric may be introduced on M. By Theorem
2.2.1 any cohomology class may be represented by a form which is harmonic w.r.t.
this metric. We now assume that HP(M) is infinite dimensional. Then, there exists
an orthonormal sequence of harmonic forms (1, ),eny C HP (M), i.e.

(nnvnm) = Opm forn,m € N. (2.2.19)

Since the 7,, are harmonic, d*n, = 0, and dn,, = 0. By Rellich’s theorem (Lemma
2.2.2), after selection of a subsequence, (1,,) converges in L? to some 7. This, however,
is not compatible with (2.2.19), because (2.2.19) implies

7 = M llz2 = 1 forn #m,

so that (n,) cannot be a Cauchy sequence in L.
This contradiction proves the finite dimensionality. O
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Let now M be a compact, oriented, differentiable manifold of dimension d. We
define a bilinear map
HY (M, R) x HYZP(M,R) — R

by
(w,n) — /MwAn (2.2.20)

for representatives w, n of the cohomology classes considered. It remains to show that
(2.2.20) depends only on the cohomology classes of w and 7, in order that the map is
indeed defined on the cohomology groups. If, however, v’ and w are cohomologous,
there exists a (p — 1) form « with o’ = w + da, and

/w’/\n:/(w—l—da)/\n
M M
:/ w/\n+/ d(a Am) since 7 is closed
M M

= / w A n by Stokes’ theorem.
M

Therefore, (2.2.20) indeed depends only on the cohomology class of w, and likewise
only on the cohomology class of 7.

Let us now recall a simple result of linear algebra. Let V and W be finite
dimensional real vector spaces, and let

(,):VxW-=R

be bilinear and nondegenerate in the sense that for any v € V v # 0, there exists
w € W with (v,w) # 0, and conversely. Then V' can be identified with the dual space
W* of W, and W may be identified with V*. Namely,

VoW with i1 (v)(w) == (v, w),

io: W = V™ with is(w)(v) := (v, w),
are two injective linear maps. Then V and W must be of the same dimension, and iy
and 7y are isomorphisms.

Theorem 2.2.2. Let M be a compact, oriented, differentiable manifold of dimension
d. The bilinear form (2.2.20) is nondegenerate, and hence HYp(M,R) is isomorphic

to (H4m" (M, R))*.

Proof. For each nontrivial cohomology class in H?(M ), represented by some w (i.e.
dw = 0, but not w = da for any (p — 1)-form «), we have to find some cohomology
class in H?~P(M) represented by some 7, such that

| wnnzo
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For this purpose, we introduce a Riemannian metric on M which is possible by Theo-
rem 1.4.1. By Theorem 2.2.1, we may assume that w is harmonic (w.r.t. this metric).
By Lemma 2.1.6

A xw = xAw,

and therefore, *w is harmonic together with w. Now

/ wA*w = (w,w) # 0, since w does not vanish identically.
M

Therefore, *w represents a cohomology class in H9~P(M) with the desired property.
Thus the bilinear form is nondegenerate, and the claim follows. O

Definition 2.2.1. The p-th homology group H,(M,R) of a compact, differentiable
manifold M is defined to be (HY,(M,R))*. The p-th Betti number of M is b,(M) :=
dim H? (M, R).

With this definition, Theorem 2.2.2 becomes
H,(M,R) = H-P(M,R). (2.2.21)
This statement is called Poincaré duality.

Corollary 2.2.3. Let M be a compact, oriented, differentiable manifold of dimension
d. Then
Hip(M,R) =R. (2.2.22)

and

bp(M) =bg_p(M) for 0<p<d. (2.2.23)

Proof. H9p(M,R) = R. This follows e.g. from Corollary 2.1.2 and Theorem 2.2.1,
but can also be seen in an elementary fashion.
Theorem 2.2.2 then implies (2.2.22), as well as (2.2.23). O

As an example, let us consider an n-dimensional torus 7. As shown in §1.4, it
can be equipped with a Euclidean metric for which the covering 7 : R” — T" is a
local isometry.

By (2.1.28), we have for the Laplace operator of the Euclidean metric

i i — Pwiyi, i
A(wil,wipdm AL AdT p) = (71) mzﬂ Wdﬂ? LALLCAdT'
(x,...,2" Euclidean coordinates of R™.) Thus, a p-form is harmonic if and only if

all coefficients w.r.t. the basis dz® A ... A dx'» are harmonic. Since T™ is compact,
by Corollary 2.1.2, they then have to be constant. Consequently

b,(T™) = dim H?(T™) = dim AP(R") = <Z> (0<p<n).
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Perspectives. The results of this Paragraph were found in the 1940s by Weyl, Hodge, de
Rham and Kodaira.

2.3 Generalizations

The constructions of this chapter may easily be generalized. Here, we only want to
indicate some such generalizations.

Let E and F' be vector bundles over the compact, oriented, differentiable man-
ifold M. Let T'(E) and I'(F') be the spaces of differentiable sections. Sobolev spaces
of sections can be defined with the help of bundle charts: Let (f,U) be a bundle
chart for F, f then identifies Ej with U x R™. A section s of E is then contained
in the Sobolev space H*P(E) if for any such bundle chart and any U’ € U, we have
p2o fosy € HEP(U' R™), where py : U’ x R® — R" is the projection onto the
second factor.

A linear map L : I'(E) — I'(F) is called (linear) differential operator of order
¢ from E to F' if in any bundle chart, L defines such an operator. For the Laplace
operator, of course E = F = AP(T*M), ¢ = 2.

In a bundle chart, we write L as

L=PyD)+...+ Py(D),

where each Pj(D) is an (m x n)-matrix (m,n = fiber dimensions of £ and F, resp.),
whose components are differential operators of the form

Z aq(x) D™

lor|=3

where « is a multi index, and D¢ is a homogeneous differential operator of degree
|| = j. Let us assume that the a,(z) are differentiable.

For £ = (&%,...,&™) € R™, let P;(§) be the matrix obtained for P;(D) by
replacing D* by £%.
P;(€) thus has components

Z an(x)E°.

=4

L is called elliptic at the point x, if Pp(§) (¢ = degree of L) is nonsingular at x for all
¢ € R™\{0}. Note that in this case necessarily n = m.

L is called elliptic if it is elliptic at every point. Let now (-,-)g and (-, ) be
bundle metrics on E and F) resp. (those always exist by Theorem 1.8.3), let M carry
a Riemannian metric (existing by Theorem 1.4.1) and an orientation. Integrating the
bundle metrics, for example

(e ::/ (-,ygdVol, (dVol, = y/det(gi;)dz' A ... A dz?),
M
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we obtain L2-metrics on I'(E) and T'(F). Let L* be the operator formally adjoint to
L, ie.

(Lv,w)p = (v, L*w)g forv e I(E),w € I'(F).
L is elliptic if L* is.

The importance of the ellipticity condition rests on the fact that solutions of
elliptic differential equations are regular, and the space of solutions has finite dimen-
sion.

Here, however, this shall not be pursued any further.

2.4 The Heat Flow and Harmonic Forms

In this section, we shall present an alternative proof of Theorem 2.2.1. This proof will
procede by solving a parabolic equation, the so-called heat flow. The idea is to let
the objects involved, here p-forms, depend not only on the position x in the manifold
M, but also on another variable, the “time” ¢ € [0,00), and to replace the elliptic
equation that one wishes to solve by a parabolic equation that one can solve for given
starting values at time ¢ = 0. In our case of differential forms, this heat equation is

9B@.Y) | AB(a,t) = 0 (2.4.1)

ot
B(x,0) = Bo(x) (2.4.2)

where [y is a p-form in the cohomology class that we wish to study.

The strategy then consists in showing that (2.4.1) can be uniquely solved for all
positive ¢ (this is called global or long time existence) and that, as t — oo, the
solution f(z,t) converges to a harmonic p-form in the same cohomology class.
(2.4.1) is a linear parabolic differential equation (or more precisely, a system of linear
differential equations since the dimension of the fibers AP is larger than 1 except for
trivial cases). Therefore, the global existence and existence of solutions follows from
the general theory of linear parabolic differential equations. Since we consider this
equation as a prototype of other, typically nonlinear, parabolic differential equations
arising in geometric analysis, we shall only use the short time existence here (which
also holds for nonlinear equations by linearization) and deduce the long time existence
from differential inequalities for the geometric objects involved.

The short time existence is contained in

Lemma 2.4.1. Let 8y € QP be of class C*® for some 0 < o < 1. Then, for some
0 <€, (2.4.1) has a solution B(x,t) for 0 < t < €, and this solution is also of class
c%e,

In order to procede to the global existence, we shall consider the L?-norm

18C,1)]12 = / B(at) A #6(o.) (2.4.3)
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and the energy ) .

B(8(.1)) = 214300+ 2143 ). (2.4.0)
(Note that (||8(-,)||? + 2E(B(-,t)))"/? is the Sobolev norm of 3(-,t) as introduced in
(2.2.4).)

Lemma 2.4.2.

d 2
a\\ﬁ(-,t)ll <0 (2.4.5)
d? )
e I18C DI =0 (2.4.6)
%E(ﬁ(-,t)) <0. (24.7)
Proof.
d 1)1 =2 t
prl EQD] (&8 1), B(-,1))

= —2(AB( 1), B(+,1))
=2(dB(-, 1), dﬂ( t)) — 2(d*B(-, 1), d*B(-, 1))
—4E(B(-,1)) (2.4.8)
<0

which shows (2.4.5). Next

TBBC0) = (@ZBC.1).d3(. 1) + (& 2AC, 1), d"B(- 1)
= (25,1, 50(,1)
= 7(%ﬂ( ) )7 ot ( t))

<0
which shows (2.4.7). (2.4.6) follows from this and (2.4.8). O

In particular, when 3(x,0) = 0, then, by (2.4.5), B(z,t) = 0 for all ¢ for which
the solution exists. From this, we deduce

Corollary 2.4.1. Solutions of (2.4.1) are unique

(if B1(x,t) and Bao(x,t) are solutions of (2.4.1) for 0 < t < T with the same initial
values, i.e., B1(x,0) = Ba2(x,0), then they also coincide for 0 <t <T)

and satisfy a semigroup property

(if B(-,t) solves (2.4.1), then B(-,t +s) = Bs(-,t) where Bs(-,t) is the solution of
(2.4.1) with initial values Bs(-,0) = B(-, s)).

In fact, we have a more general stability result
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Corollary 2.4.2. For a family 3(x,t,s) of solutions of (2.4.1) that depends differ-
entiably on the parameter s € R,

d 0
580t 8)[* <0. (2.4.9)

Proof. 2 [3(x,t,s) also solves (2.4.1), and (2.4.9) therefore follows from (2.4.5). O

We now need some apriori estimates:

Lemma 2.4.3. A solution f(x,t) of (2.4.1) defined for 0 < t < T with initial values
Bo(x) € L? satisfies for 7 <t < T, for any T > 0, estimates of the form

0
I5C Ollczean + 1580, Dlloeny < e (2.4.10)
with a constant c1 depending only on ||Bol|L2(ary, T and the geometry of M (but not
on the particular solution 3(x,t)).

Remark. An important consequence of this lemma that we shall use repeatedly in
the sequel is that from the estimates we can infer convergence results. In fact, the
Arzela-Ascoli Theorem implies that any sequence (f,,) that is bounded in the Holder
space C*(M) for some 0 < a < 1 contains a subsequence that converges in C‘“/(M),
for any o/ < a. See [143] for details.

Proof. From (2.4.5),

I8¢, )22 an) < 11Bollz2(ar) (2.4.11)
See ... O

We can now deduce the global existence of solutions of (2.4.1):

Corollary 2.4.3. Let By € C* for some 0 < a < 1. Then the solution B3(x,t) of
(2.4.1) with those initial values exists for all t > 0.

Proof. By local existence (Lemma 2.4.1), the solution exists on some positive time
interval 0 < ¢t < e. Whenever it exists on some interval 0 < ¢t < T, for t — T,
by Lemma 2.4.3, B(z,t) converges to some form beta(z,T) in C>* for 0 < o/ < a.
Applying the semigroup property (Corollary 2.4.1) and local existence (Lemma 2.4.1)
again, the solution can be continued to some time interval beyond T, that is, it exists
for 0 <t < T + €. Thus, the existence interval is open and closed and nonempty and
therefore consists of the entire positive real line. O

The final step in the program is the asymptotic behavior of solutions as t — co.
With this, we shall complete the proof of
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Theorem 2.4.1 (Milgram-Rosenbloom). Given a p-form [(o(z) on M of class
C?%%, for some 0 < a < 1, there exists a unique solution of

M + AB(x,t) =0 for all0 <t < o0 (2.4.12)

ot
with B(z,0) = Bo(x) (2.4.13)

Ast — oo, B(,t) converges in C*“ to a harmonic form H[3.

If By is closed, i.e., dBy = 0, then all the forms ((-,t) are closed as well, d3(-,t) = 0.
Also, in this case, if w is a coclosed (d — p)-form, i.e. d*w =0, then fM Bz, t) Aw(x)
does not depend on t, and we have [, HB(x) Aw(z) = [, Bo(z) Aw(x).

This result obviously contains the Hodge Theorem 2.2.1 and provides an alter-
native proof of it.
Proof. Since E(3(-,t)) > 0, (2.4.5) implies that there exists at least some sequence

t,, — oo for which 5
158G, ta)ll = 0. (2.4.14)

The control of the higher norms of B(:,t,) of Lemma 2.4.3 then implies that AS(-, t,,) =
—%ﬂ(~,tn) converges to 0 in some Holder space C% | that is, (-, t,) converges in

€2 t0 a harmonic form Hf. The difference

Gi(z,t) := Bz, t) — HB(x)

then also solves (2.4.12). Using (2.4.14) and (2.4.5) once more, we see that ||3(-,t) —
HB(:)|| — 0 as t — oo, and by Lemma 2.4.3, 3(z,t) converges to Hf(z) in C>.
Uniqueness was already deduced in Corollary 2.4.1.

Since the exterior derivative d commutes with the Laplacian A as is clear from the
definition of the latter and obviously also with %, if B(z,t) solves (2.4.12), then so
does df(x,t). Thus, using e.g. (2.4.5) again, if dGy = 0, then also d3(-,t) = 0. Finally,
if also d*w = 0, then

%/M Bz, t) Aw(z) = — /M AB(z,t) Aw(x)
— —/M dd* 6(z,t) Nw(z) = — /M d* Bz, 1) A d*w(z) = 0.

O

The heat flow method can also conveniently deduce some refinements of this
theorem. We observe

Lemma 2.4.4. Under the assumptions of Theorem 2.4.1, the solution ((x,t) of
(2.4.1) converges exponentially towards the harmonic form HBy(x), that is,

I1B(t) = HBo(-)|| < ce™™ (2.4.15)

for some positive constants c,\. Here, \ is independent of [3.
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Proof. Given t > 0, we seek § with ||8|| = 1 and HB = 0 for which for the solution

B(x,t) of (2.4.1) with initial values 8(z,0) = 5(x),

1B8C D)l

is maximal. Since, by Lemma 2.4.3, the C1*-norm of (-, ¢) is bounded in terms of
[I3(-,0)||, this maximum is attained. Let this maximal value be b(t). Since HS = 0,
(2.4.5) must be strictly negative. This implies b(¢) < 1. The semigroup property of

Corollary 2.4.1 then implies
b(nt) < b(t)" for n € N,

from which
b(t) < e M for some A > 0.

Therefore, for general 3(z,0) € L?, we obtain (2.4.15).

We can then show

Corollary 2.4.4. The equation
Av =n@

for a p-form n of class L? is solvable iff
(n,w) =0 for all w with Aw = 0.

This solution then is unique up to addition of a harmonic form.
Therefore, the space of p-forms of class L* admits the decomposition

Q7 (M) = ker A @ image A

(note that the first summand, the kernel of A, is finite dimensional).

Proof. We consider

0

il Ay —

8t“+ n="

1(+t) = po-

We put

Ttuozﬁ('vt)
for the solution of

0

— AB=0

atﬂ+ 3

6(7t) = Mo-

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)
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We then have

w(x,t) = Tipp(x) +/O Ti—sy(z)ds = Tipo(x) —l—/o Tsy(z)ds (2.4.21)

as 7y does not depend on t.
By (2.4.15), we have
| Tey = HAl| < e

whence

t
I =ty = Tipo| < [ e,
0

We conclude that
(@) i= T (1) — tHA(@))
exists, in L? and then also in C%“, by the estimates. Since AH~y = 0, we have

0

(57 + A)p(z,t) — tHy(z)) = n(z) - Hn(z).
Therefore,
Av=mn— Hpy.
This implies the solvability of (2.4.16) under the condition (2.4.17) because n — Hn is
the projection onto the L?-orthogonal complement of the kernel of A. O

Exercises for Chapter 2

1. Compute the Laplace operator of S™ on p-forms (0 < p < n) in the coordinates
given in §1.1.

2. Let w € Q1(S?) be a 1-form on S2. Suppose
Plw=w
for all ¢ € SO(3). Show that w = 0.
Formulate and prove a general result for invariant differential forms on S™.
3. Give a detailed proof of the formula
*A = Ax.

4. Let M be a two dimensional Riemannian manifold. Let the metric be given by
gij(z)dz’ @ dz’ in local coordinates (2!, 2?). Compute the Laplace operator on
1-forms in these coordinates. Discuss the case where

gij(z) = >\2($)571j

with a positive function A\?(x).
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5. Suppose that o € H;*Z(M) satisfies
(d* o, d*¢) + (do, dp) = (n,¢) for all ¢ € QP(M),
with some given n € QP(M). Show a € QP (M), i.e. smoothness of a.

6. Compute a relation between the Laplace operators on functions on R”*! and
the one on S™ C R**+1,
7. Eigenvalues of the Laplace operator:

Let M be a compact oriented Riemannian manifold, and let A be the Laplace op-
erator on QP(M). XA € R is called eigenvalue if there exists some u € QP (M), u #
0, with

Au = Au.

Such a w is called eigenform or eigenvector corresponding to A. The vector space
spanned by the eigenforms for X is denoted by V) and called eigenspace for .

Show:

a: All eigenvalues of A are nonnegative.
b: All eigenspaces are finite dimensional.
¢: The eigenvalues have no finite accumulation point.

d: Eigenvectors for different eigenvalues are orthogonal.
The next results need a little more analysis (cf. e.g. [143])
e: There exist infinitely many eigenvalues
M< A< <A< ...

f: All eigenvectors of A are smooth.

g: The eigenvectors of A constitute an L?-orthonormal basis for the space of
p-forms of class L.

8. Here is another long exercise:

Let M be a compact oriented Riemannian manifold with boundary dM # (.
For x € OM,V € T, M is called tangential if it is contained in T, 0M C T,M
and W € T, M is called normal if

(V,W) =0 for all tangential V.

An arbitrary Z € T, M can then be decomposed into a tangential and a normal
component:
Z = Zyan + Znor-

Analogously, n € IT'?(T*, M) can be decomposed into

71 = Ttan + Thnor
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where 7., Operates on tangential p-vectors and 7, on normal ones. For p-forms
w on M, we may impose the so-called absolute boundary conditions

( g:}t;n — 7 ondM,

oo

or the relative boundary conditions

Whor = 0,
(d)ner = O, on OM.

(These two boundary conditions are interchanged by the x-operator.)

Develop a Hodge theory under either set of boundary conditions.



Chapter 3

Parallel Transport,
Connections, and Covariant
Derivatives

3.1 Connections in Vector Bundles

Let X be a vector field on R%, V a vector at g € R?. We want to analyze how one
takes the derivative of X at z( in the direction V. For this derivative, one forms

lim X(.Z’Q + tV) — X(.Z’Q) .
t—0 t

Thus, one first adds the vector tV to the point zg. Next, one compares the vector
X(xzo + tV) at the point xg + ¢tV and the vector X (z() at x¢; more precisely, one
subtracts the second vector from the first one. Division by ¢ and taking the limit then
are obvious steps.

A vector field on R? is a section of the tangent bundle T'(R?). Thus, X (zo+tV)
lies in Ty, v (R?), while X (z0) lies in T}, (R%). The two vectors are contained in
different spaces, and in order to subtract the second one from the first one, one needs
to identify these spaces. In R?, this is easy. Namely, for each z € R? T,R? can
be canonically identified with ToR? = R?. For this, one uses Euclidean coordinates
and identifies the tangent vector % at x with a% at 0. This identification is even
expressed by the notation. The reason why it is canonical is simply that the Euclidean
coordinates of R? can be obtained in a geometric manner. For this, let c(t) = tx,t €
[0, 1] the straight line joining 0 and x. For a vector X at x, let X; be the vector at ¢(t)
parallel to X7; in particular, X; has the same length as X; and forms the same angle
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with ¢. X then is the vector at 0 that gets identified with X;. The advantage of the
preceding geometric description lies in the fact that X; and X are connected through
a continuous geometric process. Again, this process in R? has to be considered as
canonical.

On a manifold, in general there is no canonical method anymore for identify-
ing tangent spaces at different points, or, more generally fibers of a vector bundle at
different points. For example, on a general manifold, we don’t have canonical coor-
dinates. Thus, we have to expect that a notion of derivative for sections of a vector
bundle, for example for vector fields, has to depend on certain choices.

Definition 3.1.1. Let M be a differentiable manifold, £ a vector bundle over M. A
covariant derivative, or equivalently, a (linear) connection is a map

D :T(E) - T(E) @ T(T*M)

with the properties subsequently listed:
By property (i) below, we may also consider D as a map from I'(TM) @ T'(E)
to I'(E) and write for 0 € I'(E),V € T, M

Do(V) =: Dyo.
We then require:
(i) D is tensorial in V :
Dyiwo =Dyo+ Dyo for V.W € T,M,o € T'(E), (3.1.1)
Dyvo = fDyo for f € C*(M,R),V e T'(T'M). (3.1.2)
(ii) D is R-linear in o :
Dy(oc+7)=Dyo+ Dyt for VeT,Mor1el(E) (3.1.3)

and it satisfies the following product rule:

Dy (fo)=V(f) o+ fDyo  for f € C*(M,R). (3.1.4)

Of course, all these properties are satisfied for the differentiation of a vector field
in R? as described; in that case, we have Dy X = dX (V).

Let zg € M, and let U be an open neighborhood of zy such that a chart for M
apd a bundle chart for F are defined on U. We thus obtain coordinate vector fields

%, e %, and through the identification
Ey=UxR" (n= fiber dimension of ),
a basis of R” yields a basis p,...,u, of sections of Ejy. For a connection D, we

define the so-called Christoffel symbols Ffj (j,k=1,...,n,i=1,...,d) by

D o p;=: T . (3.1.5)
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We shall see below that the Christoffel symbols as defined here are a generalization
of those introduced in §1.4.

Let now u € I'(E); locally, we write u(y) = a*(y)ux(y). Also let ¢(t) be a smooth
curve in U. Putting pu(t) := u(c(t)), we define a section of E along c¢. Furthermore, let

V() = i) (= e(t) = (1) 52
Then by (3.1.1) — (3.1.5)
Dy yu(t) = () (e(t)) + (D) (1)D o
= A (O)pn(c(t)) + & (1)a* (O () (el))-

(In particular, Dxp depends only on the values of p along a curve ¢ with ¢(0) = X
and not on all the values of 1 in a neighborhood of the base point of X.)

Dy 1yuu(t) = 0 thus represents a linear system of first order ODEs for the coef-
ficients a'(t),...,a"(t) of u(t). Therefore, for given initial values ;(0) € E, (o), there
exists a unique solution of

(3.1.6)

Dv(t),u(t) =0. (317)

Definition 3.1.2. The solution u(t) of (3.1.7) is called the parallel transport of 11(0)
along the curve c.

Thus, if zp and x; are points in M, the fibers of E above zy and x1, E,, and
E.,, resp., can be identified by choosing a curve ¢ from xg to 1 (zo = ¢(0), 21 = ¢(1))
and moving each po € E,, along ¢ to E,, by parallel transport. This identification
depends only on the choice of the curve c. One might now try to select geodesics
w.r.t. a Riemannian metric as canonical curves, but those are in general not uniquely
determined by their endpoints.

From parallel transport on a Riemannian manifold, i.e. the identification of the
fibers of a vector bundle along curves, one may obtain a notion of covariant derivative.
For this purpose, given V € T, M, let ¢ be a curve in M with ¢(0) = x,¢(0) = V. For
u € T'(E), we then put

Pei(plc(t))) — 1(¢(0)
t b

Dypi= fn

where P, ; : By — Ee o) is the identification by parallel transport along c. In order to
see that the two processes of covariant derivative and parallel transport are equivalent,
we select a basis of parallel sections p(t),. .., pu,(t) of E along c,
ie.
Dyyps(t) =0 forj=1,...,n. (3.1.8)

An arbitrary section p of E along c is then written as
lt) = a* (1) e (1),
and for X = ¢(0), we have

Dxpu(t) = a*(t)pe(t) by (3.1.6), (3.1.8) (3.1.9)
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and consequently,

a*(t) — a*(0)

(Dxp)(e(0) = lim 2 0)
o Peap(t) — p(0)
t—0 t

It is important to remark that this does not depend on the choice of the curve ¢, as
long as ¢(0) = X.

We want to explain the name “connection”. We consider the tangent space
at the point i to the total space E of a vector bundle, Ty E. Inside Ty F, there is
a distinguished subspace, namely the tangent space to the fiber E, containing
(x = 7(¢)). This space is called vertical space V;,. However, there is no distinguished
“horizontal space” H, complementary to Vi, i.e. satisfying TyE = Vy @ Hy. If
we have a covariant derivative D, however, we can parallely transport i for each
X € T, M along a curve c(t) with ¢(0) = z,¢(0) = X. Thus, for each X, we obtain a
curve ¢(t) in E. The subspace of T, E spanned by all tangent vectors to E at ¢ of
the form

d
%¢(t)\t:o

then is the horizontal space Hy. In this manner, one obtains a rule how the fibers in
neighboring points are “connected” with each other.
We return to (3.1.6), i.e.

Dyayy 2, (a7 () (c(1))

' ) . (3.1.10)
= () (e(t)) + & (H)a? (A)TF (e(t)) e (e(t)).
Here,
g i, 0a?
a(t) = cl(t)%(c(t)). (3.1.11)

This part thus is completely independent of D.
Ffj now has indices j and k, running from 1 to n, and an index running from

1 to d. The index 4 describes the application of the tangent vector ¢ (t)%. We thus
consider (T'};); j as an (n X n)-matrix valued 1-form on U :

(T%)is0 € T(gl(n,R) @ T* M) (3.1.12)

(Here, gl(n,R) is the space of (n x n)-matrices with real coefficients.) In a more
abstract manner, we now write on U

D=d+A, (3.1.13)

where d is exterior derivative and A € I'(gl(n,R) ® T*My). Of course, A can also
be considered as an (n x n)-matrix with values in sections of the cotangent bundle
of M; A, applied to the tangent vector %, becomes (Ffj)j,kzl,mm. By (3.1.10), the
application of A to ap; is given by ordinary matrix multiplication. Once more:

D(d’ pj) = d(a”)pj + o’ Apy, (3.1.14)
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where A is a matrix with values in T* M.
We now want to study the transformation behavior of A. As in §1.8, let (Uy)aca
be a covering of M by open sets over which the bundle is trivial, with transition maps

©ga 1 Ua NUg — Gl(n,R).

D then defines a T* M-valued matrix A, on U,. Let the section p be represented by
lhe on U,. Here, a Greek index is not a coordinate index, but refers to the chosen
covering (U,). Thus,

13 = PBa tta o0 Uy NUg. (3.1.15)

But then we must also have
Vsa(d+ Ao)pta = (d+ Ag)pus onU, N Ug; (3.1.16)

on the left hand side we have first computed Dy in the trivialization defined by the
U, and then transformed the result to the trivialization defined by Ug, while on the
right hand side, we have directly expressed Dy in the latter trivialization.

We obtain

A, = <pg;d<pﬂa + wgéAgnpﬂa. (3.1.17)

This formula gives the desired transformation behavior. Thus, A, does not trans-
form as a tensor (see the discussion following Definition 1.8.10), because of the
term gog;dcpga. However, the difference of two connections transforms as a ten-
sor. The space of all connections on a given vector bundle F thus is an affine
space. The difference of two connections Dy, Do is a gl(n,R)-valued 1-form, i.e.
Dy — Dy € T(End E ® T*M), considering gl(n,R) as the space of linear endomor-
phisms of the fibers.

We return to our fixed neighborhood U and thus drop the index «.

We want to extend D from E to other bundles associated with F, in particular
to E* and End(F) = F ® E*.

We now write

Apy = Al pu, (3.1.18)
where each A? now is a l-form, A? = Ffjdaci. Let pf,...,u) be the basis dual to
[41y -+, iy on the bundle F* dual to E, i.e.

(1i, 15) = iy, (3.1.19)

where (+,-) : E® E* — R is the bilinear pairing between E and E*.

Definition 3.1.3. Let D be a connection on E. The connection D* dual to D on the
dual bundle E* is defined by the requirement

d(u,v*) = (Du,v*) + (u, D*v*) (3.1.20)

for any p € T'(E),v* € T(E*).
(Dp € T(E®@ T*M), and (Dp,v*) pairs the E-factor of Du with v*. Thus
(Dp,v*), and similarly (p, D*v*), is a 1-form.)
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As usual, we write D =d + A on U and compute
0 = d(pi, 115) = (Af o, 155) + (i, A5 pi)
= A} + A5" by (3.1.19),
ie.
A* = - A" (3.1.21)
Recalling (3.1.15), we get _
DZ%M; =~ ui.

Definition 3.1.4. Let Ej, E5 be vector bundles over M with connections Dy, Ds,
resp. The induced connection D on F := F; ® Fs is defined by the requirement

D(p1 @ p2) = Dipg @ g + p1 @ Dapio (3.1.22)
for p; e T(E;),i = 1,2.

In particular, we obtain an induced connection on End (F) = F ® E*, again
denoted by D. Let o = 0§- pi @ p; be a section of End (£). We compute
D(ops @ ) = dops @ i + 0§ A¥ puy @ iy — 0h A @ pifp (3.1.23)

=do +[A, o]

The induced connection on End (F) thus operates by taking the Lie bracket.

We next want to extend the operation of a connection D from I'(E) to I'(E) ®
QP(M) (0 <p<d). Since, on QP(M), we have the exterior derivative d, we define in
analogy with Definition 3.1.4 for p € I'(E),w € QP(M)

D(p®@w)=DuAw+p® dw. (3.1.24)

(Here, we have employed a wedge product of forms with values in vector bundles,
as Dy is an element of I'(E) @ QY(M): If 0 € T'(E), w1 € QY(M),ws € QP(M), then

(0 @wi) Awe =0 ® (w1 Awa),

and the general case is defined by linear extension.)
As an abbreviation, we write

OP(E) == T(E) @ Q(M), QP = QP(M).

Thus
D:QP(E) — QPTHE), 0<p<d.

We want to compare this with the exterior derivative
d: QP — QP

Here, we have
dod=0.

Such a relation, however, in general does not hold anymore for D.
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Definition 3.1.5. The curvature of a connection D is the operator
F:=DoD:Q%E)— Q*E).
The connection is called flat, if its curvature satisfies F' = 0.

The exterior derivative d thus yields a flat connection on the trivial bundle
M x R.
We compute for u € T'(E)

F(u) = (d+ A) o (d+ A)p
— (d+ A)(du+ Ap)
= (dA)p — Adp + Adp+ AN Ap

(the minus sign occurs, because A is a 1-form).

Thus
F—dA+AnA (3.1.25)
If we write A = A;dz7, (3.1.24) becomes
F = (88145 + AiAj> dzt A da?
T

3.1.26
=L (04 04 1 a))) de A dad o

2\ 0zt Oxd pAgl e A

(note that each A; is an (n x n)-matrix).
We now want to compute DF. F is a map from Q°(E) to Q?(E), i.e.

Fe(F)e (Q%E)* = Q*(End E).
We thus consider F' as a 2-form with values in End E. By (3.1.23) then
DF =dF + [A, F)
=dANA—ANdA+[A,dA+ AN A] by (3.1.23)
=dANA—ANdA+ANIA—dANA+[A, AN A]
=[A, AN 4]
= [Aydx’, Ajda? A Apda™]
= A;AjAp(da’ A dad A da® — da? A da® A dat)
=0.
This is the so-called second Bianchi identity.

Theorem 3.1.1. The curvature F' of a connection D satisfies

DF = 0.
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We now want to study the transformation behavior of F. We use the same
covering (U, )aca as above, and on U,, we write again D = d + Ay, Ay = Ay idz’.
F' then has the corresponding representation

1 (0A.,; O0An; . i
_ ! S U SR R I 1.
I, 5 ( p 507 T [Aa.i, a,;]) dz' A dx (3.1.27)

by (3.1.26). Using the transformation formula (3.1.16) for A,, we see that in the
transformation formula for F,, all derivatives of ¢g, cancel, and we have

Fo= 950 F50pa - (3.1.28)

Thus, in contrast to A, F' transforms as a tensor.

We now want to express F' in terms of the Christoffel symbols. In order to make
contact with the classical notation, we denote the curvature operator, considered as
an element of Q%(End E) by R :

F:QYUE) — Q*(E)
= R p,

and we define the components RZ ; by

o 9 .
R <8xi’ %> pe = Rk (3.1.29)

(k,0e{1,...,n},i,j€{l,...,d}). By (3.1.26)

R(, e = Fru
1 ork ork ' .
2 ( axjf = 5o Uil = Dinalis | da’ Ada? @ pu, (3.1.30)
i.e.
Rty = 3ot~ ggs T Limbie = imLic (3.1.31)

Theorem 3.1.2. The curvature tensor R of a connection D satisfies

R(X,Y)u= DxDyp— DyDxp— Dix yjp (3.1.32)
for all vector fields X, Y on M, and all p € T'(E).
Proof. A direct computation is possible. However, one may also argue more abstractly

as follows: First, (3.1.32) holds for X = %, Y = 8—2] Namely, in this case [X,Y] =0,
and (3.1.32) follows from (3.1.26).
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We have seen already that R transforms as a tensor (the tensorial transformation
behavior w.r.t. X,Y also follows from (3.1.26), for example), and thus the value of
R(X, Y)u at the pomt x depends only on the values of X and Y at z. Now for

X é"ﬁ oz’ 7 = 77] Oxd

877ij ) jafi

DxDyp—DyDxp=¢" _o_ -D o _p
YY) oxd ozt

+§77(D6Dd—DaD )

x? oxd oxd dm’
and
D[X y]/.L D(gtaw o 508" @ ),U,
Azt oz dxzd dxt
hence
Dx Dy — Dy Dxpi— Dixyip = € (Daai Do - D%Daai) i,
and this has the desired tensorial form. O

In order to develop the geometric intuition for the curvature tensor, we want

to consider vector fields X,Y with [X,Y] = 0, e.g. coordinate vector fields %, %.

Then
R(X,Y) = DxDy — Dy Dx.

When forming Dx Dy pu, we first move p by infinitesimal parallel transport in the
direction Y and then in the direction X; when forming Dy D x u, the order is reversed.
R(X,Y)u then expresses the difference in the results of these two operations, or, in
other words, the dependence of parallel transport on the chosen path.

Corollary 3.1.1. We have
R(X,Y)=—-R(Y,X). (3.1.33)

Proof. From (3.1.32). O

Corollary 3.1.2.
Rpy; = —Rijj; i, b L.

Proof. This reformulation of (3.1.33) also follows from (3.1.30). O

Connections on the tangent bundle 7'M are particularly important:

Definition 3.1.6. Let V be a connection on the tangent bundle 7'M of a differentiable
manifold M. A curve c: I — M is called autoparallel or geodesic w.r.t. V if

Vi =0, (3.1.34)

i.e. if the tangent field of ¢ is parallel along c.
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In local coordinates, ¢ = éi%, and

0

Vit = (&8 + T3¢ ) 5,

(3.1.35)

and the equation for geodesics has the same form as the one in §1.4. The difference
is that the Christoffel symbols now have been defined differently. We shall clarify the
relation between these two definitions below in §3.3. According to (3.1.35), (3.1.34)
is a system of 2nd order ODE, and thus, as in §1.4, for each z € M, X € T, M, there
exist a maximal interval I = I'x C R with 0 € Iy and a geodesic ¢ = cx

c: I —M
with ¢(0) = z,¢(0) = X.
C:={X e€TM :1 € Ix} is a star-shaped neighborhood of the zero section of

TM, and as in §1.4, we define an exponential map by

exp: C — M
X —cx(1).

If X € C,0<t<1, then exp(tX) = cx(t).

Definition 3.1.7. The torsion tensor of a connection V on T'M is defined as
T(X,)Y):=Tv(X,Y):=VxY -VyX - [X,Y] (X,Y eD(TM)). (3.1.36)

V is called torsion free if

~
Il
=

(3.1.37)

Remark. 1t is not difficult to verify that 7" is indeed a tensor, i.e. that the value of
T(X,Y)(z) only depends on the values of X and Y at the point z.

In terms of our local coordinates, the components of the torsion tensor T are
given by

(9 N 0 0  x rky 0
TZ]_T(axi78xj>_vf>i-i8xj Vo o= Ch Tz (3.1.38)

We conclude

Lemma 3.1.1. The connection V on T M is torsion free if and only if

Tk =1k for alli,j, k. 3.1.39
ij ji
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Definition 3.1.8. A connection V on T'M is called flat if each point in M possesses
a neighborhood U with local coordinates for which all the coordinate vector fields %
are parallel, that is,

0

ox?
Theorem 3.1.3. A connection V on TM is flat if and only if its curvature and
torsion vanish identically.

= 0. (3.1.40)

Proof. When the connection is flat, all V _a_ % = 0, and so, all Christoffel symbols
EEX
l"fj = 0, and therefore, also 7" and R vanish, as they can be expressed in terms of the
Tk
J

For the converse direction, we need to find local coordinates for which 0 =
V_a_+ for all 4, 7. Putting p; : ai, , we obtain the system
89:J

0

el + Fﬂ,uk =0 for allé,j. (3.1.41)

In vector notation, this becomes

0
%N"'F]’M =0, (3.1.42)
and by the theorem of Frobenius, this can be solved if and only if the integrability
condition
[F-F-]+8F-— aF-*O (3.1.43)
B R Y o
holds for all 4, 7. With indices, this is
ork,  ark
j¢ il
et D + Tk T e — ij =0 for alli, j, (3.1.44)

which by equation (3.1.31) means that the curvature tensor vanishes. We can thus
solve (3.1.41) for the p;. In order that these p; are coordinate vector fields %, the
necessary and sufficient condition (again, by the theorem of Frobenius) is

0 0 .
Pait = gk for alli, 7, (3.1.45)
which by (3.1.41) in turn is equivalent to the condition F’“ = F’“ for alli, j, k, that
is, by Lemma 3.1.1, the vanishing of the torsion 7. This completes the proof. O

Perspectives. Ehresmann was the first to arrive at the correct concept of a connection in
a vector bundle. Equivalently, the concept may also be introduced in a principal bundle (see
the discussion at the end of §1.10). The theory of connections is systematically explored in
[169, 170].
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The curvature tensor introduced here generalizes the Riemann curvature tensor derived
from a Riemannian metric in §3.3 below.

The Bianchi identity (Theorem 3.1.1) may be derived in a more conceptual way as
the infinitesimal version of the equivariance of the curvature form F' with respect to certain
transformations in horizontal directions, see[223].

For a more detailed and elementary discussion of integrability conditions and the Frobe-
nius theorem, we refer to [76].

3.2 Metric Connections. The Yang-Mills Functional

Definition 3.2.1. Let E be a vector bundle on the differentiable manifold M with
bundle metric (-, -). A connection D on E is called metric if

d(p,v) = (Dp,v) + (u, Dv) for allp,v € T'(E). (3.2.1)

A metric connection thus has to respect an additional structure, namely the
metric.
We want to interpret condition (3.2.1). Let X € T,,M; (3.2.1) then means

X{(u,vy = (Dxp,v) + (u, Dxv). (3.2.2)

Let now ¢ : I — M be a smooth curve, and let p(t) and v(¢) be parallel along ¢, i.e.
D¢y =0 = Div. Then from (3.2.2)

4
dt

This can be interpreted as follows:

(u(t), v(t) = 0. (3.2.3)

Lemma 3.2.1. The parallel transport induced by a metric connection on a vector
bundle preserves the bundle metric in the sense that parallel transport constitutes an
isometry of the corresponding fibers.

Namely, (3.2.3) means that the scalar product is preserved under parallel trans-
port. O

Lemma 3.2.2. Let D be a metric connection on the vector bundle E with bundle
metric (-,-). Assume that w.r.t. a metric bundle chart (cf. Definition 1.8.12 and
Theorem 1.8.3), we have the decomposition

D=d+ A.
Then for any X € TM, the matriz A(X) is skew symmetric, i.e.

A(X) €o(n) (= Lie algebra of O(n)) (n= rank of E).
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Proof. As described in Theorem 1.8.3, a metric bundle chart (f, U) generates sections
[1y -, iy on U that form an orthonormal basis of the fiber F, at each x € U, i.e.

(1i(x), pj(x)) = dsj-

Moreover, since the p; are constant in the bundle chart, we have for the exterior
derivative d defined by the chart

du; =0 (i=1,...,n).

Let now X e T, M,x € U.
It follows that
0= X (i, pj) = (AX) iy prg) + (i, ACX)pg)
= (A(X)§ s 1) + (i, A(X) % k)
= A(X)!] + A(X)%.

By
OP(AAE),

we denote the space of those elements of QP (End F) for which the endomorphism of
each fiber is skew symmetric. Thus, if D = d + A is a metric connection, we have

A€ QYAAE).

We define
D*: QP(AdE) — QP (AdE)

as the operator dual to

D: QP71 AdFE) - QP(AdE)
w.r.t. (-,-); thus
(D*v,p) = (v, Dp) for ally € P~H(AdE),v € QP(AdE). (3.2.4)

Thisisin complete analogy with the definition of d* in§2.1. Indeed, for D=d + A (A € Q!
(AdE)), A = A;dx’

(v, dp + Agdz® A p) = (d*v, 1) — (A, dz® A p),  since A; is skew symmetric. (3.2.5)

By Lemma 2.1.1, in this case
Kok = (—1)p(d_p).

x: QP(AAE) — Q% P(Ad E) operates on the differential form part as described in
§2.1 and leaves the Ad E-part as it is:

x(pRw)=pR+w forp e T(AdE),w e QP,



126 Chapter 3 Parallel Transport, Connections, and Covariant Derivatives

and by Lemma 2.1.4
d* = (—1)WPHDFL g g s

Moreover, A; and * commute, since A; operates on the Ad E-part and * on the form
part. In particular,

Thus, from (3.2.5)
D* = (=)D 4 (d 4 A)x = (=)D Dy (3.2.6)

(Note, however, that A operates on the form part by contraction and not by multi-
plication with da*).
In Chapter 9, we shall need to compute expressions of the form

Afp, )

where ¢ is a section of a vector bundle F with a metric connection D. We obtain

Afp, ) = d"d{p, o)
= (1) xd = d(p, p)
=2(—1)xd* (Dyp,p) since D is metric
=2(=1) x d(*Dey, ©)

since Dy is a 1-form with values in F, and x operates on the form part, whereas (-, -)
multiplies the vector parts, and so * and (-,-) commute

2(=1) x ((D * Do, ) + (*Dp, Dy)) since D is metric
2((D"De, ) — (Dg, D))

by (3.2.6), and since #x = 1 on 2-forms.
Thus, we obtain the formula

Alp, ) =2((D" Dy, ) — (D, Dyp)). (3.2.7)

We now study the curvature of a metric connection and observe first

Corollary 3.2.1. Let D = d+ A be a metric connection on E. Then the curvature
F of D satisfies
F c Q*(AdE).

Proof. We consider (3.1.25). Under the conditions of Lemma 3.2.2,
04; 04,
ozl Oat

is a skew symmetric matrix for each pair (7, ), because the Lie bracket of two skew
symmetric matrices is skew symmetric again, since o(n) is a Lie algebra. O

+ [A;, Aj]
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Note that Fy; = 1 (gfj - 80’:3 + [4;, Aj}) is always skew symmetric in ¢ and j.
This is also expressed by Corollary 3.1.1. By way of contrast, Corollary 3.2.1 expresses
the skew symmetry of the matrix
k
Ryi;
w.r.t. the indices k and ¢ :

Corollary 3.2.2. For a metric connection,

R = =Ry, forallije{l,....d}, ke {l,... n} (3.2.8)
(d = dim M,n = rank of E). O

For A, B € o(n), we put
A-B=—tr(AB). (3.2.9)

This is the negative of the Killing form of the Lie algebra o(n). (3.2.9) defines a
(positive definite) scalar product on o(n). (3.2.9) then also defines a scalar product
on Ad E. We now recall that we also have a pointwise scalar product for p-forms: For
w1y, we € APT*M we have

(w1, wa) = *(w1 A *ws), (3.2.10)

cf. Lemma 2.1.2. Thus, we also have a scalar product for p; @ wi, o @ws € Ad E, ®
APT* M, namely
(11 ® w1, 2 @ wo) 1= i1 - pa{wr,wa). (3.2.11)

Thus, by linear extension, we also obtain a scalar product on Ad £, ® APT M. This
in turn yields an L2-scalar product on QP(Ad E) :

(11 @ wr, o @ ws) = / (11 @ wr, 2 @ wa) * (1), (3.2.12)
M

assuming again that M is compact and oriented.

Definition 3.2.2. Let M be a compact, oriented Riemannian manifold, £ a vector
bundle with a bundle metric over M, D a metric connection on E with curvature
Fp € Q*(Ad E). The Yang-Mills functional applied to D is

YM(D) = (FD,FD) = /M<FD7FD> * (1)

We now recall that the space of all connections on E is an affine space; the difference
of two connections is an element of Q!(End E). Likewise, the space of all metric
connections on F is an affine space; the difference of two metric connections is an
element of Q'(Ad E). If we want to determine the Euler-Lagrange equations for the
Yang-Mills functional, we may thus use variations of the form

D+tB with B € Q'(AdE).
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For o € T'(E) = Q°(E),

Fpyip(o)=(D+tB)(D+tB)o
= D?0 +tD(Bo) +tB A Do +t*(B A B)o (3.2.13)
= (Fp +t(DB) +t*(B A B))o,
since D(Bo) = (DB)o — B A Do (compare the derivation of (3.1.25)).
Consequently

d d
EYM(D +1tB)|i=0 = T /(FD+tBaFD+tB> * (1) }4=0

(3.2.14)
= 2/<DB,FD) % (1).

Recalling the definition of D* (3.2.4), (3.2.14) becomes

%YM(D +tB)j—o = 2(B, D*Fp).

Thus, D is a critical point of the Yang-Mills functional if and only if
D*Fp = 0. (3.2.15)

Definition 3.2.3. A metric connection D on the vector bundle £ with a bundle
metric over the oriented Riemannian manifold M is called a Yang-Mills connection if

D*Fp = 0.

We write Fp = Fy;dz’ A da?, and we want to interpret (3.2.15) in local coordinates
with g;;(z) = ;5. In such coordinates,

OF;

d*(Fjjdz' A dx?) = fa—xijdxj,
and from (3.2.5) hence
. OF;; ;
D FD = <— al‘lj — [A,L,Fm]) da?.
(3.2.15) thus means

We now discuss gauge transformations.
Let E again be a vector bundle with a bundle metric. Aut (E) then is the bundle
with fiber over x € M the group of orthogonal self transformations of the fiber E,.
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Definition 3.2.4. A gauge transformation is a section of Aut(E). The group § of
gauge transformations is called the gauge group of the metric bundle F.

The group structure here is given by fiberwise matrix multiplication. s € §
operates on the space of metric connections D on FE via

s*(D):=stoDos,
ie.
s* (D) = s~ ' D(sp) (3.2.17)
for 4 € T'(E). For D = d + A, we obtain as in the proof of (3.1.16)
s*(A) = s tds + s As. (3.2.18)

Subsequently, this notion will also be applied in somewhat greater generality. Namely,
if the structure group of E is not necessarily SO(n), but any subgroup of Gl(, R), we let
Aut (E) the bundle with fiber given by G, and operating on E again by conjugation.
The group of sections of Aut (E) will again be called the gauge group.

Given xzg € M, we may always find a neighborhood of U of zy and a section s
of Aut (E) over U, i.e. a gauge transformation defined on U, such that

s*(A)(w0) = 0
Namely, according to (3.2.18), we just have to solve
s(zo) =id, ds(zo) = —A(wo).

This is possible since A € Q'(Ad E), and the fiber of Ad E is the Lie algebra of the
fiber of Aut (E), a section of which s has to be. Thus,

Lemma 3.2.3. Let D be a connection on the vector bundle E over M. For any
xo € M, there exists a gauge transformation s defined on some neighborhood of xq
such that the gauge transformed connection s*(D) satisfies

s*(D)=d at .
Of course, the gauge transformation can always be chosen to be compatible with any
structure preserved by D, in particular a metric. O

In the same notation as in the derivation of (3.1.16), s as a section of Aut(E)
transforms as

58 = PgaSaPaa- (3.2.19)
The curvature F of D transforms as in (3.2.17):
s*F=s"'oFos. (3.2.20)

An orthogonal self map of F is an isometry of (-, -), and hence
(s*F,s*F) = (F, F). (3.2.21)

We conclude:
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Theorem 3.2.1. The Yang-Mills functional is invariant under the operation of the
gauge group G. Hence also the set of critical points of Y M, i.e. the set of Yang-
Mills connections, is invariant. Thus, if D is a Yang-Mills connection, so is s*D for
seg. O

Corollary 3.2.3. The space of Yang-Mills connections on a given metric vector bun-
dle E of rank > 2 is infinite dimensional, unless empty. O

For n > 2, o(n) is nonabelian. Thus, by (3.2.18), in general not only s~ As # A,
but by (3.2.20) also
s*F # F.

It is nevertheless instructive to consider the case n = 2. 0(2) is a trivial Lie algebra
in the sense that the Lie bracket vanishes identically. Ad E thus is the trivial bundle
M x R. Consequently for D =d+ A

F =dA. (3.2.22)
Similarly, the Bianchi identity (Theorem 3.1.1) becomes

dF =0, (3.2.23)
and the Yang-Mills equation (3.2.15) becomes

d*F = 0. (3.2.24)

(3.2.22) does not mean that the 2-form F' is exact, because (3.2.22) depends on the
local decomposition D = d+ A which in general is not global. That F’ as the curvature
of a connection, satisfies the Bianchi identity, does mean, however, that F' is closed. F
then is harmonic if and only if D is a Yang-Mills connection, cf. Lemma 2.1.5. Thus,
existence and uniqueness of the curvature of a Yang-Mills connection are consequences
of Hodge theory as in §2.2. Thus, Yang-Mills theory is a generalization (nonlinear in
general) of Hodge theory.
We now write (for n =2) s € G as s = e". Then

s*(A)=A+4+du by (3.2.18). (3.2.25)
(3.2.24) becomes
d*dA = 0. (3.2.26)
If we require in addition to d*dA = 0 the gauge condition
d*A =0, (3.2.27)
we obtain the equation
AA = (d*d+dd*)A = 0. (3.2.28)

Without the gauge fixing (3.2.27), if A is a solution of the Yang-Mills equation, so is

A+ a with a € Q') da =0,
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and conversely, this way, knowing one solution, one obtains every other one; namely,
if A+ a with a € Q! is a solution, we get d*a = 0, hence as in §2.1 da = 0. If
H'(M,R) = 0, for each such a, there exists a function u with a = du. With s = e,
we put

s*(A) =A+a,

and thus, in this case G operates transitively on the space of Yang-Mills connections.

We now consider the case d = 4 which is of special interest for the Yang-Mills
equations. As always, M is compact and oriented and carries a Riemannian metric.
* then maps A2T M into itself:

% N2TEM — N*T:M (x € M).
Since by Lemma 2.1.1, % = 1, we obtain a decomposition
AN*T:M =AT @A

into the eigenspaces of * corresponding to the eigenvalues £1. A2T M is of dimension
6, and AT and A~ are both of dimension 3. Choosing normal coordinates with center
x, AT is generated by

det A dx? 4 da® A dx?

dzt A dzt 4 da? A da®

dzt A dx® — dz? A dx?

and A~ by
daxt A da® + da® A da?
daxt A da® — da® A da?
daxt A da* — da® A da®.
The elements of AT are called selfdual, those of A~ antiselfdual.

Definition 3.2.5. A connection D on a vector bundle over an oriented four di-
mensional Riemannian manifold is called (anti)selfdual or an (anti)instanton if its
curvature Fp is an (anti)selfdual 2-form.

Theorem 3.2.2. FEach (anti)selfdual metric connection is a solution of the Yang-
Mills equations.
Proof. The Yang-Mills equation is

D*F =0.

By (3.2.6), this is equivalent to
DxF=0. (3.2.29)
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Let now F be (anti)selfdual. Then

F=+xF. (3.2.30)
(3.2.29) then becomes
D xxF =0,
hence by *x =1,
DF =0.
This, however, is precisely the Bianchi identity, which is satisfied by Theorem 3.1.1.
O

In order to find a global interpretation of Theorem 3.2.2 in terms of the Yang-
Mills functional, it is most instructive to consider the case of U(m) or SU(m) con-
nections instead of SO(n) connections. The preceding theory carries over with little
changes from SO(n) to an arbitrary compact subgroup of the general linear group, in
particular U(m) or SU(m). We shall also need the concept of Chern classes. For that
purpose, let E now be a complez vector bundle of Rank m over the compact manifold
M, D a connection in E with curvature F' = D? : QY — Q%(E). We also recall the
transformation rule (3.2.28):

Fo = 950 F30ap (3.2.31)
which allows to consider F' as an element of Ad F; at the moment, the structure group
is Gl(m,C) (as E is an arbitrary complex vector bundle), and so AdE = End E =
Hom¢(E, E). We let M,, denote the space of complex m x m-matrices, and we call
a polynomial function, homogenous of degree k in its entries,

P: M, — C,
invariant if for all B € M,,, ¢ € Gl(m,C)
P(B) = P(¢™'Bp).
Examples are the elementary symmetric polynomials P’ (B) of the eigenvalues of B.

Those satisfy

det(B +tId) = Y~ P *(B)tk. (3.2.32)
k=0
Similary, a k-linear form _
P:M,x...x M, —C

is called invariant if for By,..., By € M,,, ¢ € Gl(m,C)
ﬁ(Bl, ..., Bg) = ]S(w_lBlcp, @ Bry).

The infinitesimal version of this property is that for all By,..., By € M,,, A €
gl(m,C)

k
> P(By,...,[A,Bi,...,Bi) =0. (3.2.33)
=1
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Restricting an invariant k-form to the diagonal defines an invariant polynomial
P(B)=P(B,...,B)

Conversely, given an invariant polynomial, we may obtain an invariant k-form by
polarization:

_ (—1)k & ;
P(By,....By):=-—7> >, (-1/PBi+...+By).

J=141<... <1,

Given an invariant polynomial P of degree k, we may use the transformation rule
(3.2.31) for the curvature F' of a connection D to define

P(F) ::P(Fa)a

using any local trivialization. P(F') then is a globally defined differential form of
degree 2k. In particular, P(F') remains invariant under gauge transformations, as
those transform F into s™! o F o s, cf. (3.2.20)

Lemma 3.2.4. For an invariant polynomial of degree k, we have dP(F) = 0. Con-
sequently, P(F) defines a cohomology class [P(F)] € H**(M), and this class does not
depend on the chosen connection.

Proof. Let P be an invariant k-form with P(B, ..., B) = P(B) as above. As explained
in §3.1, we may extend D as

D : QP(End E) — QP (End E).
Since P is linear, we have

dP(By,...,By) = (-1 P P(By,... dB;,..., By)

i

By assumption _
P(F)=P(F,...,F),

is invariant under gauge transformations. For any zg € M, Lemma 3.2.3 means that
after applying a local gauge transformation, we may assume that at xg, we have

d=D.
Thus, at xg,
dP(F)=> P(F,....DF,...F).

1

ith entry
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As zo was arbitrary, this holds for all M.
(Alternatively, this may also be derived from (3.2.33), without using Lemma 3.2.3).
The Bianchi identy DF = 0 thus implies

dP(F) = 0.
If Dy, D; are connections on E, then 1 := D; — Dy € Q'(End E). We write locally
Dy =d+ A,

and we put
Dy:=Dog+tn=d+ A+tn.

The curvatures thus are given by

Fo=d(A+tn)+ (A+tn) A(A+tn),

and 5
—Fy, = Dyn.
ar L
We obtain
0 ~ (0
—P(F;) =kP | =F, F,.... F
ot ( t) <6t ty L'ty ) t)
= kﬁ (Dtht, Ce ,Ft)
= d(kP(n, F,,...,F,)) as D,F, =0 by the Bianchi identiy.
Therefore
1
0
P(Fy) = P(Fo) = [ PR
0
is cohomologous to zero. O

Definition 3.2.6. The Chern classes of E are defined as
(E)=|P | —F H* (M
ci(B) = | P ()| e 1)
where P7 is the j* elementary symmetric polynomial, and F is the curvature of an
arbitrary connection on F.
Recalling (3.2.32), we have
i S k
det (%F + tId) = em-r(E)t,

k=0
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or with the eigenvalues A\, of iF (the A\, are 2-forms) and 7 := ¢!,

ch(E)TJ = det <27TTF + Id> = [T+ xam). (3.2.34)
7=0 a=1
In particular, we have
i
a(E) = gtr F, (3.2.35)
m—1 1
CQ(E) - o Cl(E) A\ Cl(E) = 8?131‘ (FO A\ F0)7 (3236)
where )
Fy:=F — —trF-1Idg is the trace free part of F'. (3.2.37)
m

We now return to the situation of a U(m) vector bundle E over a four dimensional
oriented Riemannian manifold M. We let D be a unitary connection on E with
curvature F = D? as usual. We decompose Fy into its selfdual and antiselfdual
components

Fo=F+F;. (3.2.38)

Then, since the A product of a selfdual 2-form with an antiselfdual one always
vanishes (this can be seen from the above generators of AT and A™),

tr (Fo A Fo) = tr (B,F AES) +tr (Fy AFEy)
=tr (Fyf AxEFy ) —tr (Fy AFy ) since * Fif = +F5
= —|Fy P+ |Fy|* cf (3.2.9). (3.2.39)
Recalling (3.2.36), we conclude that integrating over M yields

1
872

m—1

(ea(B) = =i (B))[M] = (IFH1? = 1F5 [2) = (1). (3.2.40)

2m
The Yang-Mills functional decomposes as

Y M(D) = / (;mm? + |F0|2> £ (1)

M

1 _
= [ (Gl Fr+IRE +1E ) < )

M

(3.2.41)

Since tr F' represents the cohomology class —2mici (E), the cohomology class of tr F

is fixed, and
/ tr F|? * (1)

M
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becomes minimal if tr F' is a harmonic 2-form in this class, see §2.1. [ |tr F|* and
[ |Fo|* may be minimized independently, and because of the constraint (3.2.40),
[ |Fo|? becomes minimal if, depending on the sign of (c2(E) — Z=tey (E)?)[M],

Ff=0 or F; =0, (3.2.42)
i.e. if Fy is antiselfdual or selfdual.

If D is a SU(m) connection, then the fiber of Ad E is su(m) which is tracefree,
and thus F € Q%(Ad F) satisfies

tr F = 0. (3.2.43)
Hence, by (3.2.35)
C1 (E) = 0,
and by (3.2.36), (3.2.40)
1 _
(B)M) =~y [ (FTP~F~) (1)
M

where F'* are the (anti)selfdual parts of F.
Also,

;D)= [(FHP 41 P) ()

then is minimized if F' is (anti)selfdual, again depending on the sign of ¢ (E)[M]. In
conclusion we obtain

Theorem 3.2.3. Let E be an SU(m) vector bundle over the compact oriented four
dimensional manifold M. Then an SU(m) connection D on E yields an absolute
minimum for Y M if F is antiselfdual or selfdual (depending on the sign co(E)[M]),
i.e if it satisfies the first order equation F' = + % F'.

Remark. Here, we do not address the question when the lower bound for the Yang-
Mills functional just derived is achieved, i.e. when there exist (anti) selfdual connec-
tions.

The Yang-Mills functional exhibits special features in dimension 4, as we have
seen. There is also a functional that is well adapted to 3-dimensional manifolds,
namely the Chern-Simons functional that we shall now briefly discuss.

Let M be a compact 3-dimensional differentiable manifold, and let E be a vector
bundle over M with structure group a compact subgroup G of Sl(n,R), with Lie
algebra g as usual. We consider G-connections D, i.e. connections that can locally
be written as

D=d+ A, with A€ Q'(g).

(As before, we identify g with the fibers of Ad E, the endomorphisms of the fibers of
FE that are given by elements of g. The discussion here is a little more general than
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the one we presented in the 4-dimensional case, but the latter can easily be extended
to the present level of generality as well.)

We also suppose that E is a trivial G-bundle, i.e. as a vector bundle, E is
isomorphic to M x R™, and the connection on F given by the exterior derivative d
preserves the G-structure (e.g. if G = SO(n), and (-,-) is the corresponding metric
on the fibers, then for any two sections o1, o2 of E (that are considered as functions
01,09 : M — R™ under the above isomorphism), we have

d{o1,09) = (doy,09) + {01, dos)).
In this case, for any other G-connection
D=d+ A
on E, A is a globally defined 1-form with values in g.
Definition 3.2.7. The Chern-Simons functional of A is defined as

CS(A) = /tr <AAdA+§AAA/\A>. (3.2.44)

(Here, tr of course is the trace in g, or in more general terms, the negative of the
Killing form of g. In fact, one may take any Ad invariant scalar product on g here.)

Remark. Without the assumption that E is a trivial G-bundle, we need to choose
a base connection Dy = d + Ag. For D = d+ A, A — Ap then is a globally defined
1-form with values in g, and we may thus insert A — Ay in place of A in the definition
of CS.

An important observation is that for the definition of C'S, we do not need to
specify a Riemannian metric on M as the integrand is a 3-form on a 3-dimensional
manifold. Thus, any invariants constructed from the Chern-Simons functional will
automatically be topological invariants of the differentiable manifold M.

In order to compute the Euler-Lagrange equations for C'S, we consider variations
A+1tB, B € Q'(g), as in the derivation of the Yang-Mills equations. Using (3.2.13)
and, with A = A;dx?, B = B;da?,

tr (AA B A A) = tr (Apda® A Bidz' A Ajda?)
= tr (Byda’ A Ajdad A\ Apda®) =tr (BA AN A)

and similary for tr (A A A A B), as the trace is invariant under cyclic permutations,
we have

d
£CS(A+tB)|t:O:/tr(B/\dA+A/\dB+QB/\A/\A)
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and using [ tr (A;da’ A 285 dzd A dzk) = [ tr (Byda® A $idai A dat),

:2/tr(B/\(dA+A/\A))
- 2/tr (BAFy), (3.2.45)

where F'4 = dA+ AN A is the curvature of the connection D = d+ A. If this expression
vanishes for all variations B € Q!(g), then F4 = 0. Consequently, the Euler-Lagrange
equations for C'S are

Fa=0, (3.2.46)

i.e. Ais a flat G-connection on F.

Like the Yang-Mills equation, the equation (3.2.46) obviously remains invariant
under gauge transformations. The equation (3.2.46) also arises as a reduction of
the (anti)selfduality equations to 3 dimensions. Namely, suppose that M is a 3-
dimensional oriented Riemannian manifold, and that we have a selfdual connection
D = d+ A on the 4-dimensional manifold

N=MxR
with the product metric, and that D = d + A can be written locally as

d + Ald.’L'l + A2d1'2 =+ Agdl‘g,

where z!, 22, 2 are coordinates on M and where A;, Ay, A3 are functions of the z!,

22, 22 only, and independent of the R-direction. Thus, we assume that D is trivial in
the direction of the factor R. We denote the coordinate in that direction by z*. We

write, in our coordinates, the curvature of D as

0A; B 0A;
ozt Ozl

F = F”d:zcl A d$j = < + [A“A]]) dd?l A\ d.’L’j.

Our assumption implies that
E4 =0= F4j for all i, j (3247)

On the other hand, if 2!, 22, 23 now are normal coordinates at the point of M under
consideration, the selfduality equations become

Fio = F3y, Fi3=—Fb, Fiq=Fy. (3.2.48)

(3.2.47) and (3.2.48) imply

ie. D=d+ A is flat.
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Perspectives. In the work of Donaldson, detailed accounts of which can be found in [86],
[66], instantons were introduced as important tools for the study of the differential topology of
four-dimensional manifolds. Let M be a compact differentiable four-manifold. As explained
in §2.2, one has a natural pairing

I': H*(M) x H* (M) — R

(,f8)— [ aAp.

M

I" is called intersection form of M.

Donaldson showed that if M is simply connected (71(M) = {1}) and if ' is definite,
then for a suitable basis of H?(M), T is represented by + identity matrix. Since by the work
of M. Freedman, there exist simply connected compact four-dimensional manifolds with
definite intersection form not equivalent to + identity matrix, it follows that such manifolds
cannot carry a differentiable structure, or in other words that there exist restrictions on the
topology of compact, simply connected differentiable four-dimensional manifolds that are
not present for nondifferentiable ones. The crucial ingredient in the proof of Donaldson’s
theorem is the moduli space 91 of instantons on a vector bundle over M with structure group
SU (2) and with so-called topological charge

—1
— tr (FAF)=1
8ﬁQ/M L (F AF)

for the curvature F of a SU(2)-connection. As explained, the topological charge is a topo-
logical invariant of the bundle and does not depend on the choice of SU (2)-connection (it
is the negative of the second Chern class of the bundle). In order to construct the moduli
space of instantons, one identifies instantons that are gauge equivalent, i.e. differ only by
a gauge transformation (see Theorem 3.2.1). Donaldson then showed that under the stated
assumptions, 91 is an oriented five-dimensional manifold with point singularities, at least
for generic Riemannian metrics on M. Neighborhoods of the singular points are cones over
complex projective space CP? (see §5.1 below), and M itself is the boundary of 9. Delet-
ing neighborhoods of the singular points, one obtains a smooth oriented five-dimensional
manifold with boundary consisting of M and some copies of CPP?. Therefore, in the termi-
nology of algebraic topology, M is cobordant to a union of CP?’s, and one knows that M
then has the same intersection form as this union of CP?*’s. As will be demonstrated in 5.1,
H?(CP?* R) = R, and the intersection form of CP? is 1. These facts then imply Donald-
son’s theorem. The main work in the proof goes into deriving the stated properties of the
moduli space M. In particular, one uses a theorem of Taubes on the existence of self-dual
connections over four-manifolds with definite intersection form.

Donaldson then went on to use the topology and geometry of these moduli spaces to
define new invariants for differentiable four-manifolds, the so-called Donaldson polynomials.
These invariants greatly enhanced the understanding of the topology of differentiable four-
manifolds. Subsequently, however, there has been found a simpler approach to this theory
that is based on coupled equations for a section of a spinor bundle and a connection on
an auxiliary bundle with an abelian gauge group, namely U(1). This will be explained in
Chapter 9.
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3.3 The Levi-Civita Connection

Let M be a Riemannian manifold with metric (-, -).

Theorem 3.3.1. On each Riemannian manifold M, there is precisely one metric and
torsion free connection NV (on TM). It is determined by the formula

(VxY, 7) = %{X(Y, Z) - Z(X,Y) + Y(Z,X)
XY, Z)) 42X, Y + (2, X)).

(3.3.1)

Definition 3.3.1. The connection V determined by (3.3.1) is called the Levi-Civita
connection of M.

In the sequel, V will always denote the Levi-Civita connection.

Proof of Theorem 3.3.1. We shall first prove that each metric and torsion free
connection V on T'M has to satisfy (3.3.1). This will imply uniqueness.
Since V should be metric, it has to satisfy:

XY, Z) =(VxY,Z) +(Y,VxZ),
Y{(Z,X)=(VyZ,X)+(Z,VyX),
Z(X,Y) = (VzX,Y) + (X,VzY).

Since V should also be torsion free, this implies

X<Y, Z> — Z<X,Y> +Y<Z,X>
= 2<VXY7 Z> - <[X7 Y]’ Z> + <Y, [X7 Z]> + <X’ [Yv ZD,
ie. (3.3.1).

For the existence proof, for fixed X,Y, we consider the 1-form w assigning the
right hand side of (3.3.1) to each Z. w(Z) is tensorial in Z, because for f € C*°(M)

w(f2) = fw(Z) + %((Xf)<Y7 Z) + (Y £){Z, X)
—(XNHY,Z) - (Y X, Z)) (3.3.2)

and the additivity in Z is obvious.
Therefore, there exists precisely one vector field A with

w(Z) = (A, 2),

since (-,-) is nondegenerate. We thus put VxY := A. It remains to show that this
defines a metric and torsion free connection. Let us first verify that V defines a con-
nection: Additivity w.r.t. X and Y is clear, the tensorial behavior w.r.t. X follows as
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in (3.3.2), and the derivation property Vx fY = fVxY + X(f) is verified in the same
manner. That V is metric follows from (3.3.1) by adding (VxY,Z) and (VxZ,Y).
Likewise (3.3.1) implies (VxY,Z) — (Vy X,Z) = ([X,Y],Z), i.e. that V is torsion
free. O

Asin §1.4, let the metric in a local chart be given by (gs5)i j=1,....a- The Christof-
fel symbols of the Levi-Civita connection V then are

.....

9 p 0 -
257 = Ligwr wi=1l....d. (3.3.3)
From (3.1.21), we then get '
Vo de) = ~Thdat 634

oz

Corollary 3.3.1. For the Levi-Civita connection, we have

1
Ik = §9M(gie,j + gjei — Gije)-
Thus, the Christoffel symbols coincide with those defined in §1.4. Likewise, the two
concepts of geodesics (from §1.4 and §3.1) coincide. In particular,

k _ 1k
Iy =175

foralli,j, k.

Proof.

o

9 i>
ox™’ Oxt
0 0
_ ke o g
—9 <Va.% Bk W>
=39 {&Tigge ~ 5t Ji + @gw} by (3.3.1),

since the Lie brackets of coordinate vector fields vanish. O

We now want to exhibit some formulae for the curvature tensor R of the Levi-
Civita connection V. R is given by

R(X,Y)Z = VxVyZ - VyVxZ - VixyZ

(cf. (3.1.32)). In local coordinates, as in (3.1.29),

o 0 0 0
R <% %) ot = Bl gr (3.3.5)

We put
Ryeij = gemRYj;,
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ie.

Lemma 3.3.1. For vector fields X,Y, Z, W, we have

R(X,Y)Z = —R(Y,X)Z, i.e. Retij = —Risji, (3.3.7)

R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0, i.c. Rgtij + Riije + Rije: =0, (3.3.8)
(R(X,Y)Z,W) = —(R(X,Y)W, Z), i.e. Rpij=—Ronij, (3.3.9)
(R(X,Y)Z,W) = (R(Z,W)X,Y), i.c. Reti; = Rijie. (3.3.10)

Proof. Tt suffices to verify all claims for coordinate vector fields %. We may thus
assume that all Lie brackets of X, Y, Z and W vanish. (3.3.7) then is Corollary 3.1.1.
For (3.3.8), we observe

R(X, Y)Z+ R(Y, Z)X + R(Z,X)Y
=VxVyZ -VyVxZ+VyVzX
—VzVy X +VzVxY —VxVzY
=0,

since Vy Z = VY etc. because V is torsion free.

For (3.3.9) it suffices to show (R(X,Y)Z,Z) =0 for all XY, Z, i.e. Rypij = 0.
This follows from Corollary 3.2.2. (3.3.10) is proved as follows:
From (3.3.7), (3.3.8)

(R(X,Y)Z,W) = —(R(Y, X)Z,W)

— (R(X. 2)Y, W) + (R(Z, V)X W), (3:3.11)
and from (3.3.8), (3.3.9)
(R(X,Y)Z,W) = —(R(X,Y)W, Z)
— (R(Y,W)X. Z) + (R(W, X)Y. 2). (3:3.12)
From (3.3.11) and (3.3.12)
2R(X,Y)Z, W) = (R(X, Z)Y,W) + (R(Z,Y)X, W) 55,15

+ (R(Y, W)X, Z) + (R(W, X)Y, Z).

1We point out that the indices k and I appear in different orders at the two sides of (3.3.6). This
somewhat unusual convention has been adopted in order to achieve as much conformity as possible
with the - often conflicting - sign conventions that occur in Riemannian geometry. Differing sign
conventions often lead to considerable confusion, and we hope that the convention adopted here does
not add too much to that problem.
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Analogously,
2R(Z,W)X,Y) = (R(Z, X)W,Y) + (R(X,W)Z,Y)
+(R(W,Y)Z, X) + (R(Y, Z)W, X)
= 2R(X,Y)Z, W)
by applying (3.3.7) and (3.3.9) to all terms. O

Remark. (3.3.7) holds for any connection, (3.3.8) for a torsion free one, and (3.3.9)
for a metric one.
(3.3.8) is called the first Bianchi identity.

Lemma 3.3.2 (Second Bianchi Identity).

0 0 0
WRMU + WRZMJ' + WR}LMJ' =0. (3314)

Proof. This is a special case of Theorem 3.1.1. We want to exhibit a different method
of proof, however. Since all expressions are tensors, in order to prove (3.3.14) at
a point zg € M, we may choose arbitrary coordinates around xy. We thus choose
normal coordinates with center zg, i.e. g;j(z0) = 0ij, gijx(z0) = 0 = Ffj(:zzo) for all
i, 7, k.

From (3.1.30), we obtain at xg

1
Rkeij = 5(9;%,&' + Gekis; — Gjeki — Gik,j — Gek,ij + gié,kj)
1
= 5(9;%,& + Git.kj — Gjeki — Gik,tj)s (3.3.15)

hence also
1
Rkeij,h = —(gjk,hh + Git,kjh — 9je.kin — gik,@jh)u
2
since all other terms contain certain first derivatives of g;;, hence vanish at . Thus
1
Ryeijn + Renij g + Rukije = 3 (gjk,Eih + Gie.kjh — Gje,kih — Gik,e5h
+ gje.nik + Ginejk — 9ih.ik — it hjk
+ gjin.kie + Gik,hje — Gjk,hit — gih,kjf)
=0.

Formula (3.3.15) is often useful.
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Definition 3.3.2. The sectional curvature of the plane spanned by the (linearly
independent) tangent vectors X = g2 57 Y ni% € T, M of the Riemannian
manifold M is

1
K(XAY):= X, V)Y, X)———
Ri’ i kol
- ijkkégz : nl I (3.3.16)
9ikgje(§ &R " — &&Inkn’)
_ Rijre&in’ €t
(9ikGje = Gijgre)§ni&Fn*
(X AY|?2= (X, X){(Y,Y) - (X,Y)?).
Definition 3.3.3. The Ricci curvature in the direction X = 51
. o\ 0
Ric (X, X) = <R(X %)W’@' (3.3.17)
The Ricci tensor is 4
Rir = ¢’ Rijre- (3.3.18)
From (3.3.10) and (3.3.18) we get the symmetry
Riy = Ry;. (3.3.19)

Finally, the scalar curvature is 4
R =g" Ry,

Thus, the Ricci curvature is the average of the sectional curvatures of all planes
in T, M containing X, and the scalar curvature is the average of the Ricci curvatures
of all unit vectors, i.e. of the sectional curvatures of all planes in T, M.

Lemma 3.3.3. With K(X,Y):= K(XAY)|X AY|*(= (R(X,Y)Y, X)), we have

(RXYV)ZW)=+K(X+W,Y +2) - K(X+W,Y) - K(X +W,Z)

( (
K(X,Y+Z) —KWY+2) +K(X,2Z)+KWY)
KY+W,X+2)+KY +W,X)+K(Y +W,2)

+K(Y,X+2) + KW, X +2)— K(Y,Z) — K(W, X).

Thus, the sectional curvature determines the whole curvature tensor.

Proof. Direct computation from Lemma 3.3.1. O

For d = dim M = 2, the curvature tensor is simply given by
Rijre = K(gikgje — 9ijgne), (3.3.20)

since T,,M contains only one plane, namely T, M itself. The function K = K(z) is
called the Gauss curvature.
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Definition 3.3.4. The Riemannian manifold M is called a space of constant sectional
curvature, or a space form if K(X ANY) = K = const. for all linearly independent
XY € T,M and all x € M. A space form is called spherical, flat, or hyperbolic,
depending on whether K > 0,=0,< 0.

M is called an FEinstein manifold if

Rik, = cgir,, ¢= const.
(note that ¢ does not depend on the choice of local coordinates).

From Lemma 3.3.3 and Theorem 3.1.3, we see that the Riemannian manifolds
of vanishing sectional curvature, the flat ones, are those that are locally isometric to
FEuclidean space, that is, possess local coordinates for which the coordinate vector
fields aii are parallel and by a linear transformation can then be chosen to satisfy

R
9ii = \ gt B

ij-

Theorem 3.3.2 (Schur). Let d = dim M > 3. If the sectional curvature of M is
constant at each point, i.e.

K(XAY)=f(z) for XY € T,M,

then f(x) = const and M is a space form.
Likewise, if the Ricci curvature is constant at each point, i.e.

R = c(x)gik,

then c(z) = const and M is Einstein.

Proof. Let K be constant at every point, i.e. K(X AY) = f(z). From Lemma 3.3.3,
we obtain with f, = 52 (f)

Rijre = f(x)(giegjx — girgije)-

By Lemma 3.3.2, with normal coordinates at z, we obtain
0= Rijke.h + Rjnkei + Ruine; = fn(diedjn — 0ir0je)

+ fi(05¢0nk — 0510ne) + [ (Onedir, — Onidic)-
Since we assume dim M > 3, for each h, we can find h, i, j, k,£ with i = £, = k, h # 1,
h # j,i # j. It follows that 0 = f. Since this holds for all z € M and all h, we recall

that M is connected by our general convention and conclude f = const.
The second claim follows in the same manner. O

Schur’s theorem says that the isotropy of a Riemannian manifold, i.e. the prop-
erty that at each point all directions are geometrically indistinguishable, implies the
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homogeneity, i.e. that all points are geometrically indistinguishable. In particular, a
pointwise property implies a global one.

Example. We shall show that S™ has constant sectional curvature, when equipped
with the metric of §1.4, induced by the ambient Euclidean metric of R**1. The reason
is simply that the group of orientation preserving isometries of S™, SO(n+1), operates
transitively on the set of planes in 7'S™, i.e. can map any plane in 7'S™ into any other
one. This is geometrically obvious and also easily derived formally: First of all, we
have already seen that SO(n + 1) operates transitively on S™. It thus suffices to show
that for any point p, e.g. p=(1,0,...0),SO(n+ 1) maps any plane in 7,,S™ onto any
other one. The isotropy group of p = (1,0...0) is

(é j) with A € SO(n)

(here, the zeroes are (1,n) and (n,1) matrices).

W.r.t. the Euclidean metric, 7,,S™ is orthogonal to p, and SO(n + 1) thus op-
erates by X — AX on 7,5", and this operation is transitive on the 2-dimensional
planes in 7},5™. Since curvature is preserved by isometries it indeed follows that S™
has constant sectional curvature.

We want to consider the operation of the covariant derivative V of Levi-Civita
on tensor fields once more. For a 1-form w and vector fields XY, as in §3.1

Xw)) = (Vxw)(Y)+w(VxY). (3.3.21)
Next, as in §3.1, for arbitrary tensors S, T
Vx(S®T)=VxS®T+S®VxT. (3.3.22)
If e.g. S is a p-times covariant tensor, and Yi,...,Y), are vector fields,

(VxS)(Y1,...,Y,) = X(S(Y1,...,Y}))

- (3.3.23)
- ZS(Yla s 7Y;',—17VXY;7Y;+17 e 7Yp)'
i=1
If in particular S = g;;dz’ ® dz? =: g is the metric tensor, we get
Vxg = 0 for all vectorfields X. (3.3.24)

This, of course, simply expresses the fact that V is a metric connection.

We also want to compare V with the Lie derivative of §1.9. From Theorem 1.9.4
(notations as there), we obtain

(LxS)(Y1,...,Y,) = X(S(Y1,...,Y,))

u 3.3.25
*ZS(YMHWY;J*D[Xa)/’i]7}/i+la"'vyp)' ( )
i=1
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Since V is torsion free, [X,Y;] = VxY; — Vy, X, and with (3.3.23), we obtain

(LxS)(Y1,...,Y,) = (VxS)(Yi,....Y,)

u 3.3.26
+> S, Y, Ve X, Y) ( )
i=1
For example, for g = g;;dz’ ® da?, we get
(Lxg)(Y,Z2) = g(Vy X, Z) + g(Y,VzX) (3.3.27)
(=(VyX,Z)+(Y,V2X))
From (3.3.25), we obtain for a p-form w
p . A
(Yoo Yy) = S (1) Ly, @Yoy, iy V)
=0 K ) (3.3.28)
+ Z (_1)Z+]w([}/ia}/j]a)/()a"'7n7'"a}/jw"’Yp))
0<i<j<p
and hence
p . —
dw(Yo,...,Y,) = > (-1)'Vy,w(Yo,...,Yi1,Y;, Yisr,..., Yp). (3.3.29)
i=0

Lemma 3.3.4. Let e1,...,eq (d = dim M) be a local orthonormal frame field (i.e.
e1(y), ..., ealy) constitute an orthonormal basis of T,M for all y in some open subset
of M). Let n', ..., 0% be the dual coframe field (i.e. n7(e;) = 67 ).

The exterior derivative satisfies

d=n’ AV, (3.3.30)
and its adjoint (cf. Definition 2.1.1) is given by
d* = —i(e;)Ve, (3.3.31)

where v denotes the interior product (v : QP(M) — QP~Y(M), and for w € QP(M),
Yo,...,Yp—1 € TyM, we have

(L(YQ)W)(Yl, e 7Yp,1) = W(YQ, Yl, e ,Ypfl)). (3332)

Proof. (3.3.30) is the same as (3.3.29). We are going to give a different method of
proof, however, that does not use the Lie derivative and that also gives (3.3.31).
We put
d:=n A Ve, -

In order to show that d = cz, i.e. (3.3.30), we proceed in several steps:
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d does not depend on the choice of the frame field ey, ..., eq4.
Let fi,..., fa be another local frame field, with dual coframe field &%, ..., &,
Then

fi=alex (3.3.33)
for some coefficients af, and

& =",
with _

s = o

from the standard transformation rules.

Consequently
¢ ANV = 577[ AV
= a? zne A Ve,
= nk AVe,.

k
(1]» €L

d is independent of the choice of frame field, indeed.

Since d does not depend on a choice of frame field either (see Lemma 1.8.2 and
Corollary 1.8.1), it therefore suffices to check (3.3.30) for one particular choice
of frame field. The independence on the choice of frame field of both sides of
(3.3.30) will then imply that (3.3.30) will hold for any choice of frame field.

We now choose normal coordinates (z',...,z%) centered at 2o € M (Corollary
1.4.2) and the frame field e; = % which is orthonormal at z. Then n* = da*.

We are now going to verify (3.3.30) at the point o for those choices of e; and
n*. By 2), and since xg € M is arbitrary, that suffices.
At xg, the center of our normal coordinates, we have for all j, k

V. o ik =0,
927 O (3.3.34)
V o dz® =0

ozl
(Theorem 1.4.4 and Corollary 3.3.1).
Since d and d are both linear operators, it also suffices to verify the claim on
forms of the type ¢(y)dz® A ... Adx'. Renumbering indices, it even suffices to
consider the form
o(y)dz A ... A daP.

Using (3.3.34), we have at xg
d(p(zo)dzt A ... AdaP) = da? A (V_o ) (zo)dz' A ... AdaP
oxd

= 8—90.dacj Adz' A ... daP
OxJ

=d(p(zo)dz' A ... A daP),
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which is the desired formula.

In order to verify (3.3.31), we use the same method.
We put ~
d* = —u(e;)Ve,.

1) Independence of the choice of frame field:
Since both (f;);=1,....a and (ex)g=1,....a constitute an orthonormal basis of T, M,
the matrix (04?)1, =1,...4 of (3.3. 33) is orthogonal, i.e.

k ¢ _ ke
aja; = A
Thus

—u(f;)Vy, = —L(a?ek)vaﬁ = a L(ek) = —i(ex)Ve, - (3.3.35)

2) By 1), it again suffices to verify (3.3.31) for one particular choice of frame field.

3) We choose normal coordinates centered at zq as before, and e; = %, nk = da*.
Then again at x

0 0 »
8_> <8xﬂ ©)(zo)dz' A ... Adx
)j

d* (p(zo)dx A ... AdaP) = —u(
= (-1 (%ap)(xo)dxl/\.../\d/zg/\.../\dl’p,

where in the last expression, j only runs from 1 to p. We compare this with

d*(p(xo)dz* A ... A daP)
= (=)D g s (p(zo)dat ... A daP) by Lemma 2.1.4
= (=)D d(p(xo)daP T A ... Ada?) Dby definition of
= (=1)4P+DFL I A (Vﬁcp) (zo)daPT AL A da?
by (3.3.30) and (3.3.34)
— (—D)AHD ) o-DE DY, odal AL A e A A da?
527

by definition of %
= (=1)'V o @dz* A... Adzd A... Ada?
dxd

Thus, d* = d*.

Remarks.
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1. For (3.3.30), we do not need to assume that the frame field is orthonormal. It

suffices that the vectors e1(y),...,eq(y) constitute a basis of T, M. Of course,
this is to be expected from the fact that the definition of the exterior derivative
does not involve a choice of metric. By way of contrast, in (3.3.31) the e; have
to be orthonormal, and of course, the definition of d* does depend on the choice
of a metric.

We may now give a proof of formula (2.1.32):

We recall from formula (3.3.35) that we have for arbitrary (not necessarily or-
thonormal) bases of T, M with

fi=aley

that
~u(f;)V, = —akali(er) Ve (3.3.36)

We now choose (f;);=1,....a to be orthonormal and e, = % w.r.t. local coordi-
nates. Then of course

o 0
(ex,ee) = <6xk’ﬂ> = Gkt
and hence
= <f7,7f]> <0[ €k7a2(3@> —afafgkg,
and thus
afa? = 859" (3.3.37)
From (3.3.31), (3.3.36), (3.3.37) (since (f;) is orthonormal)
d = - k%(i)v (3.3.38)
T k) Y "

Then for a = ail_”ipdx“ A...Ndate

* 1y 0 Oviy . ; ) ~ )
d'a=—-g"1| 57 L — oy DY, da™ Ada' Adxt A LA datr

ozk Ot
(3.3.39)
using (3.3.4) and thus

; O, ...i,_ ,
d* o,y = —g™ <% - F%kajil...ip1> ;
which is (2.1.32).

We next want to express the Laplace-Beltrami operator A (cf. Definition 2.1.2)

in terms of the Levi-Civita connection V. For that purpose, we define the second
covariant derivative as

Viy = VxVy — Vo,v. (3.3.40)
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Theorem 3.3.3 (Weitzenbock Formula). Let eq,...,eq (d = dim M) be a local
orthonormal frame field as in Lemma 8.8.4, with the dual coframe field n', ... ne.
Then the Laplace-Beltrami operator acting on p-forms (p =0,1,...,d) is given by

A=-V2_ —n" Aulej)R(e; e;)). (3.3.41)

Proof. We shall use invariance arguments as in the proof of Lemma 3.3.4. The right
hand side of (3.3.41) is independent of the choice of our orthonormal frame field v;.
Therefore, if we want to verify (3.3.41) at an arbitrary point zo € M, we choose
normal coordinates centered at xy and put at xg,

I
" Oxt”
Then, always at z,
7]
hence
V2. =V Ve, (3.3.42)
and also [a(z»i’ 621] = 0, hence
R(ei,e5) = Ve, Ve, = Ve, Ve, (cf. (3.1.32)). (3.3.43)

Using Lemma 3.3.4, we then have at z(

d'd = —u(e;)V e; (Wi/\vel)
—u(e;)(n" A Ve]V ) since V¢,n' =0 at z¢
Ve Ve, +1° N ilej)Ve, Ve, . (3.3.44)

Next,

dd* = —n' AV, (1(e;)Ve,)
=—n"Au(ej)Ve, Ve, (3.3.45)

since at 2o, t(e;)Ve, = Ve,i(e;) because of V., 7/ = 0.

(3.3.42) — (3.3.45) imply (3.3.41). O

Remark. On functions, i.e. O-forms f, we have
Rei,ej)f = fR(ei,e;)1 =0

because of the tensorial property of R.

Hence for a function f: M — R,
Af =-V?

€i€4

f. (3.3.46)
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Definition 3.3.5. The Hessian of a differentiable function f: M — R on a Riemannian
manifold M is
Vdf.

We have df = %dzi in local coordinates, hence

Pf o Of ok
Vﬁdf © Oxt0xd du’ = ozt jedes,
ie. 82f of
- (=7 2k ¢ J
vdf <8xi3xj Dk Fw) dzr' ® da’. (3.3.47)
We also have
Vdf (X,Y) = (Vxgrad f,Y), (3.3.48)

since Y (f) = (grad f,Y") and thus

X(Y(f) = X(grad f,Y)
= (Vxgrad f,Y) + (grad f, VxY)
= (Vxgrad f,Y) + (VxY)(f),

and applying (3.3.47) to X and Y yields
VA(X,Y) = X(Y () — (VxY)(1). (3.3.49)

This formula can be given the following geometric interpretation: Let X € T, M and
take a geodesic c: [0,€) — M (for some € > 0) with ¢(0) = p, ¢(0) = X. Then at p

d2

Vdf (X, X) = ﬁf(c(t)ht —0 (3.3.50)
Namely
X(X(f)) = é(grad f(p), ¢)
. d
— (G, )
d2
= SO, _ g
and

Ve =0,

since ¢ is geodesic (see (3.1.34) and Corollary 3.3.1 so that (3.3.50) follows from
(3.3.49).

Definition 3.3.6. The differentiable function f: M — R is called (strictly) convex
if the Hessian Vdf is positive semidefinite (definite).
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Theorem 3.3.4. Let M be a compact Riemannian manifold with metric tensor g.
There then exists a constant ¢ (depending on the geometry of M) such that for any
(smooth) vector field X on M

/||VX\|2dVO1 +/|divX|2dVol
M

(3.3.51)
<ec /||X||2dVol +/||LXg||2dVol ,
M
where Lx g is the Lie derivative of g in the direction of X (see (1.9.20)).
Proof. In local coordinates, by (1.9.20),
X" ox* ; ;
Lxg= <9kjW + gikﬁ + gij,kX’“>d:c’ ® da’
Thus,
(OXFox™ 09Xk oX!
Lxgll”> =2 gkmg" = , P(X,VX 3.52
[ Lxgll Gemd" 55 Y2 g T (X,VX), (3.3.52)

where, here and in the sequel, P(X, VX) stands for any terms that are bounded by
const - (|| X[ [|VX] + | X][*).

Now
oxk axt 9 oX' OXkN axk axt
i —— '€ — X _ 3.
ozt Oxk ot ( oxk oxk ) oxk Ozt (3.3.53)
Also
LOXFE ox™
X2 = w2 L (X, VX 3.54
OX* oxi
ivX]?P= """ 4+ P(X,VX). 3.
div X[* = 222 == + P(X,VX) (3.3.55)
From (3.3.52) — (3.3.55),
1
/HVX||2+/|divX|2 < §/HLXg||2+/P(X, VX). (3.3.56)

Using the inequality
g 2, 2 2
IXI IV < SIVX]® + S[IX]° - for any & >0,

we can estimate

/P(X7 VX) §5/||VX||2+C(5)/||X||2, (3.3.57)
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where ¢(¢) depends on € > 0 and on the constants involved in the terms P(X,VX),
i.e. on bounds for the metric tensor g and its first derivatives. Using (3.3.57) with

£ =1 in (3.3.56), we easily obtain (3.3.51). O

Corollary 3.3.2. Let M be a compact Riemannian manifold. Then the vector space
of Killing fields (cf. Definition 1.9.7) on M is finite dimensional.

Proof. By definition of a Killing field X,
LXg =0.

Inserting this into (3.3.51), we obtain

/||VX||2 /|de|2 <c/\|X|\2. (3.3.58)

If (X,,)nen then is a sequence of Killing fields with [ [|X,[|* = 1 for all n, we bound
their Sobolev H'2-norm by (3.3.58), apply Rellich’s theorem (Theorem A.1.8 in the
Appendix), and conclude that the X,, contain a subsequence that converges in L? .
This implies that the space of Killing fields is a finite dimensional subspace of the
space of L2-vector fields on M. O

Perspectives. The sectional curvature as an invariant of a Riemannian metric was intro-
duced by Riemann in his habilitation address (quoted in the Perspectives on §1.1). The
tensor calculus for Riemannian manifolds was developed by Christoffel, Ricci, and others. It
also played an important role in the development of Einstein’s theory of general relativity.

Levi-Civita introduced the notion of parallel transport for a Riemannian manifold.
(Similar concepts were also developed by other mathematicians at about the time.) The
concept was expanded and clarified by Weyl, see [261]. For a historical account, see also
[228, 229].

Space forms are quotients of the sphere S, Euclidean space R", or hyperbolic space
H™ (see §4.4). They can be classified, cf. Wolf[266].

Einstein manifolds form an important class of Riemannian manifolds. Every two di-
mensional manifold carries a metric of constant curvature, i.e. is a space form, by the uni-
formization theorem. In higher dimensions, some necessary topological conditions have been
found for the existence of Einstein metrics. The question which manifolds admit Einstein
metrics is far from being solved. Even in three dimensions where a metric is Einstein if and
only if it has constant sectional curvature, the question is not yet fully solved. See however
[251], [252]. A comprehensive account of Einstein manifolds is given in the monograph [19].
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Theorem 3.3.4 is a Riemannian version of Korn’s inequality. This result, and the proof
of Corollary 3.3.2 given here, are taken from [51]. One may also identify the terms P(X, VX)
in (3.3.52) in terms of the Ricci curvature to obtain the Bochner—Yano formula, see [25].

3.4 Connections for Spin Structures and the Dirac
Operator

Let V be the Levi-Civita connection of the oriented manifold M of dimension n,
according to Theorem 3.3.1. By Lemma 3.2.2, it admits a local decomposition

V=d+A (3.4.1)

with A € QY (AdTM), i.e. a one form with values in so(n) that transforms according
to (3.1.17). Conversely, given a vector bundle E with bundle metric (-,-) on which
SO(n) acts by isometries, and a one form A with values in so(n) that transforms by
(3.1.17), then (3.4.1) can be used to define a metric connection on E according to the
discussion in §3.2. Consequently, for any such bundle E on which SO(n) acts with
the same transition functions as for the action on T'M, the Levi-Civita connection
induces a connection. Applying this observation to the Clifford bundles Cl(P) and
CI®(P) from Definition 1.11.11, we conclude that the Levi-Civita connection induces
a connection, again denoted by V, on each Clifford bundle.

Lemma 3.4.1. For smooth sections i, v of CI(P) (or C1°(P)) we have

V(uv) = V(p)v + pV(v). (3.4.2)
Proof. Tt is clear that the exterior derivative d satisfies the product rule, and we recall
that A in the decomposition (3.4.1) is in so(n), i.e. acts by the infinitesimal version

of the SO(n) action on CI(P). Since this SO(n) action extends to the one on the
tangent bundle TM, B € SO(n) acts via

B(uv) = B(p)B(v), (3.4.3)
and differentiating (3.4.3) yields the product rule for A. O

Corollary 3.4.1. V leaves the decomposition of the Clifford bundles into elements
of even and odd degree invariant.

Proof. Tt is clear from the definition, that subbundles of degree 0 and 1 are preserved,
and the claim then easily follows from (3.4.2). O

Since the chirality operator I' of Definition 1.11.3 defines a section of CI®(P)
that is invariant under the action of SO(n), it must be covariantly constant, i.e.
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Lemma 3.4.2.
v(I) = 0.

O

Similarly, since the Lie algebra spin(n) can be identified with so(n) (see Lemma
1.11.2, in the case of a spin structure P over M (cf. Definition 1.11.7), we may use the
same procedure to obtain induced connections on the associated spinor bundles. We
denote them again by V. The action of CIC(P) on the spinor bundle §,, via Clifford
multiplication on each fiber (see (1.11.27)) is compatible with these connections; more
precisely

Lemma 3.4.3. For smooth sections j of CIC(P), o of 8,
V(uo) = V(uw)o + uV(o) (3.4.4)

(where the products of course are given by Clifford multiplication).

Proof. Similar to the one of Lemma 3.4.1. O

Suppose that in a local trivialization of TM, A from (3.4.1) is given by the (skew
symmetric) matrix €;;. We write

A = ZQijei N Ej,

1<j

where e; A e; denotes the matrix with (—1) at the place (¢,5), +1 at (j,7), and 0
otherwise. According to Lemma 1.11.3, e;Ae; in s0(n) corresponds to e;e; in spin(n).
Thus, the connection on the spinor bundle w.r.t. the induced local trivialization is
given by

i<j
Here, e;e; of course operates by Clifford multiplication on spinors.

We next consider the case of a spin® structure P over M (cf. Definition 1.11.9).
Here, the Levi-Civita connection V does not suffice to determine a unique connec-
tion on bundles on which Spin ¢ acts. Namely, since the Lie algebra of Spin¢(n) is
spin(n) @ u(l), we need to specify in addition a connection on the u(1) part, i.e. on
the determinant line bundle L of the spin® structure (Definition 1.11.10). We identify
the Lie algebra u(1) of U(1) with iR, and thus, a unitary connection on L is locally
represented by a function 74 with imaginary values. Given the Levi-Civita connection
and such a connection on L, we represent the induced spin® connection V 4 locally as

1 .
VA =d+ 5 Z Qijeiej + 1A (346)

i<j

as in (3.4.5).
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Definition 3.4.1.

(i) Let P — M be a spin structure on the oriented Riemannian manifold M, with
Levi-Civita connection V as explained above. The Dirac operator ) operates on
sections o of the spinor bundle §,, via

Pdo(z) = e;Ve,(0)(x) (3.4.7)

where e;, i = 1,...,n, is an orthonormal basis of T, M (x € M). The product
on the right hand side of (3.4.7) is given by Clifford multiplication.

(ii) Let P¢ — M be aspin® structure on M, and let A represent a unitary connection
on the associated determinant line bundle L. The Dirac operator @4 operating

on §,, is given by
Pao(x) = eiVae,(0)(z).

Example. We consider the case of R? with coordinates z,y. Recalling the discussion
in 1.11, the spinor space then is C2, and the vectors e; and e, act on spinors via

e = (0 o) = (] 4):

1
Writing a spinor field o : R — C2 in components as <22>, we then have

0 1) [ 0 @\ (2% 002
v )E)CIE) () o
ox dy o0z °

Thus, in this case, the Dirac operator is simply the Cauchy-Riemann operator.

Remark. Since V also operates on the Clifford space C1(V), = A*(V) as a vector
space, we can also define a Dirac operator on the Clifford bundle instead of the spinor
bundle, namely,

D:=d+d*, withd=n; AV, d" = —i(e;)V,, (3.4.9)
as in Lemma 3.3.4 that then satisfies
D? = A, the Laplacian. (3.4.10)
These two Dirac operators should not be confused.

Lemma 3.4.4. The Dirac operators § and Pa do not depend on the choice of an
orthonormal frame e;.
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Proof. Any other such frame f;, j = 1,...,n, can be obtained as
fi = bije;
for some B = (bi;)ji=1,....n € O(n). Then
fiVi; = bjieiVie,
= bjibjkeivek
= 6;xe; Ve, since B € O(n)
= eiveia

which is the invariance of @, and the same computation works for @4. O

A more abstract way to express the Dirac operator is the following. Let
cd:TM®8 — 8§
VRO — V-0

denote the Clifford multiplication. Thus, tangent vectors of M act on spinors by
Clifford multiplication. Denote the space of smooth sections of a vector bundle F
over M by I'(E). Then

D=cloV:T(8) ST(T*M & 8) =T (TM ®§) % T(8)
where the identification between I'(T*M ® §) and I'(TM ® 8) uses the Riemannian
metric of M.

Lemma 3.4.5. Let M be even dimensional, and let 8 be the half spinor bundles for
a spin or a spin® structure on M. Then the Dirac operator @ (@) maps T (8F) to
L(87).

Proof. By Corollary 3.4.1, V, and similarly V 4, leaves the decomposition into sec-
tions of even and odd degree invariant, while Clifford multiplication by e; interchanges
sections of even and odd degree. O

We recall from Corollary 1.11.3 that on the bundle §,, of spinors, we have a
pointwise Hermitian product (-,-) (invariant under Spin (n)). We suppose now that
M is compact. We may then form the associated L? product

(01,02) = / (01(x), 02(x)) * (1)

M
where (1) is the volume form of M (see (2.1.19)).

Lemma 3.4.6. Let M be a compact Riemannian manifold with a spin structure.
Then the corresponding Dirac operator @ is formally selfadjoint, i.e.

(Por,02) = (01, Jo2) (3.4.11)

for all spinor fields o1, oo.
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Proof. Let x € M, and choose normal coordinates centered at . With e; := %, we
then have at x

Ve.(e;) =0 forall 4,j (cf. Theorem 1.4.4 and Corollary 3.3.1). (3.4.12)

We then have

(Po1(x),02(x)) = (eiVe,01(2), 02(2))
= —(V.,01(z), e;02())

since (-, ) is invariant under Clifford multiplication by the unit vector e;
= —ei(01(x), ei02(x)) + (01(2), Ve, (€io2)(x))
since V is a metric connection

= —e;i(o1(x), eio2(x)) + (01(x),e;Ve,02(x)) by (3.4.12)
= —ei(01(x), i02(2)) + (01(2), Pora ().

We now consider V¢ = (01(x), e;02(x)) as the i*® component of a vector field V (in
fact V' is a complexified vector field, i.e. a section of TM ® C). The preceding formula
then becomes

(Po1 (), 05(x)) = —div V(@) + (o1(z), Joa (). (3.4.13)

Since all terms in (3.4.13) are independent of the particular choice of coordinates,
they continue to hold regardless of whether (3.4.12) is satisfied. (This point has been
discussed in §3.3, e.g. in the derivation of Lemma 3.3.4, but since this an important
computational trick, we repeat it here). Since

/divV(:B) x(1)=0
M

by the Gauss theorem (see the discussion in §2.1), (3.4.11) follows by integrating
(3.4.13). O

Corollary 3.4.2. On a compact spin manifold M, o = 0 for a spinor field iff
20 =0.

Proof. This follows from
($20’ U) = (@0’ @U)

by Lemma 3.4.6. O

Definition 3.4.2. A spinor field satisfying do = 0 is called harmonic.
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We shall now introduce another type of spinors that will be used in 9.3 below.
Let M = S?, the two-dimensional sphere. As always, we choose a local orthonormal
basis e;,i = 1,2 of the tangent bundle T'S?. S? carries a unique spin structure (see
1.11); let 852 be the corresponding spinor bundle. The spinor o is called a twistor
spinor if

1
Vvo+ 5V do=0 (3.4.14)
for any vector field V on S2.

We now come to Weitzenbock formulas that constitute analogues of Theorem

3.3.3.

Theorem 3.4.1. Let M be a spin manifold with a local orthonormal frame field
€1,...,€n (as in Lemma 3.5.4, n = dim M ). Then the Dirac operator @ satisfies

1
P=-Vi, + i (3.4.15)
where R is the scalar curvature of M.
Proof. As in (3.4.12), we assume
Ve, (ej) =0 at the point z € M under consideration, for all 4, j, (3.4.16)

as well as

0
e, ej] =0 since this holds for all coordinate vector fields e; = e (3.4.17)
xl

We compute, for a spinor field o, at x,
Po = e;Ve,(eVe,)0)
=e;e;Ve;Ve,0 by (3.4.16)
= *veivei(j + Z@j@i (Vej Vei - VsiVej) g, because of €56 + €i€j = 72(5@7‘,

i<j
=-Vi0+ Z ejeil(ej, e)o (3.4.18)
i<j

by (3.3.42) and where R(-,-) is the curvature tensor of the Levi-Civita connection V
and where we have used Theorem 3.1.2 and (3.4.17).

R(ej,e;) here acts on spinor fields, and if we express this operator w.r.t. our local
frame field ey, we obtain a factor % as in (3.4.5), coming from Lemma 1.11.3:

1

R(ei,e;) = 3 Z(R(ei, e;)ek, er)exer, (3.4.19)
k<l
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where ee; again operates by Clifford multiplication. In order to derive (3.4.15) from
(3.4.18) it thus remains to evaluate

1
- Z Z (e, €5)ex, er)eiejepe; = 3 Z (R(es, e5)en, er)eiejere;. (3.4.20)
j<z k<l ikl
If 4, j, k are all distinct,
€i€j€EL = €5€L€E; = CLEiEj,
and the first Bianchi identity (see Lemma 3.3.1) implies in this case that
R(ei, ej)er + R(ej, ex)e; + Rleg, e;)ej = 0.

The remaining terms are

S Z ((R(ei, ex)er, er)eienere; + (R(ek, €;)ex, er)ege eper)

,5,k,1
1
=-1 Z (es,ex)er, e)eie; by (3.1.33) and ef = —1
ik,
1 . .
=-1 aeie;  where R;; is the Ricei tensor
1
= ZR“ since R;; = Ry; (see (3319)), e;e; + ee; = 726”‘
1
= -R.
4

O

Theorem 3.4.2. Let M be a spin® manifold with a local orthonormal frame field

€1,...,6n and a spin® connection V 4. The Dirac operator @4 satisfies
1 1
Pr=-Vice T 1B+ 5Fa (3.4.21)

where Fa, an imaginary valued two-form, is the curvature of A. (Fa acts on spinors

by Clifford multiplication; in our frame field, > Faje; Ne; becomes * Z Faijeie;
i<j 7<J
as usual.)

Proof. The proof is the same as the one of Theorem 3.4.1, except for the additional
u(1) part A of the connection that leads to the additional F4 in the formula. O

Perspectives. See the references given in the perspectives on §1.11. The Dirac operator
on the spinor bundle (Definition 3.4.1) was introduced by Atiyah and Singer [8] in their
investigation of the index of elliptic operators. The simpler Dirac operator on the Clifford
bundle had been studied earlier by Kéhler[160].
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3.5 The Bochner Method

Lemma 3.5.1. Let (e;)i=1,...a be a local orthonormal frame field on M, with dual
coframe field (n')i=1,..4, as in Lemma 3.5.4.
If w is a harmonic form, then

—Aw,w) = 2(Ve,w, Ve,w) — 2(w,n’ Aulej)R(ei, e)w). (3.5.1)

Proof. Let xo be a point in M where we perform the computations, and choose

normal coordinates centered at xg and e; = %. Again, the formulae will not depend

on the choice of a local orthonormal frame. Then, by the remark after Theorem 3.3.3
and (3.3.42)
—Aw,w) = Ve, Ve, (w,w)

3.5.2
= 2(Ve,w,Ve,w) +2(w, Ve, Ve,w) . ( )

(3.3.42) and (3.3.41) then yield (3.5.1), since Aw = 0 by assumption. O

Lemma 3.5.2. With the notation of Lemma 3.5.1, we have for a harmonic 1-form
w on M
~Aw,w) =2|Vw]* + 2Ric (w,w) (3.5.3)

with |Vw|? := (Ve,w, Ve,w) and writing w = fin',
RiC (w, w) = RIC (f1'67;7 fjej) = flfj RIC (67;, €j).

Proof. We compute the curvature term in (3.5.1) for a 1-form w :

(w,n" Ales)R(es, e5)w) = (fn",n' A uley) Rl e5) fin®)
= —fofu(n’sn' Aule;) Rimign™)
= —fefu(n’, Rijisn’)

—fefrRije;

= —fofru R

= —Ric (w,w),

where we have used the tensor notation of §3.3, (e.g. (3.3.6) and (3.3.18)). O

Theorem 3.5.1 (Bochner).

(i) Let M be a compact Riemannian manifold with nonnegative Ricci curvature.
Then every harmonic 1-form w is parallel (i.e. Vw =0). In particular, the first
de Rham cohomology group satisfies

dim H}5(M,R) < d(= dim M).
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(it) If M is a compact Riemannian manifold of positive Ricci curvature, then M
has no nontrivial harmonic 1-form. Thus,

Hip(M,R) = {0}.

Proof. We integrate formula (3.5.3). Then from (2.1.18)

0=—[ Alw,w)x(1)= 2/ (|Vw|? + Ric (w,w)) * (1). (3.5.4)
M M

By our assumption, the integrand on the right hand side is pointwise nonnegative. It

therefore has to vanish identically. This implies in particular

Vw =0, (3.5.5)

and w is parallel.

A parallel 1-form is determined by its value at one point of M (cf. the discussion
before Definition 3.1.2).

Therefore, the dimension of the vector space of parallel 1-forms is at most the
dimension of the cotangent space Ty M, i.e. d. Likewise, (3.5.4) implies

Ric (w,w) = 0. (3.5.6)

Thus, if M has positive Ricci curvature, we must have w = 0. O

Remark. In (ii) of the preceding theorem, it suffices to assume that M has nonnegative
Ricci curvature, and that there exists some point xy where the Ricci curvature is
positive. Namely, from

Ric (w,w) =0,

we then conclude that, w(xg) = 0, and since w is parallel, it then vanishes everywhere.

Below, we shall derive a stronger result (Corollary 4.3.1, Theorem of Bonnet-
Myers) on the topology of Riemannian manifolds of positive Ricci curvature by a dif-
ferent method. Nevertheless, the Bochner method is an important tool in Riemannian
geometry because it has a rather general range of applicability. It also applies to har-
monic sections of bundles (suitably defined), harmonic mappings (see Chapter 7) etc.
The harmonicity of the object under consideration will imply a formula of the type
of (3.5.1). The essential point of (3.5.1) is that instead of third order derivatives that
would appear for a general, nonharmonic object, one only has a commutator term
given by a curvature expression. The other term on the right hand side is a square,
hence nonnegative. If one then assumes that the curvature is such that the curvature
term also is nonnegative, both terms have to vanish identically, because the integral
of the left hand side vanishes. The vanishing of the square term then implies that
the object is parallel. If the curvature is even positive, the vanishing of the curvature
term implies that the object itself vanishes.
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We shall see another instance of the Bochner method in §7.2.
When combining the preceding reasoning with the Weitzenbock formula of
Theorem 3.4.1, we get

Theorem 3.5.2 (Lichnerowicz). Let M be a compact spin manifold. If M has
nonnegative scalar curvature, then every harmonic spinor field is parallel. If the
scalar curvature is positive, then every harmonic spinor field vanishes.

Proof. As in the proof of Lemma 3.5.1, we compute for a harmonic spinor field o
—A(o,0) =2(V,,0,V,0) +2(0, V2, 0)
1
=2(V¢,0,V,0) + §R<U’ o) by (3.4.15).

As in the proof of Theorem 3.5.1, we integrate this formula to get

2/(V6ia, Ve, o) x (1) + % /R(a, o) *(1)=0.

If R > 0, both integrands have to vanish identically; in particular V., = 0 meaning
that o is parallel. If R > 0, 0 = 0. O

Perspectives. Further applications of the Bochner method may be found in the monograph
[267]. See also the Perspectives on §7.2.

3.6 The Geometry of Submanifolds. Minimal
Submanifolds

Let M be an m-dimensional submanifold of the n-dimensional Riemannian manifold
N. The metric {.,.) on N induces a metric on M, as described in §1.4. The question
arises how to compute the Levi-Civita connection VM of M from the one on N, V¥,

Theorem 3.6.1. We have
VY = (VEY)T  for XY € T(TM), (3.6.1)
where T : T, N — T, M for x € M denotes the orthogonal projection.

Proof. In order that the right hand side of (3.6.1) is defined, we have to extend X and
Y locally to a neighborhood of M in N. This is most easily done in local coordinates
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around = € M that locally map M to R™ C R™. The extension of X = £¥(x) 3{;1‘ then
for example is

We then have

Since (3.3.1) has to hold for VM as well as for V¥, (3.6.1) follows. (It follows from
the representation of VY by Christoffel symbols, that (V{Y)T does not depend on
the chosen extensions. It is also clear that (VY Y)T defines a torsion free connection
on M because V¥ is a torsion free connection on M, and since VY'Y — V¥ X — [X|V]
vanishes, also the part of this expression that is tangential to M has to vanish.) O

With the help of Theorem 3.6.1, we may easily determine the Levi-Civita con-
nection of S™ C R" 1. Let v(x) be a vector field in a neighborhood of 2o € M C N,

that is orthogonal to M, i.e.
(v(z),X)=0 forall X e T, M. (3.6.2)

We denote the orthogonal complement of T, M in T, N T, M~*. The bundle TM* with
fiber T, M+ at x € M is called normal bundle of M in N. (3.6.2) thus means

v(z) € TyM*.

Lemma 3.6.1. (VYv) () only depends on v(z), the value of v at x.

Proof. For a real valued function f in a neighborhood of x
(V) (@) = (X(F)@)v(2))" + f(2)(Vxv) ()

= f(2)(Vxv)' (2),

since v(x) € T, M~. O
Lemma 3.6.1 makes the following definition possible.
Definition 3.6.1. The second fundamental tensor of M at the point x is the map
S:T,M x T,M*+ — T, M, (3.6.3)

defined by S(X,v) = (V¥v)T.
Lemma 3.6.2. For X,Y € T, M,

L(X,Y) = (S(X,v),Y) (3.6.4)

is symmetric in X and Y.
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Proof.
LYY= (V)T,Y)

= (VXV Y) since Y € T, M
= (v, VYY) since (1,Y) = 0 and V¥ is metric
=—(v, VYX +[X,Y]) since V¥ is torsion free
= —(v, V¥X) since [X,Y] € T,M,v € T,M*+
= (V¥ X) since (v, X) = 0 and V¥ is metric
= (V¥n)T,X) since X € T, M
= (Y, X). (3.6.5)

O

Definition 3.6.2. ¢, (-, ) is called the second fundamental form of M w.r.t. N.

Remark. The first fundamental form is the metric, applied to X and Y € T, M, i.e.
(X,Y). For a fixed normal field v, we write S, (X) = S(X,v). S, : T, M — T, M then

is selfadjoint w.r.t. the metric (.,.), by Lemma 3.6.2. Suppose now (v,v) = 1; i.e. v
is a unit normal field. The m eigenvalues of S, which are all real by self adjointness
are called the principal curvatures of M in the direction v, and the corresponding
eigenvectors are called principal curvature vectors.

The mean curvature of M in the direction v is

1
H, = —trS,.
m
The Gauss-Kronecker curvature of M in the direction v is
K, :=detS,.
For an orthonormal basis ey, ..., e, of T, M,
Kl, = det(f,,(ei,ej)).

We now consider the case where M has codimension 1, ie. n = m + 1. In
this case, for each & € M, there are precisely two normal vectors v € T, M+ with
(v,v) = 1. We locally fix such a normal field and drop the subscript v. If we would
choose the opposite normal field instead, ¢ and S would change their sign, and the
mean curvature M as well. For even m, however, the Gauss-Kronecker curvature does
not depend on the choice of the direction of v.

Furthermore, because of (v,v) = 1 V¥v is always tangential to M, and geo-
metrically, it measures the “tilting velocity” with which v is tilted (relative to a fixed
parallel vector field in N) when moving on M in the direction X.

We now want to compare the curvature tensors of M and N, RM and R"V. It
turns out that their difference is given by the second fundamental tensor; namely
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Theorem 3.6.2 (Gauss Equations). Let M be a submanifold of the Riemannian
manifold N, m = dimM,n =dimN, k =n—m,xz € M, vy,...,v; an orthonormal
basis for (TyM)*,Sy = Sy le = b, (a = 1,....k). With the convention that a
Greek minuscule occuring twice is summed from 1 to k, for X, Y, Z, W € T, M

RM(X,Y)Z — (RN(X,Y)Z)" =U,(Y, Z2)SaX — La(X, Z)S,Y (3.6.6)
and hence also

(RM(X,Y)Z,W) — (RN(X,Y)Z,W)

3.6.7
=L (Y, Z)lo0 (X, W) — Lo (X, Z2)0 (Y, V). ( )
Proof. Since everything is tensorial, we extend X,Y, Z, W vy, ..., v to vector fields
in TM and TM*, resp., with the v, always being orthonormal.
VYZ = (VY¥Z)T +(V¥Z2): = V¥ Z + (o, V¥ 210,
since the v, form an orthonormal basis of TM*.
Hence
VAVYZ = VEVYZ + X (Va, V¥ Z) )V + Ve, VY Z)V i Ve,
i.e.
(VAT 2)T = VYTYZ ¢ o, T 2) (TR0) .
=VEVMZ —1,(Y,2)S.(X) by (3.6.5). o
Analogously
(VEVRZ)T =VMIN Z —1,(X,2)S,(Y). (3.6.9)
Moreover,
(V& y12)" = Vi y)Z by Theorem (3.6.1). (3.6.10)
(3.6.6) follows from (3.6.8) — (3.6.10), and (3.6.7) follows from (3.6.6). O

The “theorema egregium” of Gauss is the following special case of Theorem
3.6.2:

Corollary 3.6.1. For a surface M in R?® (i.e. m = 2,n = 3) the Gauss curvature,
defined as the determinant of the second fundamental form, hence defined through
the embedding of M in R3, coincides with the Riemannian curvature of M which
is determined by the metric, hence independent of the embedding. Thus, the Gauss
curvature does not depend on the embedding of M into R3 either. 0

Definition 3.6.3. A Riemannian submanifold M of a Riemannian manifold N is
called totally geodesic if all geodesics in M are also geodesics in N.

Theorem 3.6.3. M is totally geodesic in N if and only if all second fundamental
forms of M wvanish identically.
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Proof. Let c¢: I — M be geodesic in M, i.e. V¢ = 0. Because of (VY¢)T = VMe
(Theorem 3.6.1), ¢ is geodesic in N if and only if (VY é)+ =0, i.e.

(VVév) =0 forallveTM™:.
Now

(Vi¥ev)

—(¢,VYV),  since (¢,v) = 0 and V¥ is metric
=—4,(¢,¢).

The claim directly follows. O

For example, each closed geodesic in a Riemannian manifold defines a 1-dimens-
ional compact totally geodesic submanifold.

The totally geodesic submanifolds of Euclidean space are precisely the affine lin-
ear subspaces (and their open subsets). The closed totally geodesic subspaces of the
sphere S™ C R"*! are precisely the intersections of S™ with linear subspaces of R**+1,
hence spheres themselves. This follows directly from the description of the geodesics
on S™ in §1.4. A generic Riemannian manifold, however, does not have any totally
geodesic submanifolds of dimension > 1.

We want to briefly discuss a global aspect.

Let M be an oriented submanifold of the oriented Riemannian manifold V.
This means that M itself is an oriented manifold whose orientation coincides with the
one induced by N. If thus for x € M eq,...,e, is a positive basis of T, N for which

e1,..., ey are tangential to M, then eq,...,e,, constitute a positive basis of T, M.
If under this assumption, we have n = m+ 1, we may also determine the sign of

the unit normal field v by requiring that if eq, ..., e,, is a positive basis of T, M, then

€1,...,em,V is a positive basis of T,,/N. Suppose now that N = R", i.e. that M is an

oriented hypersurface of R™. Let p : TR™ — R™ map each fiber of TR" isomorphically
onto R”, in the usual canonical manner, i.e. by parallel transport into the origin.

Definition 3.6.4. pov : M — S"~ ! is called the Gauss map of M.

The Gauss-Kronecker curvature, i.e. the Jacobian of dv(x) : T, M — T, M, then
becomes the Jacobian of the Gauss map. It thus measures the infinitesimal volume
distortion of M by the Gauss map. Theorem 3.6.2 allows an easy computation of

the curvature of the sphere S™ C R"*!. Namely, for z = (z!,...,2""!) € S", a unit
normal vector v(z) is given by
.0
v(z) =a'—.
(x) py

Furthermore,
R+ 0 0 0
2 V(@) = oxJ (@ )axi ~ Ozi’

oz

Since we have already seen that the isometry group of S™ operates transitively on S™,

we may consider w.l.o.g. the north pole (0,0,...,0,1). %, e % are tangential to
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S™ at this point. It follows that

and

(3 725) = (g7 ) =

(r"( 0 9 ) 0o 9 ) = Sdie — Sixdje. (3.6.11)

dxi’ dxi ) dxk B’
In particular, the sectional curvature is 1.
We also obtain the formula

We conclude

R(X,Y)Z = (Y, Z)X — (X, Z)Y. (3.6.12)

We want to consider a particular class of submanifolds in more detail, namely those
that are critical points of the volume functional.

Let M be an m-dimensional submanifold of N, with frame €1, ..., &, coframe
7', ..., 7™ and volume form 7 as before, and let
®:M— M
be a diffeomorphism. Let ey, ..., e, be a frame on M, 7 the volume form.
Then

Vol (M) = / 77’

M

M

= / <I>*771/\.../\<I>*ﬁm’ (3.6.13)
M

= / [Poer AL A <I>*em|n‘
M

B / <‘I)*€1/\.../\‘I)*enuq)*el/\---/\(I)*em>%77 :
M

We now consider a more special situation. We define a local variation of M to be a
smooth map
F:Mx(—e,e)—= N (e6>0)

with

supp F':={ax € M : F(z,t) #x for some t € (—¢,¢)} (3.6.14)
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being a compact subset of M and
F(x,0) =« forallze M.

For small enough |¢|,®,(-) := F(-,t) then is a diffecomorphism from A onto a sub-
manifold M; of N, by the implicit function theorem. We assume that € > 0 is chosen
so small, that this is the case for all ¢ € (—¢,¢). Since the subsequent computations
are local, we also assume that {x € M : F(z,t) # «} is orientable and that eq, ..., e,
is a positively oriented orthonormal basis.

The variation of volume then is (by (3.6.13))

Lol (@4 (M) 1

dt
d 1
= % <(I)t*el /\---/\q)t*emaq)t*el /\---/\q>t*em>2mt:0
M
B Em:/ (Preer Ao A S Ppea Ao APpen, P A A Dyien,)
a—1 M |<I)t*61 /\.../\<I>t*em| mt=0~
Putting
0
X = &q)t\t:()’
we obtain

d
%VOl(q)t(M))\t:O

_i/ <61/\.../\VQLX/\.../\em,el/\.../\em>
a=1 M

ler Ao A el

Namely, if ¢, (s) is a curve on M with ¢, (0) = 2, ¢, (0) = eq, and ¢, (s,t) = Pi(ca(s)),
then

0
Qien = %Ca(sv t)ls:O

and

0 0 0

_(bt*eahzg = _sca(sa t)\s:t:O

ot
0 0
= %aca(sa t)\s:t:O

== Vjé X| s=0
=viXx.
Therefore,

d
— Vol (®(M)) =0 = [ (VY X,ea)n
dt 0 /M (3.6.15)

= / {ea (X, eq) — (X, Vé\iec&}n-
M
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Now eo (X, eq) = div X7, and since X vanishes outside a compact subset of M (see
(3.6.14)), we have by Gauss’ theorem

/ eal{X,eq) =0.
M

As in the proof of Lemma 3.3.4 3), we may assume that at the point under consider-
ation

Vfgea =0.
We then obtain from (3.6.15)
d
ﬁVol(fbt(M))‘t:O = —/ (X, Vleq) m. (3.6.16)
M

We conclude
Theorem 3.6.4. A submanifold M of the Riemannian manifold N is a critical point

of the volume function, i.e.

d
7 Vol (2(M)) o = 0 (3.6.17)

for all local variations of M if and only if the mean curvature H, of M wvanishes for
all normal directions v.

Proof. We choose an orthonormal basis vy,...,v; (k =n —m) of T,M* for x € M
and write
X+ =gy, (3.6.18)
Then
(X, Ve =& xS, =méH,,. (3.6.19)

Since every section X of TM' over M with compact support on M defines a local
variation
F(x,t) :=exp, tX(z)

of M, (3.6.17) holds if and only if (3.6.19) vanishes for all choices of &/, and the con-
clusion follows. O

Definition 3.6.5. A submanifold M of the Riemannian manifold N is called minimal
if its mean curvature H, vanishes for all normal directions v.

We want to consider a somewhat more general situation. We let M and N be
Riemannian manifolds of dimension m and n, resp., and we let

f:M—N
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be an isometric immersion. This means that for each p € M, there exists a neighbor-

hood U for which
f:U— f(U)

is an isometry (f(U) is equipped with the metric induced from N). The point here is
that f(M) need not be an embedded submanifold of N but may have self-intersections
or may even be dense in N. We may then define local variations F(z,t) : M — N with
F(x,0) = f(x) as before, and f(M) is critical for the volume functional if and only if
its mean curvature vanishes, in the sense that for all U as above, f(U) has vanishing
mean curvature in all normal directions. Such an f(M) then is called an immersed
minimal submanifold of N. We now want to write the condition for the vanishing of
the mean curvature, namely

(Ve =0 (3.6.20)

in terms of f.
For that purpose, we introduce normal coordinates at the point z € M under
consideration, i.e. at x

(3.6.21)

fora,f=1,...,m.
Here , VM is the Levi-Civita connection of M, and because f is an isometric
immersion, for all X and Y € T, M,

VY = Vi £y = (VN 4 £.Y)T by Theorem 3.6.1. (3.6.22)

(This fact may also be expressed by saying that V* is the connection in the pull back
bundle f*(Tf(M)) induced by the Levi-Civita connection of N.)

0 aft o
om g () = 0
ox™ Ox® O f*
where (f1,..., f®) now are local coordinates for N near f(x). Thus, for a function

¢ N =R, (ea(p)(f(2)) = goapo f(z).

Then, computing at x,

(Vi ea)t =Vie, by (3.6.21), (3.6.22)

_ O 0 oftoft, 0

(©022)2 9f7  9ue 9z " OfT

Here, sz are the Christoffel symbols of V.
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We conclude that f(M) has vanishing mean curvature, i.e. (3.6.20) holds if and

only if
o2 fj y afz aflc
@ T (@) s oma

=0 forj=1,...,n. (3.6.23)

(3.6.23) requires that the coordinates are normal at x. In arbitrary coordinates,
(3.6.23) is transformed into

o ot
Ox> Ozb

—Apr I+ AP ()T, (f () =0 forj=1,...,n, (3.6.24)
where Ay is the Laplace-Beltrami operator of M (see §2.1) and (Vag)a.g=1,...m iS
the metric tensor of M.

In §7.1, solutions of (3.6.24) will be called harmonic maps. Thus, an isometric
immersion is minimal if and only if it is harmonic.

A consequence of (3.6.24) is

Corollary 3.6.2. The one dimensional immersed minimal submanifolds of N are the
geodesics in N. O

We now consider the case where N is Euclidean space R". In Euclidean coordi-
nates, all Christoffel symbols I/, vanish, and we obtain

Corollary 3.6.3. An immersed submanifold of R™ is minimal if and only if all coor-
dinate functions are harmonic (w.r.t. the Laplace-Beltrami operator of the submani-
fold induced by the ambient Euclidean metric). In particular, there are no nontrivial
compact minimal submanifolds of Fuclidean space.

Proof. The first claim follows from (3.6.24). The second one follows from the fact that,
on a compact manifold, every harmonic function is constant by Corollary 2.1.2. And
a manifold whose coordinate functions are all constant is a point, hence trivial. [

There is, however, a multitude of noncompact, but complete minimal surfaces
in R3. Besides the trivial example of a plane, we mention:

1) The catenoid, given by the coordinate representation
f(s,t) = (cosh scost,cosh ssint, s).

2) The helicoid, given by the coordinate representation

f(s,t) = (tcoss,tsins, s).

3) Enneper’s surface, given by the coordinate representation

F(s.1) s s3+st2 t+t3 2t s2 12
ss)=(2-=4 " 4 22 .
’ 2 6 2’
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We leave it as an exercise to the reader to verify that these have vanishing mean
curvature and hence are minimal surfaces indeed.

In order to obtain a further slight generalization of the concept of a minimal
surface in a Riemannian manifold, we observe that (3.6.24) is not affected if the
operator occuring in that formula is multiplied by some (non-vanishing) function.
In order to elaborate on that observation, we assume that X is a two dimensional
Riemannian manifold and that coordinates z!, 22 are chosen on ¥ for which 52r and
-9 are always orthogonal and of the same length w.r.t. the metric (-, )~ of 3, ie.

Oz?
(Gr5), = (5 )y

.6.2
< PO > » (3.6.25)
Azl a2/
This is equivalent to the metric v being represented by
N (2)(drt ® dat + do? @ da?) (3.6.26)

with some positive function \%(z) (z = (2!, 22)). Moreover, the precise value of A\?(x)

is irrelevant for (3.6.25).
In those coordinates, (3.6.24) becomes, for an isometric immersion f : ¥ — N,

L (2 o of Of*  9f 9"\ _,
v o)) ="

T (5555
(Ox1)? + (0x2)? +n(f() Ozl Ozt Ox? Oa?
and since as observed the factor v;(x) is irrelevant, this becomes

T T o ort o ot

(0z1)2 " (922)2 + L5 (f(2)) <8x1 e T 92 8962) =0. (3.6.27)

Since f is required to be an isometric immersion, (3.6.25) becomes

af af of 9f
) =\ ) 0
(57 523) =0

where now the metric is the one of V.
In order to provide a conceptual context for a reformulation of the preceding
insights, we state

Definition 3.6.6. A surface X with a conformal structure is a two dimensional dif-
ferentiable manifold with an atlas of so-called conformal coordinates whose transition
functions z = ¢(z) satisfy

dz' @ dz' + d2? ® d2? = p%(2) (det @ da' + do? ® dx?) (3.6.29)
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(z = (2%, 2%),2 = (21, 2?)), for some positive function p?(z). A map f: 3% — N

from a surface ¥ with a conformal structure into a Riemannian manifold N is called
conformal if in conformal coordinates always

<%’%> = <%’%> and <%7%> =0. (3.6.30)

In order to interpret (3.6.29), we compute
dz' @ dz' +d2? @ dz? = (phipl, + 9202, )da' @ dal.
(3.6.29) then implies
0p' 0p' | 002 0p% _ D¢l 0p' | 0p” 0p?
Ozl dxt  Oxt Oxt 022 0x%  Ox? Da?
and

o' o' 0p? 0p® 0
Ozt 0z2 ~ Oxl! 022
Thus, the coordinate transformations are conformal in the Euclidean sense. A spe-
cial case of a surface with a conformal structure is a Riemann surface as defined in
Definition 8.1.1 below.
We also observe that (3.6.30) is independent of a particular choice of conformal
coordinates, by a computation analogous to the one just performed.

Definition 3.6.7. Let ¥ be a surface with conformal structure, N a Riemannian
manifold.
A (parametric) minimal surfacein N is a nonconstant map f : ¥ — N satisfying

(3.6.27) and (3.6.28).

This definition includes the previous definition of a minimal surface, i.e. a
twodimensional minimal submanifold of N. Namely, the pull back (f*g)ag of the
metric tensor g;; of IV is given by

Lo - <8axf‘” 865;>’

and if f is conformal, i.e. satisfies (3.6.28), then
Yap(@) = N (2)0ag

for some function \2(x).

If \2(z) # 0, this is the situation previously discussed, and the vanishing of the
mean curvature of f(X) was shown to be equivalent to (3.6.27). A?(z) # 0 means that
the derivative of f has maximal rank at x, and thus is a local immersion. Therefore,
the only generalization of our previous concept admitted by Definition 3.6.7 is that
we now include the degenerate case where

(2. 2y =0- (2. 2)

dat 92’ 9z

S (3.6.31)
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at some (but not all) points of X.
It may actually be shown that this can happen at most at a discrete set of points.

Perspectives. The theorema egregium of Gauss was the starting point of modern differ-

ential geometry. It provided the first instance of a nontrivial intrinsic differential invariant

of a metric, and it motivated Riemann’s definition of sectional curvature. For more de-

tails, we refer to [76]. In that textbook, also parametric minimal surfaces in R® are treated.

For a comprehensive treatment of minimal surfaces, we refer to the monographs [60], [205].

A good reference for minimal submanifolds of arbitrary dimension and codimension is [269].
Some further discussions about minimal surfaces may be found in Chapter 7.

Exercises for Chapter 3

1. Compute the transformation behaviour of the Christoffel symbols of a connec-
tion under coordinate transformations.

2. Let F be a vector bundle with fiber C" and a Hermitian bundle metric. Develop
a theory of unitary connections, i.e. of connections respecting the bundle metric.

3. Show that each vector bundle with a bundle metric admits a metric connection.

4. Let ¢ € M, D a flat metric connection on a vector bundle E over M. Show that
D induces a map m1 (M, z9) — O(n), considering O(n) as the isometry group of
the fiber E,,.

5. Let S™ := {x € R""! : |z| = r} be the sphere of radius . Compute its curvature
tensor and volume.

6. Consider the hyperboloid in R? defined by the equation
2249y —22=—-1,2>0
and compute its curvature.

7. Verify that the catenoid, the helicoid, and Enneper’s surface are minimal sur-
faces.

8. Determine all surfaces of revolution in R? that are minimal. (Answer: The
catenoid is the only one.)

9. Let F: M™ — R™*! be an isometric immersion (m = dim M). Give a complete

derivation of the formula
AF =mn

where A is the Laplace-Beltrami operator of M and 7 is the mean curvature
vector of F(M).
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10. Let F : M™ — S™ C R™*! be an isometric immersion. Show that F(M) is
minimal in S™ if and only if there exists a function ¢ on M with AF = ¢F and
that in this case necessarily ¢ = m.

11. Show that for n > 4, there exists no hypersurface (i.e. a submanifold of codi-
mension 1) in R™ with negative sectional curvature.

12. Verify the formula @ = cl o V given in §3.4.



Chapter 4

Geodesics and Jacobi Fields

4.1 1st and 2nd Variation of Arc Length and Energy

We start with a preliminary technical remark:

Let M be a d-dimensional Riemannian manifold with Levi-Civita connection V.
Let H be a differentiable manifold, and let f : H — M be smooth. In the sequel, H
will be an interval I or a square I x I in R2. Since f is not necessarily injective, it is
not always possible to speak in an unambiguous way about the tangent space to f(H)
at a point p € f(H), even, if f is an immersion. Let for example p = f(x) = f(y) with
x # y. If fis an immersion, we may restrict f to sufficiently small neighborhoods U
and V of x and y such that f(U) and f(V) have well defined tangent spaces at p.
Thus, in a double point of f(H), the tangent space can be specified by specifying the
preimage (x or y). This can be formalized as follows: We consider the bundle f*(T'M)
over H, pulled back by f. The fiber over € H here is T, M. This process already
has been treated in a more general context in Definition 1.8.5. We now introduce a
connection f*(V) on f*(TM) by putting for X € T, H, Y a section of f*(TM),

(here, f*(T'M), is identified with Ty, M).

As in §3.4, in order that the right hand side is well defined, Y first has to be
extended to a neighborhood of f(H); as in §3.4, however, it turns out that the result
will not depend on the choice of extension. In the sequel, instead of (f*V), we shall
simply write V, since the map f will be clear from the context.

A section of f*(TM) is called a vector field along f. An important role will be
played by vector fields along curves ¢ : I — M, i.e. sections of ¢*(T'M).
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Let now c¢ : [a,b] — M be a smooth curve, € > 0. A variation of ¢ is a differen-
tiable map F : [a,b] X (—¢,&) — M with F(t,0) = ¢(t) for all ¢ € [a, b]. The variation
is called proper if the endpomts stay fixed, i.e. F(a,s) = c( ), F'(b,s) = c(b) for all
s € (—e,¢e). We also put cs(t) =c(t,s) := F(t s), ¢(t, s) == 8t c(t, s) (more precisely,
dF(%)c(t,s)) (t,s) = £c(t, s) (more precisely dF(%)c(t,s)).

As in §1.4, let L(v) and E(y) denote the length and the energy of a curve .
The following lemma is a reformulation of formulae from §1.4. Here, we want to give
an intrinsic proof. For simplicity, we shall write L(s), E(s) in place of L(cs), E(cs)
resp.

Lemma 4.1.1. L(s) and E(s) are differentiable w.r.t. s, and we have

b (o sy (Vi)
! _ ot o ot
L'(0) _/a ( . w0 )dt, (4.1.2)

b
E'(0) = (¢ (b,0), (b, 0)) — (¢(a,0),é(a, 0)) — /<%,V%%(t,s)>dt. (4.1.3)

N

Proof.

1
2
1
2
’ e de
= / <Vg —(t,s), = (1, )> dt since V preserves the metric!

b
= / <V@%(t,s), %(t s))dt since V is torsion free

= [ (o5, Z0.9) ~ (29 4, 2 ,)) ) ar

- %%)li_z—/:<%7V§,g—§(t’5)>dt7

Oc s dc s
4y - [ OpEe0 ),
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O

In the special case where ¢ = ¢ is parametrized proportionally to arclength, i.e.
l¢(t,0)|| = const., (4.1.2) becomes

L'(0) =

<<c/ Az =0 — /ub(c’,véaté)dt) (4.1.4)

[N

éé

Lemma 4.1.1 implies that ¢ is stationary for E (w.r.t. variations that keep the end-
points fixed) and if parametrized proportionally to arc length, also stationary for L
if and only if

V o é(t,0) = 0. (4.1.5)

We recall that V o stands for Vp( 2 ); now dF(2) = Ze(t,s) = ¢, and (4.1.5), as to
be expected is the equation for ¢ belng geodesic.

For the case where ¢ = ¢g is geodesic, we now want to compute the second

derivatives of E and L at s =0:

Theorem 4.1.1. Let ¢: [a,b] — M be geodesic. Then

b b
E"(0) :/ (V%c’(t,()),v%c’(tﬂ))dt—/ (R(¢, ) é)dt o= o—i-(Vac A= ZZ -
(4.1.6)

and with ¢+ = ¢ — (|—§”7c’>ﬁ (the component of ¢’ orthogonal to ¢),

An important point is that for a geodesic ¢, the second variation depends only
on the first derivative %c(t,s)|s:0 of the variation, but not on higher derivatives.
This fact will allow the definition of the index form I below.
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Proof. According to the formulae of the proof of lemma 4.1.1,

d? b9 de de
@E(s):/a (Vg o(t,), St Yt
b de de
/ <va a—( s), V%%(t,s»dt

b
+/ <V%V tg (t,s), gi(t,s)>dt again,

since V is metric and torsion free
b
dc Oc
- / <V%as( ,s),Vga(t,s» dt

b
dc Oc
/G<Vaatvaasa(t s), at(t,s)>dt

— /b<R(%, gz> gz g§> dt by definition of R.

Since ¢ is geodesic, we have V o %(t7 0) = 0, and conclude
ot

e de

/< b33 0) V4 5, 1.0)
80 80 Jc Oc

/ ot as ' D5 8t>dt

< 6@%>‘tb50

s=0

o5 0s’ t=a,s=0
Similarly,
2 Vo 2(t,s),2(,s
L= [ 2<< 0140 it )>>dt
ds a s < (t 5)7 ot (t 5)> s=0

s=0

(95 20,00,V 5 2 0.0)) at - Ab<3(%,g)g,g_;>dt
+{v4 2— ol

<<V%%(t,0),%(t,0)>)2dt

V%(C/*Qﬁn’ >_|) V%(C/*<u_§n’cl>ﬁ)>dt

(
[ ol 505 S (o e
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Also
. N o\ . / . / . / . / . .
(R(¢, ), e) = <R(c,c — <H_2H’C >ﬁ)(c — <”—zH,c >m), c> ,
so that for the second variation of L through a proper variation, only the component
of the variation vector field % orthogonal to ¢ appears. O

In the same manner, we may consider closed geodesics ¢ : S — M. The formu-
lae for the second variations of F and L then of course do not contain any boundary
terms anymore. Otherwise, they remain the same.

We can already draw some consequences:

If the sectional curvature of M is nonpositive, the curvature term in the second
variation formula is always nonnegative, because of the negative sign in front of it.
The first term only vanishes for parallel variations and is positive otherwise. If we
consider a proper variation that is nontrivial, i.e. ¢’ # 0, we get j—iE(O) > 0, hence
E(cs) > E(co) for sufficiently small |s|. We conclude

Corollary 4.1.1. On a manifold with nonpositive sectional curvature, geodesics with
fized endpoints are always locally minimizing.

(Here, “locally minimizing” means that there exists some § > 0 such that for
any (smooth) curve v : [a,b] — M with v(a) = c¢(a),v(b) = ¢(b) and d(y(t),c(t)) <4
for all ¢t € [a,b], we have E(v) > E(c).)

Proof. Let ¢: [a,b] — M be a smooth geodesic, and let 7 : [a,b] — M be another curve
with v(a) = ¢(a), v(b) = ¢(b), and such that for no ¢ € [a, b], the distance between (t)
and c(t) exceeds the injectivity radius of ¢(t). We may then find a smooth geodesic
interpolation between ¢ and v, namely the family c(t,s) := exp. sexp;é) ~(t), ie.
a family that satisfies c¢(¢,0) = ¢(t),c(t, 1) = ~y(t) for all ¢ € [a,b], and for which all
the curves c(t, s) for fixed ¢ and s varying in [0, 1] are geodesic. Thus, %2 9¢(¢,s) = 0
for all ¢ and s, and from the proof of Theorem 4.1.1 %E(s) > 0 for all s € [0,1],
not only for s = 0. Since 4 E(s)s_o = 0 as c is geodesic, we conclude E(v) > E(c).
(Since we may assume that v is parametrized proportionally to arclength, we also get
L(v) > L(c)) 0

Although it is a general fact that sufficiently short geodesics are minimizing
(cf. §1.4), on a positively curved manifold, longer geodesics need not be minimizing
anymore, as is already seen on S2.

Similarly,

Corollary 4.1.2. On a manifold with negative sectional curvature, closed geodesics
are strict local minima of E (and L) (except for reparametrizations).

Proof. For each variation normal to ¢ the curvature term is positive, because of the
negative sign in front of it. O
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On a manifold with vanishing curvature, geodesics are still minimizing, but not
necessarily strictly so anymore, as the example of a flat torus or cylinder shows.
On a manifold with positive curvature, closed geodesics in general do not minimize
anymore, see S2 again. We want to derive a global consequence of this fact.

Theorem 4.1.2 (Synge). Any compact oriented even-dimensional Riemannian man-
ifold with positive sectional curvature is simply connected.

Proof. Otherwise, there exists a nontrivial element of 71 (M, xo) (let zog € M be the
base point). Let this element be represented by a closed curve v : ST — M. v cannot
be homotopic to a constant curve even if we do not keep the base point fixed. On
the other hand, by Theorem 1.5.1, v is homotopic to a closed geodesic ¢ of shortest
length (and smallest energy) in this free homotopy class. Thus, ¢ : S' — M cannot
be a constant curve.

Parallel transport P along ¢ from ¢(0) to ¢(27) = ¢(0) is orientation preserving
and leaves the orthogonal complement F of ¢(0) invariant. Since E has odd dimension
(since M has an even one), there exists a vector v € FE with Pv = v.

Let now X be the parallel vector field along ¢ with X (0) = v. We consider a
variation ¢ : St x (—¢,¢) : (t,8) — c(t,s) of ¢ with ¢/(¢,0) = X () for all ¢.

Since ¢ is geodesic, E'(0) = 0. Since X is parallel and X (0) = X (27),

E”(O):/O ﬁ(VgX(t),VgX(t))dt—/o "(R(e, X)X, )t
S / ZW(R(C',X)X, &yt
0
< 0.

Hence
E(cs) < E(c) for sufficiently small s,

and ¢ cannot have least energy in its homotopy class.
This contradiction proves the claim. O

Remark. The previous reasoning would have applied to L instead of E as well.

Let now X be a vector field along ¢, i.e. a section of ¢*(T'M); in the sequel, ¢
will always be geodesic. There exists a variation ¢ : [a,b] X (—¢,&) — M of ¢(t) with

Oc _
0_s|s:0 =X
We put
b
I(X, X) = / ((v%x Vo X) — (R(&, X)X, c'>) dt,
ie.

I(X,X) = j—;E(O), if X(a) =0=X(b).
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Instead of a 1-parameter variation ¢(t, s), we may also consider a 2-parameter variation

and put (Y := 2¢)

HXY%/%WiXNEY><R@XﬁRMﬁ. (4.1.8)

I(X,Y) is bilinear and symmetric in X and Y (by (3.3.10)).
Definition 4.1.1. [ is called the index form of the geodesic c.

For a vector field X along ¢ that is only piecewise differentiable, we define
I(X,X) as the sum of the respective expressions on those subintervals where X is
differentiable. Each piecewise smooth vector field X along ¢ may be approximated by
smooth vector fields X, in such a manner that I(X,,, X,,) converges to I(X, X). For
technical purposes, it is useful, however, to consider piecewise smooth vector fields.
A variation that is piecewise C? gives rise to a piecewise C! vector field, and vice
versa.

4.2 Jacobi Fields

Definition 4.2.1. Let ¢ : I — M be geodesic. A vector field X along c is called a
Jacobi field if
V%V%X-FR(X,C')C':O. (4.2.1)

As an abbreviation, we shall sometimes write
X:VAX, XZViViX,
dt dt dt

(4.2.1) then becomes )
X+ R(X,8)e=0. (4.2.2)

Lemma 4.2.1. A vector field X along a geodesic ¢ : [a,b] — M is a Jacobi field if
and only if the index form of ¢ satisfies

I(X,Y)=0
for all vector fields Y along ¢ with Y (a) =Y (b) = 0.

Proof.
b
IXY) = [ (9 4X.94¥) — (ROGEY))
using the symmetries of the curvature tensor
b
= [V VXY~ (ROXOEY ) de,

since V is metric and Y (a) = 0 = Y (b),
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and this vanishes for all Y if
V%V%Xﬁ-R(X,C')é:O

holds (by the fundamental lemma of the calculus of variations). O

Lemma 4.2.2. A vector field X along the geodesic ¢ : [a,b] — M is a Jacobi field if
and only if it is a critical point of I(X,X) w.r.t. all variations with fized endpoints,
i.e. i
d—I(X +5Y, X 4+ 5Y)|5=0 =0
s
for all vector fields Y along ¢ with Y (a) =0 =Y (b).

Proof. 'We compute

dif(X +8Y, X 4 5Y)|5=0 =
s

b
2/ (=(VaVoX.Y)—(R(X,é)¢,Y))dt by the proof of Lemma (4.2.1).
O

The Jacobi equation thus is the Euler-Lagrange equation for
I1(X):=1(X,X).

More generally, one can consider the second variation for each critical point of a
variational problem. The second variation then is a quadratic integral in the variation
vector fields, and the second variation may hence be considered as a new variational
problem. This new variational problem is called accessory variational problem of the
original one. Most of the considerations of this Paragraph may be generalized to such
accessory variational problems.

We now want to prove existence and uniqueness of Jacobi fields with given initial
values. For this purpose, we shall simply interpret the Jacobi equation as a system
of d(= dim M) linear second order ODEs.

Lemma 4.2.3. Let c: [a,b] — M be geodesic. For any v, w € Tyq)M, there exists a
unique Jacobi field X along ¢ with

Proof. Let vi,...,vq be an orthonormal basis of T,,)M. Let Xy,..., Xy be paral-
lel vector fields along ¢ with X;(a) = v;, ¢ = 1,...,d. Then, for each t € |[a,b],
X1(t),...,X4(t) is an orthonormal base of Tr(;) M. An arbitrary vector field X along
c is written as

X=X (€)= (X(1),X:(t).
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Since the vector fields X; are parallel, we have

d2§Z

de¢t
X =
dt?

V% 7

=X, VaVaX=—2X,

We likewise write the curvature term in (4.2.1) as a linear combination of the X}, :
R(X;, )¢ = pf X3

and then also
R(X,é&)é = €' pi Xy,

The Jacobi equation (4.2.1) now becomes

d2 k .
( < +§pr> X =0,

dt?
i.e. a system of d linear 2nd order ODE

d*€h(t)

o EWpkty=0, k=1,....d,

and for such systems, the desired existence and uniqueness result is valid. O

It is easy to describe those Jacobi fields that are tangential to c.

Lemma 4.2.4. Let ¢ : [a,b] — M be geodesic, A\, € R. Then the Jacobi field X
along ¢ with X (a) = Aé(a), X (a) = pé(a) is given by

X(t) = A+ (t —a)p)e(t).

Proof. Directly from (4.2.1), since R(¢, ¢) = 0 because of the skew symmetry of R. [

Thus, tangential Jacobi fields do not depend at all on the geometry of M, and
hence, they cannot yield any information about the geometry of M. Consequently,
they are without any interest for us. We shall see in the sequel, however, that normal
Jacobi fields are extremely useful tools for studying the geometry of Riemannian
manifolds.

Ezamples.

1. In Euclidean space R", geodesics are straight lines. Jacobi fields are linear:
Namely, the Jacobi field X along a straight line ¢ with ¢ mit X (a) = v, X (a) = w
is given by

X(t)=V(#)+ (t —a)W(t), (4.2.3)

where V(t) and W (t) are parallel fields along ¢ with V(a) = v, W(a) = w.
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2. 8" C R"L Let ¢: [0,7] — S™ be geodesic with ||¢]| =1, v,w € ToyS™, V,W
parallel vector fields along ¢ with V(0) = v, W (0) = w. Assume (v,¢(0)) =0 =
(w, ¢(0)). We claim that the Jacobi field X with X (0) = v, X(0) = w along ¢ is
given by

X(t)=V(t)cost + W (t)sint. (4.2.4)

Namely, since V' and W are parallel,
X(t) = =V (t)sint 4+ W (t) cost
—V(t)cost — W(t)sint.

=
~

S
I

By (3.6.12),
R(X,¢)é = (6,6)X — (X, é)é = X, since (¢,¢) =1

and since v and w, hence also V' and W are orthogonal to ¢.

Hence, )
X+ R(X,¢)e =0,

and X indeed is a Jacobi field.

Arbitrary initial values that are not necessarily orthogonal to ¢ may be split
into a tangential and a normal part. The desired Jacobi field then is the sum of the
corresponding tangential and normal ones, because as (4.2.1) is linear the sum of two
solutions of (4.2.1) is a solution again.

If more generally ||¢|| = u, the Jacobi field with initial values v, w normal to ¢
is given by

X(t) = V(t)cos(ut) + W (t)sin(ut). (4.2.5)

If we consider more generally the sphere
Sy ={re R |z| = p}
of radius p, then the curvature is given by
R(X,Y)Z = /%((Y, 2)X — (X, 2)Y)
and the Jacobi field with initial values v, w normal to ¢ with ||¢]| =1
X(t)=V(t) cos% + pW (t) sin % (4.2.6)
Theorem 4.2.1. Let ¢ : [0,T] — M be geodesic. Let c(t,s) be a variation of c(t)

)
(c(-,+) : [0,T] x (—e,&) — M), for which all curves c(-,s) =: ¢s(-) are geodesics, too.
Then,

X(t):= %c(t,S)p:o

is a Jacobi field along c(t) = co(t). Conversely, every Jacobi field along c(t) may be
obtained in this way, i.e. by a variation of c¢(t) through geodesics.
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Proof.

dc Oc) Oc
= — — — = | = finiti f
VQVQ » R <6‘5’ 8t> 3t oo by definition of R

dc Oc\ 0
=—-R <8_Z’ a—;) 3_;5:0’ since all curves cs are geodesic

Oc\ Oc "
=—-R <X, E) a5 by definition of X.

Thus, X indeed is a Jacobi field.

Conversely, let X be a Jacobi field along c(t). Let v be the geodesic v : (—¢,¢) —
M with v(0) = ¢(0),~/(0) = X(0).

Let V and W be parallel vector fields along v with

V(0) = ¢(0), W(0) = X(0).
We put
c(t, s) 1= exp. () (E(V (s) + sW(s))). (4.2.7)

Then all curves c(+, s) = ¢;(+) are geodesic (by definition of the exponential map), and
c(t,0) = exp,(g) t¢(0) = c(t). Thus, c(t, s) is a variation of c(t) through geodesics. By
the first part of the proof,
0
Y(t) = &C(tﬂg)lszo
then is a Jacobi field along cq. Finally,

0
Y(0) = &(exp’y(s) 0)[s=0
0
= %7(8)‘820
= X(0), by definition of

. 0
Y(O) = v% &C(t S)\s:()

=V o —c(t,5)5=0, since V is torsion free

5% Ot
= Vo (V(8) + sW(9)mo

=W (0) since V and W are parallel along ~y
= X(0).

Thus, Y is a Jacobi field along ¢y with the same initial values Y'(0),Y(0) as X. The
uniqueness result of Lemma 4.2.3 implies X = Y. We have thus shown that X may
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be obtained from a variation of ¢(t) through geodesics. O

The computation at the beginning of the previous proof reveals the geometric
origin of the Jacobi equation:
Let ¢(t,s) = cs(t) be a family of geodesics parametrized by s, i.e.

dc
Vgg(t,s) =0 foralls.

Then also

Jdc
at (tv S) - 07
and this implies that X (¢) = %(t, 5)|s—=0 satisfies the Jacobi equation. Consequently,
the Jacobi equation is the linearization of the equation for geodesic curves. This
also illuminates the relation between Jacobi fields and the index form. If one has
in particular a proper variation of a geodesic through geodesics, then also the 2nd
derivative of the length and energy functionals w.r.t. the family parameter vanish.
As an example, consider the family of great semicircles on S™ through two fixed
antipodal points, e.g. north pole and south pole. Here, the length is even constant
on the whole family.
The theory of Jacobi fields can be generalized to other variational problems, and
actually, this theory was already conceived by Jacobi in general form.

VoVa
ds at

Corollary 4.2.1. FEvery Killing field X on M is a Jacobi field along any geodesic ¢
i M.

Proof. By Lemma 1.9.7, a Killing field X generates a local 1-parameter group of
isometries. Isometries map geodesics to geodesics. Thus, X generates a variation of
¢ through geodesics. Theorem 4.2.1 then implies the claim. O
Corollary 4.2.2. Let ¢:[0,T] — M be a geodesic, p = ¢(0), i.e.
c(t) = exp, t¢(0).

For w € T,M, the Jacobi field X along ¢ with X(0) = 0, X(0) = w then is given by

X(t) = (Dexp,)(te(0))(tw) or, in different notation, Dy exp,(tw)  (4.2.8)
(the derivative of the exponential map exp, : Tp,M — M, evaluated at the point
té(0) € T,M and applied to tw).

Proof. c(t,s) := exp, t(¢(0) + sw) is a variation of c(t) through geodesics, and by
Theorem 4.2.1, the corresponding Jacobi field is

X(t) = %c(t7 $)js=0 = (D exp,)(té(0))(tw),
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and

X(0) = (Dexp,)(0)(0) =0,
X(0)=w (as in the proof of Theorem 4.2.1).

O

Consequently, the derivative of the exponential map can be computed from
Jacobi fields along radial geodesics.

Corollary 4.2.2 yields an alternative method for a quick computation of the
curvature tensor of S™. Let xg € S™, z € T, S™ with ||z|| = 1. The geodesic ¢ : R — S"
with ¢(0) = xo, ¢(0) = z then is given by

c(t) = (cost)xg + (sint)z.
Let w € T,y S™, ||w|| =1, {(w,z) =0,
c(t,s) = (cost)xg + (sint)((cos s)z + (sin s)w)

then is a variation of ¢(t) through geodesics. Furthermore, the vector field along c¢(¢)
defined by W (t) = w is parallel (cf. Theorem 3.4.1). Hence, the corresponding Jacobi
field is

X(t) = %c(t,s)|5=0 = (sint)W(t) (cf. (4.2.4)).

We have )
X(t)+ X(t) =0.

The Jacobi equation then implies
X(t) = R(X(t),¢)c,
and in particular
(R(w,2)z,w) =1 = (w,w){z,2) — (w, z)>.
Lemma 3.3.3 implies
(R(u,v)w, z) = (u, 2){(v,w) — (u,w){v,z), ie. (3.4.13).
Another consequence is the so called Gauss lemma:

Corollary 4.2.3. Let p € M,v € T,M,c(t) := exp,tv the geodesic with c(0) =
p,¢(0) = v (t € [0,1]), assuming that v is contained in the domain of definition of
exp, . Then for any w € T,M

(v,w) = ((Dy exp,)v, (D, exp,)w), (4.2.9)

where D, exp,,, the derivative of exp,, at the point v, is applied to the vectors v and w
considered as vectors tangent to T,M at the point v.
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Proof. By Corollary 4.2.2,

X (t) = Dy, exp,(tw) (4.2.10)
is a Jacobi field along ¢, and _
X(0) =w,
and hence .
(v,w) = (¢(0), X (0)). (4.2.11)

We split X (¢) into a part X*" tangential to ¢ and a part X™°* normal to c.
By Lemma 4.2.4

Xt () = tpué(t), with X%(0) = ué(0). (4.2.12)
Hence
(v, w) = (¢(0), X**1(0)) with (4.2.11) and since
(e(t), X" (1)) =0
= (¢(1), X*"(1)) with (4.2.12)

= (¢(1), X (1)) since (¢(t), X' (1)) =0
= ((Dyexp,)v, (D, exp,)w) with (4.2.10).

O

(4.2.9) means that exp, is a radial isometry in the sense that the length of
the radial component of any vector tangent to T, M is preserved. If a curve y(s) in
T, M intersects the radius orthogonally, then the curve exp,v(s) in M intersects the
geodesic c(t) = exp, tv orthogonally as well. In particular, c(t) = exp, tv is orthogonal
to the images of all distance spheres in T),M.

Moreover, we may repeat Corollary 1.4.2:

Corollary 4.2.4. Let p € M, and let v € T,M be contained in the domain of defini-
tion of exp,,, and let c(t) = exp,, tv. Let the piecewise smooth curve vy : [0,1] — T, M be
likewise contained in the domain of definition of exp,,, and assume v(0) = 0,7(1) = v
Then

|v]| = L(exp, tvpepo,1)) < L(exp, o), (4.2.13)

and equality holds if and only if v differs from the curve tv,t € [0,1] only by repara-
metrization.

Proof. We shall show that any piecewise smooth curve v : [0,1] — T, M with v(0) =0
satisfies

L(exp, ) = vV, (4.2.14)

with equality precisely for those curves whose image under exp,, is the radius ty(1),0 <
t < 1. This will then imply (4.2.13).
We write

V() =r@)e(t) (r(t) € R, ¢(t) € T,M)
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with ||¢(t)|| = 1 (polar coordinates in T,,M). Applying the subsequent estimates on
any subinterval of [0, 1] on which ~ is differentiable, we may assume from the onset
that ~ is smooth everywhere.

We have

V() = #()e(t) +r()e(t)  with (p(t), ¢(t)) = 0.

Thus, by Corollary (4.2.2), also

(Dyyexpp(t), Dyyexpp(t)) =0, [[Dywyexpet)| = lle@)] =1,
and it follows that
I(exp, 07 ()| = (D exp, ) (3(6)
> 7 ()],

hence

Liexp, ) = / l(exp, o) ()lldt > / F(8)dt > r(1) - r(0) = [v(D,

with equality only, if ¢(¢) = 0 and r(¢) is monotone, i.e. if v(¢) coincides with the
radial curve ty(1),0 < ¢ < 1 up to reparametrization. O

We point out that alternatively, one can also prove Corollaries 4.2.3 and 4.2.4
with the arguments of the proofs of Theorem 1.4.5 and Corollary 1.4.2.

Corollary 4.2.4 by no means implies that the geodesic c(t) = exp,tv is the
shortest connection between its end points. It only is shorter than any other curve
that is the exponential image of a curve with the same initial and end points as the
ray tv,0 <t < 1.

4.3 Conjugate Points and Distance Minimizing
Geodesics

Definition 4.3.1. Let ¢: I — M be geodesic. For tg,t1 € I,tg # t1, ¢(to) and ¢(t1)
are called conjugate along c if there exists a Jacobi field X (¢) along ¢ that does not
vanish identically, but satisfies

X(to) =0 = X(t1).

Of course, such a Jacobi field X is always normal to ¢ (Lemma 4.2.4). If tg,¢; €
Ity # t1, are not conjugate along c, then for v € T, M, w € T, )M, there exists
a unique Jacobi field Y () along ¢ with Y (¢g) = v,Y (t1) = w. Namely, let J. be the
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vector space of Jacobi fields along ¢ (dim J. = 2dim M by Lemma 4.2.3). We define
a linear map
A Jc — Tc(to)M X Tc(tl)M

by
A(Y) = (Y(to), Y (t1)).

Since ty and t; are not conjugate along ¢, the kernel of A is trivial, and A is injective,
hence bijective as domain and range of A have the same dimension.

Theorem 4.3.1. Let ¢: [a,b] — M be geodesic.

(i) If there does not exist a point conjugate to c¢(a) along ¢, then there exists € > 0
with the property that for any piecewise smooth curve

g:la,b] =M
with g(a) = c(a), g(b) = c(b),d(g(t),c(t)) < e for all t € [a,b], we have

L(g) > L(e) (4.3.1)
with equality if and only if g is a reparametrization of c.

(i) If there does exist T € (a,b) for which c(a) and c(7) are conjugate along c, then
there exists a proper variation

c(t,s) : [a,b] x (—e,e) = M

with
L(cs) < L(c) for0<|s| <e (cs(t):=c(t,s)). (4.3.2)

Proof.

(i) We want to apply Corollary 4.2.4. We therefore have to show that in the absence
of conjugate points, for each curve as in (i), there exists a curve v as described
in Corollary 4.2.4. W.l.o.g. a =0,b=1. We put v := ¢(0).

By Corollary 4.2.2, since there are no conjugate points along ¢, the exponential
map exp,, is of maximal rank along any radial curve tv,0 < ¢ < 1. Thus, by
the inverse function theorem, for each such ¢, exp, is a diffeomorphism in a
suitable neighborhood of tv. We cover {tv,0 < t < 1} by finitely many such
neighborhoods ;4 =1,...,k; U; := exp,, ;.

Let us assume
t’UEQi for tii1 <t<t; (tOZO,tkzl).

If £ > 0 is sufficiently small, we have for any curve g : [0,1] — M satisfying the
assumptions of (i),
9([ti-1,t:]) C Ui (4.3.3)
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We now claim that for any g satisfying (4.3.3), there exists a curve « in T, M
with exp, v = g,7(0) = 0,7(1) = v.
For this, we simply put
(1) = (expyg,) " (g(t)) fortiog St <t;
~ then satisfies the assumption of Corollary 4.2.4, and we obtain (i).

(ii) Again, w.lo.g. a = 0,0 = 1. Let X be a nontrivial Jacobi field along ¢ with
X(0) =0= X (7). We have X (7) # 0, since otherwise X = 0 by the uniqueness
result of Lemma 4.2.3. Let now Z(t) be an arbitrary vector field along ¢ with

Z(0)=0=2Z(1),Z(r) = —X(7).

For n > 0, we put

1 -

Y, () = X(t)+nZ(t) for0<t<m,
2 -

Y (t) :=nZ(t) forT <t <1

Y. (t) = Y, (t) for0<t<m,
TR forr<t<L

With Z! := Z|[O,T]7Z2 = Z\[T,l] we have

(YY) = (X(7), 20Z(7)) + n*1(Z", Z")
= 2| X(")|* +n*1(Z", 2"
12, Y2 =0’ 1(Z2*,27).

Hence
I(Y,.Y,) = I(Y,),Y,)) + I(Y;2,Y;2) = =20|| X (7)||” + n°1(Z, Z)

for sufficiently small > 0. The variation c(t, s) := exp, sY;(t) then satisfies
(with L(s) := L(cs))

L'(0) =0,L"(0) = I(Y;,Yy) <0,
and the claim follows from Taylor’s theorem.

O

Theorem 4.3.1 (i) implies only that in the absence of conjugate points, a geodesic
is length minimizing when compared with sufficiently close curves. As is seen by
considering geodesics on a flat cylinder or torus that wind around more than once,
even when there are no conjugate points, a geodesic need not be the global shortest
connection between its end points.
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On the sphere S™, on any geodesic the first point conjugate to the initial point
is reached precisely after travelling a semi circle (see (4.2.4)). By Theorem 4.3.1
consequently each geodesic arc shorter than a great semi circle, i.e. shorter than m, is
locally length minimizing, whereas any geodesic arc on S™ longer than 7 is not even
locally the shortest connection of its end points.

For a curve ¢ : [a,b] — M let V. be the space of vector fields along ¢, i.e.

V, = D(c"TM),

and let V. be the space of vector fields along ¢ satisfying V(a) = V(b) = 0.

Lemma 4.3.1. Let ¢ : [a,b] — M be geodesic. Then there is no pair of conjugate
[e]

points along c if and only if the index form I of ¢ is positive definite on V..

Proof. Assume that ¢ has no conjugate points. Theorem 4.3.1 (i) implies

I(X,X)>0 forall X eV, (4.3.4)

because otherwise c(t, s) 1= exp.(;) sX (¢) would be a locally length decreasing defor-

mation. If I(Y,Y) = 0 for some Y € V., then by (4.3.4) for all Z € V., A € R,

0<I(Y =AZ,Y —=\Z) = =2\ (Y, Z) + N’ I(Z, Z),

and hence I(Y,Z) = 0 for all Z € V.. Lemma 4.2.1 then implies that Y is a Jacobi
field. Since there are no conjugate points along ¢, we get Y = 0. Hence, [ is positive
definite.

Now assume that for ¢, t1 € [a,b] (w.l.o.g. to < t1), c¢(to) and ¢(t1) are conjugate
along c. Then there exists a nontrivial Jacobi field X along ¢ with X (tg) = 0= X (¢1).
We put

0 for a <t < ty,
Y(t) = X(t) for to <t <ty,
0 for t; <t <b.
Then I(Y,Y) =0, and I is not positive definite. O

o
We now introduce the following norm on V. :

I1X| = (/ab(o'(,f() + (X,X>)dt>%. (4.3.5)

Let H ! be the completion of V., w.r.t. || -|.
Introducing an orthonormal basis {V;} of parallel vector fields (i = 1,...,d =
dim M) and writing
X =¢V,
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we have X = fiVi, and
b i 3
X1 = ([ @€+ i)

[e] e}
Hence, H ! can be identified with the Sobolev space H '2(I,R%). We now consider
the index form of ¢ as a quadratic form on H}! :

I:;Ii X I(-)Ii — R,
L (4.3.6)
I(X,Y) :/ (X,Y) — (R(¢, X)Y,¢))dt.

Definition 4.3.2. The indez of ¢, Ind (¢), is the dimension of the largest subspace
of H!

c)

on which I is negative definite, and the extended index of ¢, Ind¢(c), is the

dimension of the largest subspace of H !, on which I is negative semidefinite. Finally,
the nullity of c is
N(c) := Indy(c) — Ind (c).

Lemma 4.3.2. Ind (¢) and N(c) are finite.

Proof. Otherwise, there exists a sequence (X, )nen with
I(X,,X,) <0 (4.3.7)

and

b
[ X de = b (4.3.8)

for all n,m € N. ((4.3.8) means that (X,) is an orthonormal sequence w.r.t. the
L2-product.)
(4.3.7) and (4.3.8) imply

b
/ (X, X,,) < sup|R|E(c) (4.3.9)

(where R is the curvature tensor of M).
By (4.3.8) and (4.3.9)
| X.] < const. (4.3.10)

By Rellich’s Theorem (Corollary A.1.3), a subsequence converges in L2. This, however,
is not compatible with (4.3.8), since an orthonormal sequence cannot be a Cauchy
sequence. O

For t € (a,b] let J! be the space of Jacobi fields X along ¢ with X (a) = 0 = X (¢).

Lemma 4.3.3. N(c) = dim J®.
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Proof. From Lemma 4.2.1. O

‘We now want to derive the Morse Index Theorem.

Theorem 4.3.2. Let ¢ : [a,b] — M be geodesic. Then there are at most finitely many
points conjugate to c¢(a) along ¢, and

Ind(c) = Y  dim/, (4.3.11)
te(a,b)

Indg(c) = Y dimJ}. (4.3.12)
te(a,b]

Proof. For each t; € (a,b], for which ¢(¢;) is conjugate to c(a), there exists a Jacobi
field X; along ¢ with X;(a) = 0 = X;(t;). We put

X;(t) fora<t<t,
vty = {0 fora =1
0 otherwise.

The Y; are linearly independent, and I(Y;,Y;) = 0 for all 4. Therefore, the number of
conjugate points is at most Ind ¢(c), hence finite by Lemma 4.3.2.
For 7 € (a,b], we put

@(7) :== Ind (¢[a,r)), po(T) = Indo(c[a,7])-
(i) @(7) is left continuous.

(il) @o(7) is right continuous.

Proof of (i). For 7 € (a,b] let I be the index form of ¢, -). Let the vector field X
along ¢|[q,7) satisfy I (X, X) <0,[|X][| = 1. We consider the vector field X defined by
X(t) = X(Zt) on [a,o]. Then

|, oz = | (Z)T (XG0 X(G0)) e
() /0 (X(s), X (s) ds,

/<~( dt—>/ ))dt foro — .
0

Moreover, because of | X|| = 1, X is continuous by the Sobolev embedding theorem
(Theorem A.1.7). Hence, X also converges pointwise to X as o — 7, hence also

hence

/0<R(c', X)X, é)dt — /T(R(c',X)X, ¢ydt foro — 7.
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We conclude o
I,(X,X) = (X, X) forocd—r.

In particular, o
1,(X,X) <0, ifois sufficiently close toT.

For each orthonormal basis of a space on which I, is negative definite, we may thus
find a basis of some space on which I, is negative definite, provided o is sufficiently
close to .

Since ¢ is monotonically increasing, this implies the left continuity of ¢.

Proof of (ii). Let (Tn)nen C (a,b] converge to 7 € (a,b]. For each n € N, let X,
be a vector field along ¢, ) with || X,|| = 1 and I, (X, X,,) < 0. After selecting a
subsequence, X,, converges weakly in the Sobolev H? topology to some vector field
X along ¢|(q,7) (cf. Theorem A.1.9). Then

/ (X, X) dt < lim inf / (X, X,) dt.
0 n—oo Jo

Furthermore, by Rellich’s theorem (Corollary A.1.3), X, also converges
(strongly) in L2, hence

/ (R(¢, X)X, ¢)dt = lim (R(¢, X)X, ¢) dt.
0 n—oo 0
We conclude

I (X, X) <liminf I, (X,,X,) <0.

We also need to check that X does not vanish identically. Since I(X,, X,,) <0,
we have

/ (X'n,X'n>dtgn/ (X, X, dt,
0 0

where the constant x depends on the norm of ¢ and the curvature tensor R. Since
the Sobolev norm || X, || = 1, this implies that the right hand side cannot go to 0 as
otherwise so would the left hand side, and then also || X,| would go to 0. Since X,
converges strongly to X in L2, by Relich’s theorem, the L2-norm of X is positive as
well. Moreover, by a similar argument, if we have two such sequences (X}), (X?2),
with [ < X}, X2 > dt =0 for all n, then the same holds for the limits X', X?.

Since ¢( is monotonically increasing, this implies the right continuity of ¢g.

We can now easily conclude the proof of Theorem 4.3.2:

Let a < t; <ty < ... <t <bbe the points for which ¢(¢;) is conjugate to ¢(a).
Lemma 4.3.3 implies

wo(t) —@(t) =0 fort e (a,b\{t1,...,tx}- (4.3.13)

Hence
k

S dimJl= ) (polt) — (1) = (polti) — @lti).

te(a,b] te(a,b) i=1



200 Chapter 4 Geodesics and Jacobi Fields

Since ¢ is left continuous and g is right continuous, we have

(p()(ti) :<p(ti+1) (izl,...,k—l).

Hence
k

Z(Wo(ti) —¢(t:)) = po(tr) — @(t1).

i=1
Since ¢ is left continuous, Lemma 4.3.1 implies p(¢1) = 0. The continuity proper-
ties of ¢ and ¢ and (4.3.13) imply that ¢ and ¢ can jump only at those points 7
where ¢o(7) # ¢(7), i.e. at the conjugate points. In particular, ¢y is constant on
[ti,b], hence po(tr) = ¢o(b). Altogether, we conclude ¢o(b) = sumye(q,p dim JE, ie.
(4.3.12). (4.3.11) then follows with the help of Lemma 4.3.3. O

As an application of the second variation, we now present the Theorem of
Bonnet-Myers:

Corollary 4.3.1. Let M be a Riemannian manifold of dimension n with Ricci cur-
vature > X > 0, i.e.

Ric (X, X) > MX,X) for all X € TM.

Let M be complete in the sense that it is closed and any two points can be joined by
a shortest geodesic (cf. the Hopf-Rinow Theorem 1.7.1). Then the diameter of M is

less or equal to w4/ ”Tfl In particular, M is compact. Also, M has finite fundamental

group 71 (M).

Remark. The diameter is defined as

dlam(M) (= Ssup d(paq)7
p.q€EM

where d(-,-) denotes the distance function of the Riemannian metric.
The sphere
S™(r) = {x e R"™ : |2| =7}

of radius r has curvature %2, hence Ricci curvature ”;21 and diameter mr. We choose

r such that A\ = ";21. Corollary 4.3.1 then means that if M has Ricci curvature not
less than the one of S™(r), then the diameter of M is at most the one of S™(r).

Proof. For each p < diam(M), there exist p,q € M with d(p,q) = p and then by the
completeness assumption a shortest geodesic arc ¢ : [0, p] — M with ¢(0) = p, ¢(p) = q.
Let eq,...,e, be an orthonormal basis of T,M, e; = ¢(0). As usual, from this, we
may construct a parallel orthonormal basis

{C(t)aXZ(t)a cee 7X7L(t)}
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along c. With Y;(t) := (sin %t)Xi(t),i =2,...,n we have
P .
1037 = [ (07— (ROV e Ve
0

P gty e N
:/0 (sm —) (—2—<R(Xi,c)c,Xi>) dt.

p/\p

Since ¢ is the shortest connection of its end points, by Theorem 4.3.1 (ii), there is no
pair of conjugate points in the interior of ¢, and Lemma 4.3.1 implies

1(Y;,Y;) > 0 for all 4,

hence also

0< i[(yg,yi) - /Op (sin2 %t) (Zi(n ~ 1) - Ric (¢, c')) dt

T 14 9 7t
< - — — -
( 5 (n 1) )\) A S1n dt,

since the Y; form an orthonormal basis of the subspace of T,;)M normal to ¢. Con-

n—1

sequently, p < my/"5=, and since this holds for any p < diam(M), we obtain the

estimate for the diameter. The universal cover of M satisfies the same assumption
on the Ricci curvature. Hence, it is compact as well. This implies that the group of
covering transformations, i.e. 71 (M), is finite. O

4.4 Riemannian Manifolds of Constant Curvature

We have already met Euclidean spaces and spheres as Riemannian manifolds of van-
ishing and constant positive sectional curvature, resp. We now want to discuss hyper-
bolic space as an example of a Riemannian manifold with constant negative sectional
curvature.

For this purpose, we equip R"*! with the quadratic form

(r,z) = = ("2 + (@) + ...+ (@) (z= (..., 2")).

We define
H":={z ¢ R"™: (z,2) = —1,2° > 0}.

Thus, H" is a hyperboloid of revolution; the condition 2° > 0 ensures that H™ is
connected.
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The symmetric bilinear form
I:=—(dx®)* + (dz')* + ... + (dz™)?

induces a positive definite symmetric bilinear form on H". Namely, if p € H", T,H"
is orthogonal to p w.r.t. (-,-). Therefore, the restriction of I to T,H™ is positive
definite by Sylvester’s theorem. We thus obtain a Riemannian metric (-,-) on H™.
The resulting Riemannian manifold is called hyperbolic space.

Let O(n, 1) be the group of those linear self maps of R™*! that leave the form
(.,.) invariant. Those elements of O(n,1) that map the positive 2%-axis onto itself,
then also leave H™ invariant and operate on H™ by isometries. This is completely
analogous to the isometric operation of O(n + 1) on S™ C R"™1. As we have seen in
§1.4 for S™, we see here that the geodesics of H" are precisely the intersections of H"
with twodimensional linear subspaces of R"*1.

If p e H",v € T,H™ with ||v|| = 1, the geodesic ¢ : R — H" with ¢(0) =
p,¢(0) = v is given by

c(t) = (cosh t)p + (sinh t)v;

indeed,

(c(t),c(t)) = — cosh® t + sinh? t = —1,
since

<p:p> = 717 <p7 1}> = 07 <’U,7)> =1
and

(¢(t), é(t)) = —sinh® t 4 cosh® t = 1.

As on S™, we may now compute the curvature with the help of Jacobi fields.
For this, let w € T,H", (w,w) = 1,(w,v) = 0. We then obtain a family of
geodesics
c(t, s) := (cosht)p + sinh t(cos sv + sin s w).

The corresponding Jacobi field
X(t) = =—c(t, 8)]s=0 = (sinht)w
a ) “:—0

then satisfies )
X(t) = X(¢).

The Jacobi equation implies R(X, ¢)¢ = —X, and so, the sectional curvature is —1.
We may then also obtain a space H™(p) of constant sectional curvature —p by
scaling the metric with factor p and considering
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4.5 The Rauch Comparison Theorems and Other
Jacobi Field Estimates

We first compare the three model spaces S™,R™, H" of curvature 1,0, —1. Let ¢(t) be
a geodesic with ||¢]| = 1, v € TeoyM, M € {S™,R", H"} with |lv|]| = 1. The Jacobi
field J(t) along ¢ with

J(0)=0,J(0) =v
is given by (sint)v, tv, (sinht)v, resp.

According to our geometric interpretation of Jacobi fields as infinitesimal fam-
ilies of geodesics (Theorem 4.2.1) this means, that on S™, geodesics with the same
initial point initially diverge, but then converge again, whereas such geodesics diverge
linearly on R™ and even exponentially on H".

Let now M be a Riemannian manifold with curvature K satisfying

ASK<p

and suppose initially A <0, > 0. We shall estimate a Jacobi field in M from above
by the Jacobi field in H™(—\) with initial values of same lengths, and from below by
the corresponding one in S™ (). This implies that the distance between geodesics and
also the derivative of the exponential map of M can be controlled by the geometry of
the model spaces H™(—\) and S™(u). Since tangential Jacobi fields are always linear
(Lemma 4.2.4), hence independent of the geometry of M, for our curvature bounds
A < K < i, we shall need to assume in the sequel A < 0 and p > 0, or else, we shall
have to restrict attention to Jacobi fields whose tangential component J'** vanishes
identically.
For abbreviation, we put for p € R

cos(y/pt) it p>0,
cp(t) =141 if p=0,
cosh(y/—pt) if p <O,

and

% sin(y/pt) if p>0,
t if p=0,
ﬁsinh(\/—pt) if p<0.

These functions are solutions of the Jacobi equation for constant sectional curvature
p, namely

w
°
—~

~+
~—

F(t) + pf(t) =0 (45.1)
with initial values f(0) = 1, f(0) = 0, resp. f(0) = 0, f(0) = 1. ¢(t) will always be a
geodesic on M parametrized by arc length, i.e. satisfying

lef] = 1. (4.5.2)
Let J(t) be a Jacobi field along c(t).
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Theorem 4.5.1. Suppose K < p, and as always, ||¢|| = 1. Assume either > 0 or
Jar = 0. Let f, :=[J(0)|c, + || (0)s, solve

f+uf=0

with {59) = |J(0)], £(0) = [J(0), i.e. fu=|T(0)|c, + |T]'(0)s,,

fult) >0 for0O<t<r, (4.5.3)
then
(S, D) fu 2 (LI fu on [0,7], (4.54)
I _ [J(E)]

1 < fu( 1) < fu(t2>7 Zf0<t1 Stg <T, (455)
1(O)en(®) + [T (0)su(t) < [J(#)]  forO<t<T. (4.5.6)

We point out that the assumption (4.5.3), i.e
fu(t) >0 on (0,7)

is indeed necessary. To see this, let M = S"(u —¢),J(0) = 0; f,(t) then has a zero
at t = f’ J(t) one at t = 7= In particular, for small positive & and any ¢ which

is only a little larger than —Z—, we have ‘;Eg‘ < 1, and for example, (4.5.5) does not

hold anymore.

Proof.

(RO, 0)E, T) + ul, )

[T+ plJ| =
171

MJMLN — (1))
>0

)

because K < pu, for 0 < ¢t < 7, provided J has no zero on (0, 7).
We then also have

(|J|fu - ‘J|fu) = |J|fu - |J‘fu >0,
since fu + puf, =0, provided f,(¢) > 0.
Because of |J|(0) = f,(0),]J] (0) = f,.(0), we conclude
I fu = 11 fu 2 0,

ie. (4.5.4).
Next

('%') = L h =11 = 0,
H i
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and from this and the initial conditions, we get (4.5.5). In particular, the first zero of
J cannot occur before the first zero of f,,, and the preceding considerations are valid
on (0,7).

(4.5.5) implies (4.5.6). O

Corollary 4.5.1. Assume K < p,c¢, > 0 on (0,7), and in addition either p > 0
or J¥" = 0. Furthermore, let ||¢| = 1,J(0) = 0,|R| < A where R stands for the
curvature tensor.

Then

() — i) < \J(T)|%At2. (4.5.7)

Proof. Let P be a parallel vector field of length 1 along ¢, t € (0,7)

(I (t) =t (t), P(t))'| = [t(R(J, )¢, P)(t)

< AtlJ(#)]
ne
< At|J(T)j’—((T)) by (4.5.5), because of.J(0) = 0
o
< At|J(T)], since ¢, > 0 on [0, 7].
Integrating this yields (4.5.7), as J(0) = 0. O

We now want to study the influence of lower curvature bounds. It will turn out
that this is more complicated than for upper curvature bounds.

Theorem 4.5.2. Assume A < K < p and either X < 0 or J®® = 0; ||¢| = 1.
Moreover, let J(0) and J(0) be linearly dependent.
Assume
S1app) >0 on (0,7). (4.5.8)

Then for 0 <t <,
|J()] < [J(0)]ex(t) + [J] (0)s(2). (4.5.9)

Proof. Let p € R,n:=max(u— p,p — A). Let A be the vector field along ¢ with

A+ pA=0,
A(0) = J(0), (4.5.10)
A(0) = J(0).

((4.5.10) is a system of linear 2nd order ODEs, and hence, for given initial value and
initial derivative, there is a unique solution.) Let a : I — R be the solution of

i+ (p—mn)a=nlAl

2(0) = &(0) = 0, (4.5.11)
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and let b: I — R be the solution of

b+ pb =nlJ|,
b(0) = b(0) =0

(4.5.12)

(since (4.5.11) and (4.5.12) are linear 2nd order ODE, too, again there exist unique

solutions).

For each vector field P along ¢ with || P|| = 1, we then have by (4.5.10)

(] = A, P)" + p(J = A, P)| = [(J + pJ, P)| < n|J|

by choice of 17 and since J solves the Jacobi equation.

Therefore, by (4.5.12) for d := ((J — A, P) —b)'s, — ((J — A, P) — b)5,,

d=((J—AP)—b)s,—((J—AP)—b)i, <0,
and hence, if s, > 0 on (0, t], because d(0) = 0,

1 ' d(t
<—(<J— A, P) — b)) (t) = 2( ) <0.
Sp Sp(t)
Note that (J — A, P) — b has a second order zero at ¢t = 0, and hence
i((J — A, P) — b) vanishes for ¢ = 0.
Therefore, we obtain from (4.5.13)

1
s_(<J — A, P)—b)<0 on(0,7).
p
If s, > 0 on (0, 7), this implies
|J — Al <b on (0,7)

and by (4.5.12) then )
b+ (p—mnb < nlAl

(4.5.13)

(4.5.14)

(4.5.15)

(4.5.16)

From (4.5.12) and (4.5.16) we conclude with the same argument as the one leading

to (4.5.14),
1
(b—a) <0,
Sp—n
i.e.
b<a
provided

From (4.5.15) and (4.5.17)

(4.5.17)

(4.5.18)
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Now by (4.5.10)
((A, AY(A, A) — (A, A)(A, A)) =0, (4.5.19)
and hence,
(A, A)(A, A) — (A, A)(A, A) =0, (4.5.20)

because this expression vanishes for ¢t = 0, since A(0) = J(0) and A(0) = J(0) are
linearly dependent by assumption. This implies

[ A"+ plA] = 0,
i.e. putting
fo =1J(0)lce + |J](0)sq, (4.5.21)
we have
Al = £ (4.5.22)

This implies in turn in conjunction with (4.5.11)

a=fpy—fn (4.5.23)
(4.5.18), (4.5.22), (4.5.23) yield
I < fon:
Putting p = 3 (u+A), i.e. p—n =\, we get (4.5.9). (Note that then n = (u—X) > 0,
and hence s, > 0 implies s,_,, > 0 on (0,7).) O

Theorem 4.5.3. Suppose ||¢|| = 1,|K| < A. Let J(0) and J(0) be linearly dependent.
Let P, denote parallel transport along ¢ from ¢(0) to c(t).
Then

(8) = Pi(J(0) + £ (0))] < |J(0)](cosh(VAE) — 1)

I (0) (% sinh(vA?) — t> .

(4.5.24)

Proof. From (4.5.20)
(i) -
A '
This means that ‘% is a parallel vector field. In the proof of Theorem 4.5.2, we now

put p = 0. We then get |A| = po (cf. (4.5.22)), i.e.
A(t) = P,(J(0) + tJ(0)).
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With p = 0, we have n = A, and hence s, and s,_, > 0 for ¢ > 0, as required in the

proof of Theorem 4.5.2. (4.5.18) and (4.5.23) then yield the claim. O
Remark. If we do not assume ||¢|| = 1, in all the preceding estimates, ¢ has to be
replaced by t||¢|| as argument of s,,c,, fr etc.

Namely, let

0-<(i)

be the reparametrization of ¢ by arc length, i.e. ||¢[| = 1.

Then ) .
7= ()

is the Jacobi field along ¢ with J(0) = J(0), J (0) = ( o] ; namely, since J satisfies the

Jacobi equation, J satisfies

J+ R(J,&)é=0.

Thus, estimates for J yield corresponding estimates for J.

Remark. The derivation of the Jacobi field estimates of the present paragraph follows
P. Buser and H. Karcher, Gromov’s almost flat manifolds, Astérisque 81, 1981.

Perspectives. The Rauch comparison theorems are infinitesimal comparison results for the
geometry of a Riemannian manifold in terms of the geometry of spaces of constant curvature.

A global comparison result is Toponogov’s theorem:

Let M be a Riemannian manifold with sectional curvature K > A. Let A be a triangle
in M with corners p, ¢, r and distance minimizing geodesic edges cpq, cqr, Cpr. Then there ex-
ists a geodesic triangle Ag in the simply connected space M) of curvature A with the same
side lengths as A and with angles at its corners not larger than the ones of A at the corre-
sponding corners. In case A > 0, we have in particular

L(9A) < f

4.6 Geometric Applications of Jacobi Field
Estimates

We first recall Corollary 4.2.2: Let c(t) = exp, t¢(0) be geodesic, w € T,M, J the
Jacobi field along ¢ with J(0) = 0,.J(0) = w. J(t) then yields the derivative of the
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exponential map

J(t) = (Dys(0) exp,) (tw). (4.6.1)
We obtain
Corollary 4.6.1. Let the sectional curvature of M satisfy A < K < u. Furthermore,
let (w,¢(0)) = 0. Then, provided t||¢(0)] < \/Lﬁ in case p >0,

Su(tll ( D 1D e Vol < L EAEIEQD

(Of course, if w is a multiple of ¢(0), we have (Dyeo)eap,)w = w.)

Proof. For [|¢(0)|| = 1, this follows from (4.5.6) and (4.5.9).
We now put &(t) := exp, Hcgg%ll ¢ thus is a reparametrization of ¢, and ||é|| = 1.

Let J be the Jacobi field along & with .J(0) = 0, J(O) = w. Finally,

(Dté(o) epr)(t”w) = HC(O) H (DtHé(O)Hé(O) epr)(ﬂ'é(O)”w)

I,

and J(t[|¢(0)]) is controlled by s, (t]¢(0)]|) and sy(t[|¢(0)])) from below and above,
resp. O

Theorem 4.6.1. Let the exponential map exp,, : T,M — M be a diffeomorphism on
{veT,M: |jv|| <p}. Let the curvature of M in the ball

B(p,p) :={q€ M :d(p,q) < p}

satisfy
A< K < p, withA <0,u >0,

and suppose

p < # in case p > 0. (4.6.3)
Let r(x) := d(z, p), k(z) := 2d?(z,p). Then k is smooth on B(p,p) and satisfies
grad k(z) = —exp, ' p, (4.6.4)
and therefore
|grad k(x)| = r(x). (4.6.5)

Vir(@) et (y/fir (@) |[o]2 < Vdk(v, 0)

4.6.6
< V=Xr(z) ctgh (V=Ar(z))|v]? ( )

for x € B(p,p),v € T, M.
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Proof. We have
gradk(z) = —exp, ' p,

because the gradient of k is orthogonal to the level surfaces of k, and those are the
spheres S(p,r) := {g € M : d(p,q) = r} = exp,{v € TL,M : |v|| = r}(r < p); in
particular, the gradient of k has length d(z,p), proving (4.6.5).

The Hessian Vdk of k is symmetric, and can hence be diagonalized. It thus
suffices to show (4.6.6) for each eigen direction v of Vdk. Let v(s) be the curve in M
with v(0) = z,7/(0) = v.

c(t, s) == exp. ) (t exp;(ls) D), (4.6.7)

in particular ¢(0, s) = v(s), ¢(1, s) = p.
Then by (4.6.4)
0
(erad )1 (5)) = — el 8)eco,
hence

0
(vv grad k) (x) = —V% &C(ta 5)|t:0,s:0
(4.6.8)
= —V% ——c(t,8)|t=0,5=0-

Js

J(t) = %C(t, 5)|s=0 is a Jacobi field along the geodesic from x to p with J(0) = 4(0) =
v,J(1) =0 € T,M (by (4.6.7)). (4.6.8) thus implies

V, grad k(z) = —J(0),

ie.

Vdk(v,v) = (V, grad k,v) = —(J(0), J(0)). (4.6.9)
Since v is an eigen direction of Vdk, V,, grad k and v, i.e. J(0) and J(0) are linearly
dependent. (4.5.6) and (4.5.9) imply for ¢t = 1(J(1) = 0) (recall the remark at the
end of §4.5)

[vleu(r()) + 1J1(0)s,(r(x)) <0 < Jvfex(r(z)) + [J](0)sx(r(z))

and with (4.6.9), this gives (4.6.6). O

We want to briefly describe the relation between Jacobi fields and the 2nd fun-
damental form of the distance spheres

dB(p,r) ={q € M,d(p,q) = r}.

Assume the hypotheses of Theorem 4.6.1; in particular, assume that exp,, is a diffeo-
morphism of {||v|| < p} onto B(p, p), and that r < p.
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We have
N(z) = gradk(z) = —exp, 'p (by (4.6.4)); (4.6.10)

where N(z) is the exterior normal vector of the distance up here containing x. For
the second fundamental form S of the distance sphere and for X tangential to this
sphere, we then have
S(X,N)=VxN since N (z) has constant length r
on OB(p,r),the part of V,N normal to dB(p,r) vanishes (4.6.11)
= Vx grad k.
We now obtain a diffeomorphism from dB(p, r) onto OB(p,r+t) (assuming r+t < p)

by
E(z) :=exp,tN(z) (x € 0B(p,r)).

Let v(s) be a curve in dB(p,r) with 4(0) = v,v(0) = z. Then

J(t) = %Et(v(sms:o (4.6.12)

is a Jacobi field along F;(z) with

J(0) =+4(0)
and

. 0

J(0) = Vaga— exp. () (EN (7(s)))
=V g2 expy i (N (1)
=V o N(1(8))j0mo
— S5(0.V)
= S5(J(0),N).

Since E;(y(s)) is a curve in B(p,r + t), we likewise have
J(t) = S(J(t),N). (4.6.13)

We put S;(-) = S(-, N(¢)).
From this, we get

J(t) = V2 (Se(J(2) = Si(J (1) + Se(J(2)).
The Jacobi equation J + R(J,N)N = 0 thus implies a Riccati equation for S :

Sy(-) = —R(-, N)N — S; 0 5,(-). (4.6.14)
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Thus, on one hand, (4.6.13) describes the geometry of distance spheres through Jacobi
fields. On the other hand, solutions of the Riccati equation satisfy a 1st order ODE
and hence are easy to estimate, and from such estimates one may then obtain Jacobi
field estimates. In order to explain this last point, let P be a vector field parallel
along Ey(x) with ||P|| = 1. Then

Since the 2nd fundamental tensor is symmetric,
(S?(P), P) = (Si(P),S:(P)) (cf. Lemma 3.4.2). (4.6.16)

We put 3(-) = mst(-). Since all expressions in (4.6.15) are quadratically homoge-
neous in || N||, we obtain

((P), P) = ~(R(P, HN—”)ﬁ@ — (X(P),2(P))
Ny (4.6.17)
< ~(r(P. W)W,P>—(E(P),P)2.
If the sectional curvature satisfies A < K, because of || P|| = 1,
@ = (3(P), P)
then satisfies the differential equation
O < =X — 2 (4.6.18)

Now G )
L S)\ o C)\
)= 30 " 5

satisfies the differential equation
cly = —\—ct3,
and it easily follows that
(t) < cta(t), provided p(s) > —oofor all s with0 < s < t.
With (4.6.13), we conclude from this for a Jacobi field J along E; with J(0) =0
(25 @ <o
provided in (0, ¢] there is no point conjugate to 0.

In particular
[J(&)] < |J](0)sx(2), (4.6.19)
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i.e. a special case of (4.5.9), up to the first conjugate point.

Perspectives. Let M, be the simply connected space form of curvature p. Let V?(r) denote
the volume of a ball in M, with radius 7. Let M be a Riemannian manifold, p € M,r < i(p)
(= injectivity radius of p) (i.e. B(p,r) is disjoint from the cut locus of p.) We then have the
volume comparison theorems of R. Bishop:

If Ric (M) > Ric (M,), then

Vol (B(p, ) < V°(r)

and P. Giinther:
If K(M)<p (K is the sectional curvature), then

Vol (B(p,r)) > V?(r).

These estimates are also proved with the help of Jacobi field estimates.

4.7 Approximate Fundamental Solutions
and Representation Formulae

Lemma 4.7.1. Suppose exp, : T,M — M is a diffeomorphism on the ball {v €
T,M : ||v|| < p}, and suppose the sectional curvature in B(p, p) satisfies

AZSK<p withA<0,u>0,
put A := max(—\, p), and assume

™
p<— 1n case > 0.
Vi

Then, with r(xz) = d(z,p), for x #p
|Alogr(x)| < 2A ifn=dimM = 2, (4.7.1)

A(r(@)2 )| < ”T_ZATH(QC) if n = dim M > 3, (4.7.2)

Proof. We prove only (4.7.2) as (4.7.1) is similar.

—Ar(x)* " = —A(d(z,p)

= 2 ) fmad )
- 2_Tn(dz’(ac,p))*%(—A)CZQ(”U’I’)'
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Now by Theorem 4.6.1

lgrad d*(z, p)|* = 4d*(z, p),
2n(1 — pr?(x)) < —Ad*(x, p)
< 2n(1 — Ar?(x)) noting — A = trace Vd,

and (4.7.2) follows. O
Lemma 4.7.2. Suppose B(p, p) is as in Lemma 4.7.1. Let w, be the volume of the

unit sphere in R™,n = dim M. For h € C?(B(p,p),R) then (with A as in Lemma
4.7.1)

ifn=2,

1
w2h(p) */ (Ah) log@ - —/ h|< 2A/ Ih, (4.7.3)
B(p,p) p P JoB(p,p) B(p.p)

ifn>3,

1 1 n—2
n —2)w,h - / Ah B B / "
( Jnh(p) B(p,p)( )(r(ﬂc)"fz P"iQ) Pt JoBw.p)

(4.7.4)
n—2 / |h
= A n—2 °
2 b (@)

Proof. We prove only (4.7.4) as (4.7.3) is similar.

We put

Then for e > 0

/ (gAh — hAg) = / (hgradg — ggrad h,d7') .
B(p,p)\B(p,e) 9(B(p,p)\B(p;e))

(7 denotes the outer unit normal of d(B(p, p)\B(p,<)).)
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Now
-2 h
/ hAg| < ”TA/ Ly (),
B(p.p)\B(p.e) Bp.p) T2 (@)
910B(p.p) = 0;
-2
/ h{gradg,dv) = nnfl / h,
dB(p,p) p 9B (p,p)
lim g(gradh,d7v) =0,
=0 JoBp.e)
lim (grad g,d7V) = —(n — 2)w,h(p),
=0 JoB(p.e)
and (4.7.4) follows. O

For the interpretation of the preceding formulae, we observe that in the Euclid-
ean case

Ar(z)*> ™" =0 for z # p, (4.7.5)

whereas individual second derivatives of 7(z)2~" grow like r(z)~" for & — p. There-
fore, in the Riemannian case, although (4.7.5) is not an identity anymore it holds up
to an error term which gains two orders of magnitude against the crude growth esti-
mate r(x)~". The same holds for the representation formulae in Lemma 4.7.2. The
error terms on the right hand side are two orders better than the other integrands.

Perspectives. The results of this paragraph are from [148]. Extensions of these results can
be found in [132].

4.8 The Geometry of Manifolds of Nonpositive
Sectional Curvature

In this section, we shall present some results that apply to compact or complete Rie-
mannian manifolds of nonpositive sectional curvature. It is very instructive to see how
strongly an infinitesimal geometric condition, namely that the sectional curvature is
nonpositive, influences the global geometry and topology of the manifold in question.

At one place, we shall refer to a subsequent chapter for a proof ingredient. This
is done for the sake of conciseness although the result in question can also be given
an elementary - but not entirely trivial - proof with the tools already developed, and
an ambitious reader may wish to find such a proof.

From §4.6, we obtain
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Lemma 4.8.1. Let N be a Riemannian manifold with sectional curvature < 0. Let
p € M. Then the exponential map

exp, : I,N — N

has everywhere mazimal rank.
Furthermore, for

1
k(x) = §d2($,p)
if exp,, is a diffeomorphism on the ball B(p, p),z € B(p, p),v € T, N, we have

Vdk(v,v) > |Jv]|?. (4.8.1)

Proof. Corollary 4.6.1 and Theorem 4.6.1. O

These are local results. We shall now state a fundamental global result:

Theorem 4.8.1. Let N be a complete Riemannian manifold of nonpositive sectional
curvature, p,q € N. Then in any homotopy class of curves from p to q, there is
precisely one geodesic arc from p to q, and this arc minimizes length in its class.

Proof. There exists a sequence (7;,) of curves from p to ¢ with

lim L(y,) = r := inf{ lengths in given homotopy class }
(L denoting length).
W.lo.g., for all n
Yn C B(p,r+1)

in particular
Y N B(p,r +2)\B(p,r +1) = 0.

The proof of Theorem 1.5.1 therefore works with B(p,r+1) instead of the Riemannian
manifold M considered there to show the existence of a shortest geodesic arc v from
p to g in the given homotopy class.

To show uniqueness, we first observe that by Theorem 4.1.1, every geodesic arc
~ from p to ¢ is a strict local minimum of energy among all arcs with endpoints p and
q, because L,(W, W) > 0 for all W # 0 with W(p) = 0 = W(q). (Here, W is a section
along 7. The index form I, was defined in (4.1.8).)

Let now ~; : [0,1] — N,i = 1,2, be homotopic geodesic arcs from p to ¢, with
Y1 # 2, and let

r:[,1 x[0,1] — N

be a homotopy, i.e. with

[(t,0) =7(t), T(t,1)=12(t), forallt,
I'0,s) =p, I'(l,s) =q, for all s.
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Let
R := max E(T'(-,s)). (4.8.2)
s€[0,1]
As in Theorem 6.11.3 below, one shows that there exists another geodesic arc 73,
different from ~; and 5, with

max(E(11), E(12)) < E(y3) < R. (4.8.3)

Again, by Theorem 4.1.1, 3 is a strict local minimum of F, and so, replacing e.g. v
by v3 in the previous argument, we obtain a fourth geodesic arc 4 with

E(ys) < E(v1) < R.

(It is not hard to see from the proof of Theorem 6.11.3, that v3 may be connected
with 71 or 72 through arcs of energy < R so that the maximum in (4.8.2) will not be
increased.) We therefore obtain a sequence (v, )nen of geodesic arcs from p to ¢ with

E(v,) <R for all n.

Let v, (t) = exp, tv, with v, € T,N, |[v,[* < 2R. After selection of a subsequence,
(vn)nen converges to some v € T, M with ||v]|? < 2R. Since all v,, are different from
each other, but exp, v, = ¢ for all n, exp, cannot have maximal rank at v. This is a
contradiction, since by Lemma 4.8.1, the exponential map of a manifold of nonpos-
itive curvature has everywhere maximal rank. Thus, v; = s, proving uniqueness. [

As a corollary, we have the following result of Hadamard-Cartan

Corollary 4.8.1. Let Y be a simply connected complete Riemannian manifold of
nonpositive sectional curvature. Then Y is diffeomorphic to R™ (n = dimY'), and
such a diffeomorphism can be obtained from the exponential map

exp, : ,Y(=R") =Y
of any p € Y. This exponential map is distance nondecreasing, i.e.

[v —w| < d(exp,v,exp,w) for all v,w € T,Y.

Proof. Theorem 4.8.1 implies that for every p,q € Y, there exists precisely one geo-
desic arc from p to ¢ because there is only one homotopy class of such arcs as Y is
simply connected. One easily concludes that for every p € Y, exp, : T,Y — YV is
injective and surjective. (It is defined on all of T),Y because Y is complete.) Since it
is of maximal rank everywhere by Lemma 4.8.1, it follows that Y is diffeomorphic to
T,Y. The distance increasing property of the exponential map follows from Corollary
4.6.1. O
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Lemma 4.8.2. Let Y be a simply connected complete manifold of nonpositive curva-

ture, p € Y. Then, with k(x) = %dQ(I,p), for everyv e T,Y, z €Y

Vdk(v,v) > |Jv]|?. (4.8.4)

Proof. From Corollary 4.8.1 and Lemma 4.8.1. O

We also have

Theorem 4.8.2. Let ¢1(t) and ca(t) be geodesics in'Y, a simply connected complete
manifold of nonpositive sectional curvature. Then

d*(c1(t), ea(t))

is a convex function of t.

Proof. Since the geodesic arc from ¢ (t) to ca(t) is uniquely determined by Theorem
4.8.1, it depends smoothly on t. Hence d?(c1(t), c2(t)) is a smooth function of t. For
each ¢, we denote this geodesic arc from ¢ (t) to c2(t) by v(s,t), with s the arc length
parameter. Then

P(e1(8), ea(t)) = 2E( (1)), (4.85)

Now by Theorem 4.1.1 (exchanging the roles of s and ¢ in that theorem)

42 d(ei(t),c2(t)) ) o
FEaeo) = [ (Vg Dx(5,1), ¥ g S5, s

~y

2 E

dt ; ot (4.8.6)
(c1(t),c2(t)) oy v\ Oy Oy

where R denotes the curvature tensor of Y. Since Y has nonpositive sectional curva-
ture, (4.8.6) implies

d2

—FE((-,t) >0

TG 1) 2

and with (4.8.5) the claim follows. O

A reformulation of the preceding result is

Corollary 4.8.2. LetY be a simply connected complete manifold of nonpositive (sec-
tional) curvature. Then
d?:YxY >R

is a convex function. (Note that here, d* is considered as a function of two variables.)

Proof. According to Definition 3.3.6, we have to show that the Hessian of d? is positive
semidefinite.
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By (3.3.50), we have to compute the second derivative of d? along geodesics in
Y X Y. Such geodesics ¢ are given as (c1, ¢2) where ¢, ¢o are geodesics in Y. We thus
have to show that d?(c1(t), ca(t) is a convex function of the arc length parameter ¢.
This is Theorem (4.8.2). O

Remark. On a not necessarily simply connected Riemannian manifold N of nonpos-
itive sectional curvature, the results of Lemma 4.8.2 and Theorem 4.8.2 hold locally:
If

exp, : I,N — N

is a diffeomorphism on the ball {v € T,N : |jv|| < p) C T,N for some p > 0, then
(4.8.4) holds for € B(p,p) C N, and d? is convex on B(p, p) x B(p, p), i.e. for any
geodesics ¢y, ¢z : [0,1] — B(p, p), d*(ci(t),c2(t)) is a convex function of ¢.

Building upon Lemma 4.8.2, we shall now derive some quantitative versions of
the preceding convexity results

Lemma 4.8.3. As always in this §, let N be a Riemannian manifold of nonpositive
sectional curvature, p € N, and suppose that

exp, : I, N — N

is a diffeomorphism on the ball {v € T,N : |[v|| < p} (here, p > 0, and if N is
complete and simply connected, we may take p = oo by Corollary 4.8.1).
Then

d*(p,y(t)) < (1 —t)d*(p,7(0)) + td*(p, (1))

) (4.8.7)
—t(1 = t)d*(7(0)),~(1)).

Proof. Let ko : [0,1] — R be the function with

kU(O) = d2(pa7(0))a
ko(l) = d2(pa7(1))a
ko () = 2|l (6)]1*-

Then
d2(p77(t)) S k()

as a consequence of (4.8.4). Since
Fo(t) = (1= )ko(0) + tho(1) — t(1 — £)d(v(0), /(1))

(note [|7/(¢)|| = d(v(0),~(1))), the claim follows. O



220 Chapter 4 Geodesics and Jacobi Fields

Corollary 4.8.3. Under the assumptions of Lemma 4.8.3, let

71,72 1 [0,1] — B(vy,p) C N
be geodesics with
71(0) = p = 72(0).
Then, for 0 <t <1,
d(y1(t),72(t)) < td(v1(1),72(1)). (4.8.8)

roof. Applyin .8.7) to 11 in place of p,v2(f) in place o t),
P Applying (4.8.7 v1(1) in pl fp, in pl fy

d*(1(1),72(1)) < td*(3(1),72(1)) + (1 = t)d* (3 (1), p)
— t(1 = t)d*(12(1), p),

applying (4.8.7) to ~2(t) in place of p,~1(t) in place of (),

d* (71 (1), 72()) < td®(71(1),72(t)) + (1 — t)d*(p, 72(t))
—t(1 = t)d*(n (1), p).

Noting d?(p,2(t)) = t?d?(p,72(1)) and inserting the first inequality into the second
one yields the result. O

Remark. 1t is also easy to give a direct proof of Lemma 4.8.3 based on the Jacobi
field estimate (4.5.5).

We now come to Reshetnyak’s quadrilateral comparison theorem:

Theorem 4.8.3. As in the preceding lemma, let
exp, : I,N — N

be a diffeomorphism on the ball of radius p in T,N, N a Riemannian manifold of
nonpositive sectional curvature.
Let

71,721 [0,1] = B(p,p) C N
be geodesics. For 0 <t <1, and a parameter 0 < s <1 then

d*(71(0),72(t)) + d* (1. (1), 72(1 — 1))
< d*(11(0),72(0)) + d*(1(1),72(1)) + 2t%d*(72(0), 72(1))
+1(d®*(11(0),71(1)) = d*(72(0),72(1))) (4.8.9)
— ts(d(71(0),71(1)) = d(72(0),72(1)))*
— (1 = 5)(d(71(0),72(0)) — (1 (1), 72(1)))*.

Note that this inequality is sharp for certain quadrilaterals in the Fuclidean plane.
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Proof. We first consider the case t = 1, s = 0. For simplicity of notation, we define

a; = d(v;(0),7(1)), fori=1,2,
by = d('Yl(O)”YQ(O))v be := d(71(1)772<1))7
di = d(72(0),71(1)),  d2 = d(71(0),72(1)).

Figure 4.8.1:

Also, we let § : [0,1] — B(p, p) C N be the geodesic arc from 71 (0) to v2(1), as always
parametrized proportionally to arclength. Its length is dy. We also put for 0 < A < 1

A= d(72(0),6()),  dy = d(1(1),6(N)).
Then by (4.8.7)
A2 < (1= M\B2 + Aad — A1 — N\)dZ,
di? < AB3 + (1= A)a? — A1 — M\)d3.
Therefore, for 0 < ¢,
di < (d) + d})”
1
< (1+e)d?+ <1 + 5) S

< (A +e)(1— N+ (1+¢)\a
1
+ <1+€> b3+ (1+i> (1—Na?

1
— <2+s+ E) A1 —\)d3.

We choose & = 152 so that the coefficient in front of d3 becomes 1. This yields
1-A A
ds+d3 <ai+a3+ 5 b§+mb§.
With
by

A=
by + by
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we obtain
di +d5 < a}+a3+b] +b3— (b —b)?

This is the required inequality for ¢ = 1, s = 0. For symmetry reasons, we also obtain
the inequality for ¢t = 1,s = 1, namely

d3 4+ d3 < a?+ad+ b3 403~ (a1 — az)?,
and taking convex combinations yields the inequality for t =1, 0<s<1:
d3+d3 <al+ad+b3+03—s(ag —az)? — (1 —s)(by — ba)% (4.8.10)
We therefore obtain the inequality for 0 < ¢ <1 from (4.8.7) and (4.8.10)
d*(71(0),72(t)) + d*(71(1),92(1 = 1))

< (1—1)b] +td5 — t(1 —t)a3 + (1 — t)b3 + td; — t(1 — t)a3
< b+ b2+ 2t%a3 — t(a3 — a?) — ts(ay — ag)?* — (1 — s)(by — bo)>.
O
Theorem 4.8.3 allows us to derive the following quantitative version of the con-
vexity of the distance between geodesics.

Corollary 4.8.4. Let v1,72 : [0,1] — N be geodesics as in Theorem 4.8.3. Then we
have for0 <t <1,0<s<1,

d*(71(t),72(8)) < (1 = )d*(71(0),72(0)) + td* (1.(1), 72(1))
— t(1 = ){s(d(1(0),71(1)) = d(72(0),72(1)))? (4.8.11)
+ (1 = 5)(d(71(0),72(0)) = d(71(1),72(1)))*}.

Proof. We shall show the inequality for t = % It is then straightforward to deduce
the inequality for arbitrary ¢.
We keep the notations of the preceding proof, and we also put

im0 (). =il (d))

1 1 1 1 1
@ (n(3)(5)) < 36 + 34 - 0t

Then by (4.8.7)

By (4.8.8)
o 2 _42 42 Lo 1 2 1 2
el +e5 <bj+b5+ 201~ 55((11 —ag)’ — 5(1 —5)(by — ba)".
Thus
1

2 (n(8) (3)) = 38+ 3t~ ot oo~ S
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which yields the inequality for t = % O

As an application of Theorem 4.8.3, let us consider the following Pythagoras
inequality

Corollary 4.8.5. Let the assumptions of Lemma 4.8.3 hold.

Suppose
d(v(0),p) = min d(y(t),p)

0<t<1

(i.e. v(0) is the point on v closest to p). Then

d*(y(s).p) = d*(7(0),p) + s°d*(4(0), (1)) for0<s <1. (4.8.12)

Proof. 1t suffices to treat the case s = 1.
By (4.8.7),

d*(y(),p) < (1= )d*(7(0),p) + td*(v(1), p) — t(1 — £)d*(7(0),7(1)).

Since by assumption
d*((0),p) < d*(7(t), p),

we get
td*(y(1),p) = td*(7(0),p) + td*(v(0),7(1)) — t2d*(7(0), 7(1)).
Dividing by t and letting t — 0 yields the desired inequality. O

We now turn to Karcher’s center of mass constructions and their applications.
While such constructions are meaning- and useful under more general conditions, here
we only consider nonpositively curved manifolds, because in that case, the geometry
is most favorable to them.

Thus, let Y be a complete, simply connected, nonpositively curved Riemannian
manifold. We recall that by Corollary 4.8.1, exp, : T,Y — Y is a global diffeomor-
phism. This will be used implicitly below at several places.

Let p be a probability measure on Y, i.e. a nonnegative measure with

u(Y) :/duzl.

Definition 4.8.1. ¢ € Y is called a center of mass for p if

/dz(q,y) du(y) Zpiél)f//dz(p, y) du(y) < oc. (4.8.13)

In the sequel we shall always assume that the infimum in (4.8.13) is finite. This
is satisfied if, for example, the support of the measure p is bounded.

Ezamples.
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1. If p is a Dirac measure §, supported at ¢ € Y, then ¢ is its center of mass.

2. If p = 3(8q, + 8q,) for q1,q2 € Y, then the center of mass is v(3) where v :
[0,1] — Y is the unique geodesic from ¢; to go.

Lemma 4.8.4.

F(p) = %/ d*(p,y) dp(y)

is a differentiable function of p, with

grad F(p) = — / exp, (y) du(y). (4.8.14)

(Here, exp;1 1Y — T,Y is considered as a vector valued function.)
Thus, q is a center of mass of p if

/expgl(y) du(y) = 0. (4.8.15)

Proof. (4.8.14) follows from (4.6.4). Thus, F' is differentiable, and a minimizer has
to satisfy grad F'(p) = 0, i.e. (4.8.15). O

We now use the nonpositive curvature of Y in an essential manner:

Lemma 4.8.5.

F) =5 [ o) duty)

is a strictly convex function of p.

Proof. From Lemma 4.8.2 by integration, because y is nonnegative. O

We deduce

Theorem 4.8.4. There exists a unique center of mass for u, i.e. a unique q € Y
with

/dz(% y)du(y) = i

f [ d? du(y).
it [ E(p.0) duty)
Proof. This follows from the strict convexity and the fact that F(p) is coercive, i.e.

F(pp) — oo if d*(pn,po) — oo for some fixed py and a sequence (pp)nen C Y.

O

Remark. Up to this point, we have not used the normalization

wY)=1.



4.8 The Geometry of Manifolds of Nonpositive Sectional Curvature 225

Thus, Theorem 4.8.4 holds for any nonnegative measure (provided the infimum in
(4.8.13) is finite, of course). This will be applied in §7.3 below. The subsequent es-
timates, however, will use this normalization; without that normalization, additional
factors will occur.

Lemma 4.8.6. Let g be the center of mass of u. Then

for everyp €Y,
d(p, q) < |lgrad F(p)|, (4.8.16)

and for every v € T,Y,
[Vograd F(q)|| > [|v]- (4.8.17)

Proof. Let v:[0,1] — Y be the geodesic from ¢ to p.
Thus,

I5(@)]l = d(p,q) for all t € [0, 1]

‘We have

(grad F(p), 5(1)) = - / (exp; VA1) dpa(y)

[ ([ ety vitonar)ants

- /(exp;1 y,7(0)) du(y).

The last integral vanishes by (4.8.15), since ¢ is the center of mass for p. By the proof
of Corollary 4.6.1, since Y has nonpositive curvature (and since D a 4(t) =0 as v is

geodesic)

d _ . .
— =l Y A(#) = o1

Thus
lgrad F(p)||d(p, q) > (grad F(p),(1)) > d(p,q)*,

which implies (4.8.16). (4.8.17) is the infinitesimal version of (4.8.16) (of course,
(4.8.17) can also be derived directly from the proof of Corollary 4.6.1). O

Lemma 4.8.7. Let puy, s be two probability measures on Y, with centers of mass
q1,q2 resp. Then

d(a1, 42) < / d(a2.) |1 — dpia|(y)- (48.18)
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Proof. By (4.8.16), with F;(p) = & [ d*(y, p)dui(y), for i = 1,2,

d(q1,q2) < [lgrad Fi(qz)]|
< ’ / exp,,' (y) dm(y)‘
= ’ / (expg,'y)(dp — dm)(y)’ since grad F»(gz2) = 0.
We use |exp,! y| = d(g2,y) to get (4.8.18). O

‘We now consider the situation where

u:f*yv

for some measurable map f: A — Y for a set A with a probability measure v.
Then

/dQ(‘L y) dp(y) = /dQ(%f(z))du(x). (4.8.19)

For the moment, v will be fixed, and so we shall call a minimizer a center of mass for
the map f.

Lemma 4.8.8. Let f1, fo: A — Y be measurable maps with centers of mass q1, qo,
resp. Then

d(a1,42) < / d(f1(2), folx)) dv(x). (4.8.20)

Proof. By Lemma 4.8.6 and (4.8.14)

d(q1,q2) < ‘/equ; fi(x) dv(z)

= ‘/ (expy,' fi(z) — expy,' fa(x)) dv(x)

because ¢o is the center of mass for fo,

< / d(f2(2), fol2)) du(a),

because the exponential map into a space of nonpositive curvature is distance nonde-
creasing by Corollary 4.8.1. O

Corollary 4.8.6. Let f: A — Y be measurable with center of mass q. Then, for all
r e A,

d(f(x),q) < / d(f(x), £ () dv(y). (4.8.21)
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Proof. We consider the map fi(y) = f(y) and the constant map fa(y) = f(x), for
all y € A; the former has center of mass ¢, the latter center of mass f(z). We apply
(4.8.20). O

The next result will be applied in §7.6 below only:

Corollary 4.8.7. Let fi: (A1,v1) = Y, fo: (A2,10) — Y be measurable maps from
probability measure spaces into Y .

Let q1,qo be the corresponding centers of mass.

Let ¢ : (A1,11) — (Aa,v2) be measurable, with fo = f1 0 .

Then

A1, a2) < / d(f1(x), Fo(p(x))) don () + / A(f2(x), 42) ldve — pudin|(z).  (4.8.22)

Proof. Let ¢4 be the center of mass for fy o o w.r.t. v.
By Lemma 4.8.8

A, ) < / d(f2(2), f 0 p(x)) din (x).

By Lemma 4.8.7, since ¢4 is the center of mass for fo w.r.t. .11

d(gn, ) < / A(fo(x), @2) |dvs — pudin|(2).
O

We now turn to the smoothing or mollification of maps with values in spaces
of nonpositive curvature; this generalizes the standard construction for functions
(“Friedrichs mollification”).

We consider any C§° function

p:R—R

with p(s) > 0 for all s and p(s) = 0 for |s| > 1, for example

o(s) = exp o for |s| < 1,
© 1o for |s| > 1.

Given a ball B(z,h) C M in some Riemannian manifold M, with 0 < h < injectivity
radius of M at x, we put

(4.8.23)
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Here, d(x,y) is the distance from z to y € B(x, h) w.r.t. the Riemannian metric of
M.

To simplify the presentation, and in particular to eliminate an additional depen-
dence on x, here, we do not work with the Riemannian volume form on B(z,h) but
rather with the Euclidean one, dz, induced via the exponential map exp, : T, M — M.
Because of the denominator in (4.8.23),

pzn(y) dy

defines a probability measure on B(x,h) (which we may extend by 0 to the rest of

Definition 4.8.2. Given a map
f:M — N,

N a Riemannian manifold of nonpositive sectional curvature
its mollification with parameter h ( < injectivity radius of M) is defined by
fn(x) ;= center of mass of f w.r.t. the measure

pzn(x)dy on B(z, h)

Thus, fn(x) is the unique minimizer of

2
B(x,h)

F(p) =1 / P (F(2), )P (2) d

Here, we do not need to assume that NN is simply connected because on the simply
connected ball, we can lift f to a map f : B(xz,h) — N into the universal cover of N,
apply the center of mass construction there and project back to .

Lemma 4.8.9. If f is locally integrable, then fy : M — N 1is continuous for h > 0.

Proof. Let x1,22 € M; we denote the above measures defined by p, on the balls
B(z1,h), B(x2,h) by v1 and v, resp. By Lemma 4.8.7

d( (1), fi(aa)) < / A (@), fo(2)) |dvs — dus) (2),

and the difference measure dvy — dvs goes to 0 if the distance between x; and x5 goes
to 0. O

In fact, f3, is even smooth for h > 0. To see this, recall that fj,(x) as a center of
mass is characterized by (4.8.15), i.e.

grad F(fu(a) == [ expy o (F:))pan(z) dz =0
B(z,h)
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Thus, in order to compute the derivative of f, w.r.t. x, by the implicit function
theorem, we must show that the derivative of grad F((p) w.r.t. p is non zero.
This, however, follows from (4.8.17).

Theorem 4.8.5. Let f: M — N be locally integrable. Then, for 0 < h < injectivity
radius of M, the mollification fr of f is smooth.

Proof. We have just seen how the first derivative of f;, w.r.t. € M can be computed
from the implicit function theorem. Because of the smoothness of p, ,(2) w.r.t. z,
higher derivatives then also exist. O

Lemma 4.8.10. Let f be continuous at x € M. Then
}llirrb fu(z) = f(z). (4.8.24)

If f is uniformly continuous, then it is the uniform limit of the maps fn, for h — 0.

Proof. Since f is continuous at x, given € > 0, we may find 6 > 0 such that

f(B(x,0)) € B(f(x),e).

Because the ball B(f(z),¢) is convex, therefore also

fu(z) € B(f(2),¢)

for 0 < h < 4. This implies (4.8.24). The remaining statement also follows from these
considerations. O

We close this section with some constructions and results about the asymptotic
geometry of complete simply connected Riemannian manifolds of nonpositive sectional
curvature. Let Y be such a manifold for the rest of this section.

Definition 4.8.3. Two geodesic rays ¢1(t), c2(t)(t > 0) in Y (ie. ¢1,c2:[0,00) = Y)
parametrized by arc length are called asymptotic if there exists k € R with

d(01 (t), Cg(t)) S k

for all ¢ > 0. This defines an equivalence relation on the space of geodesic rays
parametrized by arc length, and the set of equivalence classes is denoted by Y (c0).
(Y (c0) is sometimes called the sphere at infinity of Y.)

Ezample. In Euclidean space, two geodesic rays, i.e. straight half lines, are equivalent
iff they are parallel.
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Lemma 4.8.11. For each pair p € Y,z € Y (00), there exists a unique geodesic ray
¢ = ¢py parametrized by arc length in the equivalence class defined by x with ¢(0) = p.

Proof. Existence: Let ¢y be a geodesic ray representing x. For n € N, let ¢,(t)
be the geodesic arc from p = ¢,(0) to co(n), parametrized by arc length as usual,
tn == d(p,co(n)), i.e. cn(tn) = co(n), and v, = Lc, (t),—0 € T,Y the tangent vector
to ¢, at p. Since ¢, is parametrized by arc length, v, has length 1, hence converges
towards some v € T,,Y after selecting a subsequence. We put

c(t) :== exp, tv,t > 0.

Because of the convexity of d?(co(t), cn(t)) (Theorem 4.8.2), for 0 < t < t,

d*(c,(t), co(t)) < max(d?(c,(0),c0(0)),d*(cn(tn), coltn))). (4.8.25)
We have
t, = d(cn(0), cn(tn)) since ¢, is parametrized by arc length

< d(cn(0),¢0(0)) + d(co(0), co(n)) since ¢o(n) = ¢, (ty)
= d(p, ¢o(0)) + n.

and likewise

hence altogether
d(co(tn),co(n)) = |n = ta] < d(p, co(0)).
This implies in conjunction with (4.8.25) for 0 <t < ¢,

d(en(t), co(t)) < max(d(p, co(0)), d(co(n), co(tn)))
= d(p, co(0))-

For n — oo, we therefore also get

d(c(t), co(t)) < d(p,co(0)). (4.8.26)
(4.8.26) means that ¢y and ¢ are asymptotic. This proves the existence of ¢, = c.

Uniqueness: Let ¢1,co be rays asymptotic to ¢ with ¢1(0) = p = ¢2(0). Then
forallt >0
d*(cy(t), ca(t)) < const.



4.8 The Geometry of Manifolds of Nonpositive Sectional Curvature 231

Since d?(c1(t), ca(t)) is convex in ¢ by Theorem 4.8.2 and vanishes for ¢t = 0, it vanishes
identically, hence ¢ (t) = c2(t), proving uniqueness. O

Lemma 4.8.11 implies that for each p,Y (00) can be identified with the unit
sphere S, Y = {v € T,,Y : |[v|| = 1} in T, Y. Namely, each unit tangent vector uniquely
determines an equivalence class of asymptotic geodesic rays. It is also not difficult to
realize that the topology on Y (00) defined through this identification is independent
of the choice of p. We thus obtain a natural topology on ¥ = Y U Y (00), the so-
called cone topology. Y thus becomes a compact space. We call v € T,,Y,w € T,Y
asymptotic if the geodesic rays exp, tv, exp, tw(t > 0) are asymptotic.

Since any isometry of Y maps geodesics onto geodesics and classes of asymptotic
geodesic rays onto classes of asymptotic geodesic rays, each isometry of Y induces an
operation on Y (00), hence on Y, too.

Perspectives. Corollary 4.8.1 goes back to the work of von Mangoldt, Hadamard, and E.
Cartan.

The center of mass has been likewise instroduced by E. Cartan. The constructions
and applications presented here are due to Karcher[162]. In fact, Karcher’s constructions
are more general than presented here and also apply to the case where the manifold can have
positive curvature. Then, however, one has to work with local constructions, and one needs
to assume that the measures are supported in some convex ball, more precisely in a ball of
a radius that is smaller than min (injectivity radius, 7/2/k), s > 0 being an upper bound
for the sectional curvature. Inspite of this restriction, of course the mollifications are quite
useful, for example for creating or investigating Lipschitz maps.

More generally, using triangle comparison properties as in this section, one can also
introduce and investigate metric spaces with any upper and/or lower curvature bounds. For
a general treatment, we refer to [15].

The theory of spaces with lower curvature bounds in the sense of Alexandrov has been
systematically developed by Yu. Burago, M. Gromov, G. Perel’'man[34].

Spaces with both upper and lower curvature bounds naturally arise as limits of Rie-
mannian manifolds with those same curvature bounds, as will be discussed in the following
Survey.

Theorem 4.8.3 is a special case of a result of Y. G. Reshetnyak[215]. The proof given
here is taken from [142].

If X is a complete, simply connected Riemannian manifold of nonpositive curvature,
then by Theorem 4.8.2 the squared distance between any two geodesics is a convex function
of the arclength parameter. One may then abstract this property and call a complete metric
space (Y, d) that is a geodesic length space, i.e. for which any two points can be joined by
a length minimizing curve - such curves then again are called geodesics - a metric space
of nonpositive curvature if that convexity property holds. These spaces have been named
after Busemann as he was the first to systematically investigate this property. A stronger
property - which is still satisfied by all complete, simply connected Riemannian manifolds of
nonpositive curvature as shown in Lemma 4.8.3 - is the one introduced by Alexandrov that
the distances between any two points on a geodesic triangle are always less than or equal
to the ones in a Euclidean triangle with the same side lengths. In fact, in the Riemannian
case, both Busemann’s and Alexandrov’s property are equivalent to nonpositive sectional
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curvature. In the context of metric spaces, however, Busemann’s property is more general.
A reference for these theories is [142]. For applications of these concepts, see the Perspectives
on §7.7.

The compactification ¥ = YUY (00) of a complete simply connected Riemannian man-
ifold of nonpositive curvature, sometimes called a Hadamard manifold, through asymptotic
equivalence classes of geodesic rays is due to Eberlein and O’Neill[71].

Anticipating some of the Perspectives for Chapter 7, the following monographs explore
the geometry of nonpositive curvature: [12], [11], [69].

Exercises for Chapter 4

1. Let My, My be submanifolds of the Riemannian manifold M. Let the curve
c: [a,b] — M satisty c(a) € My, c(b) € Ms. A variation ¢ : [a,b] X (—&,6) = M
is called variation of c¢(t) w.r.t. My, My if ¢(a,s) € My, c(b,s) € My for all
s € (—¢,¢).

What are the conditions for ¢ to be an extremal of L or E w.r.t. such variations?
Compute the second variation of E for such an extremal and express the bound-
ary terms by the second fundamental forms of M; and Ms.

2. Let M be a submanifold of the Riemannian manifold N, ¢ : [a,b] — N geodesic
with c(a) € M,é(a) € (TuyM)™. For 7 € (a,b],c(r) is called a focal point
of M along c if there exists a nontrivial Jacobi field X along ¢ with X (a) €
Tc(a)Ma X(T) = 0

Show:

a: If M has no focal point along ¢, then for each 7 € (a,b), ¢ is the unique
shortest connection to ¢(7) when compared with all sufficiently close curves
with initial point on M.

b: Beyond a focal point, a geodesic is no longer the shortest connection to M.

3. Let S"~1 = {(z%,...,2",0) € R**! Yzix! = 1} C S™ be the equator sphere.
Determine all focal points of S”~! in S™, and also all focal points of S™ in R**1,

4. Let p, q be relatively prime integers. We represent S as
S3 = {(21,22) € C*: |21 |* + |22)? = 1}

Z4 operates on S® via

2mim 2mimp
)

(21,22) (2’16 ¢, z€ with 0 <m <g¢g-—1.

Show that this operation is isometric and free. The quotient L(g,p) := S3/Z,
is a so-called lens space. Compute its curvature and diameter.
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5.

10.

11.

12.

13.

Show that any compact odd-dimensional Riemannian manifold with positive
sectional curvature is orientable. (Hint: Use the argument of the proof of Synge’s
theorem 4.1.2.)

Show that the real projective space RP™ (cf. Exercise 3 of Chapter 1) is ori-
entable for odd n and nonorientable for even n. (Hint: Use Synge’s theorem
4.1.2 and the preceding exercise.)

Show that Synge’s theorem does not hold in odd dimensions. (Hint: Use the
preceding exercise or Exercise 4 to give a counterexample.)

Try to generalize the theory of Jacobi fields to other variational problems.

Here is a more difficult exercise:

Compute the second variation of volume for a minimal submanifold of a Rie-
mannian manifold.

Give examples to show that a curve c(t) = exp,tv as in Corollary 4.2.4 need
not be the shortest connection of its endpoints. (Hint: Consider for example a
flat torus.)

Let ¢ : [0,00) — S™ be a geodesic parametrized by arc length. For ¢ > 0,
compute the dimension of the space J¢ of Jacobi fields X along ¢ with X (0) =
0 = X (t). Use the Morse index theorem 4.3.2 to compute the indices and nullities
of geodesics on S™.

Show that if under the assumptions of Theorem 4.5.1 we have equality in (4.5.6)
for some t with 0 < ¢t < 7, then the sectional curvature of the plane spanned by
¢(s) and J(s) is equal to p for all s with 0 < s <.

Let p € M,n = dim M, r(z) = d(z, p),

7%@)).

1
w(z,t) = t—%exp(— ym

In the Euclidean case, w(x,t) is fundamental solution of the heat operator, i.e.
for (z,t) # (p,0)

(% +A)w(r,t) = 0.

Under the assumptions of Lemma 4.7.1, derive the estimate

)(% + A)w(ac,t)' < ZAQ%w(x,t)

for (x,t) # (p,0).



A Short Survey on Curvature
and Topology

We have now covered half of the chapters of the present textbook and the more
elementary aspects of the subject. Before penetrating into more advanced topics,
a short survey on some directions of global Riemannian geometry may be a useful
orientation guide. Because of the size and scope of the present book, this survey needs
to be selective.

A basic question, formulated in particular by H. Hopf, is to what extent the
existence of a Riemannian metric with particular curvature properties restricts the
topology of the underlying differentiable manifold.

The classical example is the

Gauss-Bonnet Theorem. Let M be a compact oriented, two-dimensional Rie-
mannian manifold with curvature K. Then its Euler characteristic is determined by

1
(M) = — / K dVol M.
2 M

We have also seen some higher dimensional examples already, namely the
Theorem 4.1.2 of Synge on manifolds with positive sectional curvature, the Theorem
3.5.1 of Bochner and the Bonnet-Myers Theorem (Corollary 4.3.1) on manifolds of
positive Ricci curvature. We have already seen a result for nonpositive sectional
curvature, namely the Hadamard-Cartan Theorem (Corollary 4.8.1) that a simply-
connected, complete manifold of nonpositive sectional curvature is diffeomorphic to
some R™, and in Chapter 7, we shall prove the Preissmann Theorem (Corollary 7.7.2)
that any abelian subgroup of the fundamental group of a compact manifold of nega-
tive sectional curvature is infinite cyclic, i.e. isomorphic to Z. In order to put these
results in a better perspective, we want to discuss the known implications of curvature
properties for the topology more systematically.



236 A Short Survey on Curvature and Topology

We start with the implications of positive sectional curvature. Here, we have the

Sphere Theorem. Let M be a compact, simply connected Riemannian manifold
whose sectional curvature K satisfies

1
0< 1" <K<k
for some fized number k. Then M is homeomorphic to the sphere S™ (n = dim M).

This was shown by Berger[16] and Klingenberg[166]. Recently, Brendle-Schoen
[31] strengthened the result by showing that M is even diffeomorphic to a sphere, using
the Ricci flow method of Hamilton described below. Thus, exotic spheres cannot carry
such 1/4-pinched as in the theorem.

The pinching number 1/4 is optimal in even dimensions > 4, because CP"" (see
§5.1) is simply connected, has sectional curvature between 1/4 and 1 for its Fubini-
Study metric and is not homeomorphic to S$?™ for m > 1. In odd dimensions, the
pinching number can be decreased below 1/4, as shown by Abresch and Meyer|[2, 3],
but the optimal value of the pinching constant is unknown at present.

For n = 2 or 3, the conclusion is valid already if M has positive sectional
curvature. For m = 2, this follows from the Gauss-Bonnet Theorem. For n = 3,
Hamilton[116] showed that any simply connected compact manifold of positive Ricci
curvature is diffeomorphic to S3. Hamilton studied the so-called Ricci flow, i.e. he
considered the evolution problem for a time dependent family of metrics g;; on M
with Ricci curvature R;;.

g 2
Egij(%t) = gr(t)gij(%t) —2R;j(x, 1),
with initial metric gi;(z,0) = gj;(x), where

_ J R(x,t)dVol (g(-, 1))
J dvol(g(-.1))

is the average of the scalar curvature of the metric g;;(-,t). He showed that if g?j isa
metric with positive Ricci curvature on a compact 3-manifold, then a solution of this
evolution problem exists for all time, the Ricci curvature stays positive for all ¢, and
as t — 00, g;5(-,t) converges to a metric of constant (positive) sectional curvature.
This method has since become important in Riemannian geometry, although in
general without suitable curvature assumptions on the initial metric, singularities will
develop in finite time. The analysis was carried further in [117]. For expositions, see
[52, 53]. In dimension 3, the complete understanding of the formation of singularities
and the continuation of the flow past such singularities was achieved by Perel’man,
with profound implications for the structure and classification of 3-manifolds, see
[206, 208, 207]. In particular, a consequence of Perel’man’s work is the solution of the
Poincaré conjecture that any compact, simply connected, 3-dimensional differentiable

r(t)
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manifold is diffeomorphic to the 3-sphere S3. More generally, Perel’'man’s work leads
to a proof of Thurston’s geometrization conjecture that for any compact, orientable
and prime three-manifold M, there exists an embedding of a finite number of disjoint
unions (possibly empty) of incompressible two-tori in M such that every component
of the complement admits a locally homogeneous Riemannian metric of finite volume.
Here, M is called prime if it is not diffeomorphic to S and if every (topological) two-
sphere that separates M into two pieces has the property that one of the two pieces is
diffeomorphic to a three-ball. The possible eight homogeneous 3-manifolds that can
occur in this decomposition had been identified by Thurston [251] and are

1. the three-sphere S3

2. the Euclidean space R?

3. the three-dimensional hyperbolic space H?
4. 2 xR

5. H> x R

6. the three-dimensional nilpotent Heisenberg group Nil that consists of upper
triangular 3 x 3 matrices with diagonal entries 1

7. PSL(2,R), the universal cover of the unit sphere bundle of H?
8. the three-dimensional solvable Lie group Sol.

Kleiner-Lott [165] wrote a useful set of notes on Perel’'man’s papers. The first
proof of Perel’'man’s results that contained all details, including the Poincaré and
geometrization conjectures, was presented by Cao-Zhu [38] (see also [39] for a slightly
modified version). Another exposition of these results was given by Morgan-Tian
[198].

It is not known whether an exotic sphere can carry a metric of positive sectional
curvature. Also, the problem of H. Hopf whether 52 x S? can carry a metric of positive
sectional curvature is unsolved. The essential question is to understand compact,
simply connected Riemannian manifolds of positive sectional curvature. Only very few
examples of such manifolds are known. In fact, besides the general series of compact
rank one symmetric spaces (spheres, complex projective spaces (see §5.1 below) in all
even dimensions, quaternionic projective spaces in all dimensions that are multiples
of 4, and the Cayley projective plane in dimension 16), one only knows the family
of Allof-Wallach spaces in dimension 7 and the isolated examples of Eschenburg and
Bazaikin.

In recent years, however, the first indications of a general structure theory seem
to emerge, in the work of Petrunin, Tuschmann, Rong, Fang [212], [213], [79]. For
a comprehensive treatment, see [257]. Essential points of this approach are that one
studies the more general class of Alexandrov spaces of positive curvature which al-
lows to study sequences of positively curved spaces and use compactness arguments by
the result of Nikolaev quoted below, and in particular to utilize collapsing techniques
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and that the role of the second homotopy group becomes more prominent in determin-
ing the topological possibilities of positively curved spaces. (So, one might speculate
that the theory of minimal 2-spheres developed in §8.2 might furnish useful tools for
understanding the topology of positively curved spaces.)

We also mention that Wilking[263] showed that in general, a metric of positive
curvature outside a finite number of points on a compact manifold cannot be deformed
into a metric of positive curvature everywhere.

For positive Ricci curvature, we have already exhibited some results. An impor-
tant generalization of these results is Gromov’s [105, 108]

First Betti Number Theorem. Let M be a compact Riemannian manifold of
dimension n, with diameter < D and Ricci curvature > A (i.e. (Rij — Agij)i,j @5 a
positive semidefinite tensor). Then the first Betti number satisfies

bi(M) < f(n, A, D)
with an explicit function f(n, A, D),

f(n,0,D)=n, f(n,A\,D)=0 for A\>0.

Finally, it has been determined which simply connected manifolds admit metrics
of positive scalar curvature and which ones don’t, in the work of Schoen and Yau[227],
Gromov and Lawson[109] and S. Stolz[241].

In the non simply-connected case, also restrictions for positive scalar curvature
are known. For example, for dimension < 7, a torus cannot admit a metric of positive
scalar curvature, see Schoen and Yau[226]. Such a result for any n and other restric-
tions on metrics of positive scalar curvature were given by Gromov and Lawson[110].

The preceding results all apply to compact manifolds. For noncompact mani-
folds, let us only quote the splitting theorem of Cheeger and Gromoll[46].

T Theorem.he universal covering M of a compact Riemannian manifold with non-
negative Ricci curvature splits isometrically as a product M = NxRF 0 < k < dim M,
where N is a compact manifold.

For a more detailed survey of manifolds of nonnegative curvature, we refer to
the survey article [102].

For manifolds of negative or nonpositive sectional curvature, much more is
known than for those of positive curvature. Some discussion can be found in the
Perspectives on §7.7. We also refer to the survey article [70].

Lohkamp|[180, 181] proved that any differentiable manifold of dimension > 3
admits a complete metric of negative Ricci curvature. As a consequence, negative
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Ricci curvature does not imply any topological restrictions.

Riemannian manifolds of vanishing sectional curvature are called flat. The com-
pact ones are classified by the

Bieberbach Theorem. Let M be a compact flat Riemannian manifold of dimension
n. Then its fundamental group contains a free abelian normal subgroup of rank n and
finite index. Thus, M is a finite quotient of a flat torus.

In analogy to the sphere theorem, one may ask about the structure of Rie-
mannian manifolds that are almost flat in the sense that their curvature is close to
zero. Since the curvature of a Riemannian metric may always be made arbitrar-
ily small by rescaling the metric, the appropriate curvature condition has to be more
carefully formulated in a scaling invariant manner. Let us look at the typical example:

We consider the nilpotent Lie group H of upper triangular matrices with 1’s on
the diagonal. Its Lie algebra is

0 Aij
h=< A= ta; e R1I<i<i<n
0 0

On b, we may introduce a family of scalar products via
1ANIG == afg®0 ™"
i<j
for ¢ > 0. These scalar products induce left invariant Riemannian metrics on H whose
curvature can be estimated as

IRq(4, B)C|ly < 24(n — 2)*| A1 BIZICIIZ-

This bound is independent of ¢q. By a ¢-independent rescaling, we may therefore as-
sume that the sectional curvature satisfies |K| < 1. We let H(Z) be the subgroup of
H with integer entries, and one may thus construct left invariant metrics on H which
induce on the quotient H/H(Z) metrics with |K| < 1 and diam < ¢, for every ¢ > 0,
simply by choosing ¢ sufficiently small.

Conversely,

Theorem. For every n, there exists e(n) > 0 with the property that any compact
n-dimensional Riemannian manifold M with

|K| (diam)? < &(n)

is diffeomorphic to a finite quotient of a nilmanifold. (A nilmanifold is by definition
a compact homogeneous space of a nilpotent Lie group.)
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This is due to Gromov, see [35] for an exposition, and for the refinement that
M as above is actually an infranilmanifold by Ruh[216].

In order to place this result in a broader context, we introduce the notions of
convergence and collapse of manifolds. For compact subsets A, A of a metric space
Z, we define

de(AlaAQ) = inf{r : Al - U:ceAzB(x?r)v A2 - U$€AlB(m7r)}a

[e]
where B(z,r) :={y € Z : d(z,y) < r}.
For compact metric spaces X1, Xo, their Hausdorff distance is

dH(XlaXQ) = Héf {dIZJ(Z(Xl)v.](XQ))a

where i : X1 — Z,j : Xo — Z are isometries into a metric space Z}.

This distance then defines the notion of Hausdorfl convergence of compact metric
spaces. Let My be a compact differentiable manifold of dimension n. We say that
My admits a collapse to a compact metric space X of lower (Hausdorff) dimension
than My if there exists a sequence (g;);jen of Riemannian metrics with uniformly
bounded curvature on My such that the Riemannian manifolds (Mo, g;) as metric
spaces converge to X. This phenomenon has been introduced and studied by Cheeger,
Gromov, and Fukaya [47, 48], [89].

It is easy to see that any torus can collapse to a point; for this purpose, one just
rescales a given flat metric by a factor ¢ and lets ¢ — 0. The diameter then shrinks
to 0, while the curvature always remains 0. Berger showed that S® admits a collapse
onto S2. The construction is based on the Hopf fibration 7 : §% — S2 = CP! (see
§5.1), and one lets the fibers shrink to zero in length.

In this terminology the above theorem (as refined by Ruh) says that those man-
ifolds that can collapse to a point are precisely the infranilmanifolds. More recently,
it was shown by Tuschmann[256] that any manifold that admits a collapse onto some
flat orbifold is homeomorphic to an infrasolvmanifold and conversely, that any infra-
solvmanifold also admits a sequence of Riemannian metrics for which it collapses to
a compact flat orbifold. Here, an infrasolvmanifold is a certain type of quotient of a
solvable Lie group.

We next mention the following result of Cheeger[44], with the improvements by
Peters[209].

Finiteness Theorem. For anyn € N, A < 0o, D < oo,v > 0, the class of compact
differentiable manifolds of dimension n admitting a Riemannian metric with

|K| <A, diam < D, Volume > v

consists of at most finitely many diffeomorphism types.
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The lower positive uniform bound on volume prevents collapsing and is necessary
for this result to hold.

Diffeomorphism finiteness can however actually also be obtained if no volume
bounds are present and collapsing may take place.

This is demonstrated by the following recent finiteness theorem by Petrunin and
Tuschmann[213]. Instead of volume bounds this result only uses a merely topological
condition:

mo-Finiteness Theorem. For anyn € N, A < 0o, and D < oo, the class of compact
simply connected differentiable manifolds of dimension n with finite second homotopy
group admitting a Riemannian metric with

|K| > A, diam < D
consists of at most finitely many diffeomorphism types.

Cheeger’s finiteness theorem was refined in the so-called Gromov convergence
theorem, which we are going to present in the form proved by Peters[210] and Greene
and Wu[100].

Convergence Theorem. Let (Mj,g;)jen be a sequence of Riemannian manifolds
of dimension n satisfying the assumptions of the finiteness theorem with A, D, v in-
dependent of j. Then a subsequence converges in the Hausdorff distance and (after
applying suitable diffeomorphisms) also in the (much stronger) C1® topology (for any
0 < a < 1) to a differentiable manifold with a CY*-metric.

Such a family of manifolds is known to have a uniform lower bound on their
injectivity radius. The crucial ingredient in the proof then are the a-priori estimates of
Jost-Karcher for harmonic coordinates described in the Perspectives on §7.7. Namely,
these estimates imply convergence of subsequences of local coordinates on balls of fixed
size, and the limits of these coordinates then are coordinates for the limiting manifold.

Nikolaev[203] showed that the Hausdorff limits of sequences of compact n-dimen-
sional Riemannian manifolds of uniformly bounded curvature and diameter and with
volume bounded away from 0 uniformly are precisely the smooth compact n-manifolds
with metrics of bounded curvature in the sense of Alexandrov.

Let us conclude this short survey by listing some other textbooks on Riemannian
geometry that treat various selected topics of global differential geometry and which
complement the present book, Chavel[43], Cheeger and Ebin[45], do Carmo [65],
Gallot, Hulin and Lafontaine[90], Gromoll, Klingenberg and Meyer[103], Klingenberg
[168], Petersen[211], Sakai[220]. Finally, we wish to mention the stimulating survey
Berger[17].



Chapter 5

Symmetric Spaces and Kahler
Manifolds

5.1 Complex Projective Space

We consider the complex vector space C**1. A complex linear subspace of C"*! of
complex dimension one is called a line. We define the complex projective space CP"
as the space of all lines in C"*!. Thus, CP" is the quotient of C"*1\{0} by the

equivalence relation
Z~W: <= INeC\{0}: W =)\Z

Namely, two points of C**\{0} are equivalent iff they are complex linearly depen-
dent, i.e. lie on the same line. The equivalence class of Z is denoted by [Z] .
We also write
Z=(2°...,72" eCt!

and define
U :={[Z]: Z* # 0} c CP",

i.e. the space of all lines not contained in the complex hyperplane {Z? = 0}. We then
obtain a bijection
p; U — C"
via
ZO Zifl ZiJrl Zn
7 ZOZTI = Ty o s T o gy 5 |-
ol = (G e e )



244 Chapter 5 Symmetric Spaces and Ké&hler Manifolds

CP™ thus becomes a differentiable manifold, because the transition maps

piop;tii(UinU;) ={z=(z",...,2") € C" : 2 #£ 0} — ¢;(U; N ;)
. .

—1/.1 ny __ 7 i+1 n
pjop; (z,...,2") =pi([=,....25 1,27, ..., 2"])
21 2t pitl 21 pitl P
- j? M ’ZJ’ Z] ) MR ZJ b Z.] 7"'7Zj )

(w.lo.g. i < j) are diffeomorphisms. They are even holomorphic; namely, with

2P = 2% +iy* (i = /1) and

o 1[99 .9
@~—5<@‘Za—yk>’
0 1/ 0 .0
@:§<%“a_yk>’

we have

1%}
ﬁ‘ﬁjowfl(zl,...,z")=0 fork=1,...,n.
z

Thus, CP” is a complex manifold in the sense of Definition 1.8.5.

We consider the (n + 1)-tuple
(2°,...,2™),

which satisfies the restriction that not all Z7 vanish identically, as homogeneous co-
ordinates [Z] = [Z°,...,Z"]. These are not coordinates in the usual sense, because
a point in a manifold of dimension n here is described by (n + 1) complex numbers.
The coordinates are defined only up to multiplication with an arbitrary nonvanishing
complex number A
[Z°,...,Z") = [\Z°,...,\Z"];
1

this fact is expressed by the adjective “homogeneous”. The coordinates (z*,...,z")
defined by the charts ¢; are called Fuclidean coordinates. The vector space structure
of C™*! induces an analogous structure on CP™ by homogenization: Each linear
inclusion C™*! ¢ C"*! induces an inclusion CP™ c CP". The image of such an
inclusion is called a linear subspace. The image of a hyperplane in C"*! is again
called a hyperplane, and the image of a twodimensional space C? is called a line.

Instead of considering CP" as a quotient of C"™1\{0}, we may also view it as a
compactification of C”. One says that the hyperplane H at infinity is added to C";
this means the following: The inclusion

Cc" — Cp”

is given by

Then
CP"\C" = {[Z]=[0,Z',...,2"]} = H,
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and H is a hyperplane CP"~!.
It follows that

CP"=C"UCP"!'=C"uC*'u...ucC’, (5.1.1)

(disjoint union). Topologically, CP™ thus is the union of (n+1) cells of real dimension
0,2,...,2n. With the help of the Mayer-Vietoris sequence of cohomology theory,' we
may easily compute the cohomology of CP" from (5.1.1). In order to represent CP™
as the union of two open sets as required for the application of this sequence, we put

U:=C"V:={zeC":|z| = 22> 1} UCP™ ! (asin (5.1.1).
Then V has CP"~! as a deformation retract (consider
re: V= Vir(z) =tz for 2 € C",ry(w) = w for w € cprt

and let ¢ run from 1 to co), and U NV is homotopically equivalent to the unit sphere
S2n=1 of C".

We now observe first that CP*! is diffeomorphic to S2. It actually follows already
from (5.1.1) that the two spaces are homeomorphic. In order to see that they are
diffeomorphic, we recall that S? may be described via stereographic projection from
the north and south pole by two charts with image C and transition map

Z— —
z

(cf. §1.1). This, however, is nothing but the transition map

L4 = [5,1]

of CP*.
In particular, H°(CP') = H?(CP') = R, H!(CP') = 0. For the general case, the
relevant portion of the Mayer-Vietoris sequence is

H1 (8= — HI(CP") — HY(C") @ HI(CP" 1) — H(S§*"71). (5.1.2)
We now want to show by induction w.r.t. n that

R fi =0,2,...,2
Hq((C]P)n) _ or q ' 9 <y , 4l

0 otherwise.
This is obvious for ¢ = 0. For 2 < ¢ < 2n — 1 we have H7~1(S*"~1) = 0, HY(C") = 0,
and for ¢ = 2,...,2n — 2 we obtain from (5.1.2) that H(CP™) = R since by induc-
tive assumption HY(CP"~!) = R, while for ¢ = 1,3,...,2n — 1, again by inductive

1This sequence has been derived in the previous editions of this textbook, but for the present
edition, we are not including an introduction to cohomology theory anymore as that can be readily
found in standard textbooks on algebraic topology.
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assumption, H9(CP"~!) = 0, hence also H9(CP") = 0. The case ¢ = 1 is similar.
H?"(CP") = R again follows from (5.1.2) or even more easily from Corollary 2.2.2.
Let us also show that CP™ can be considered as a quotient of the unit sphere
S2nt+l in C"*!. Namely, each line in C"*! intersects S2"*! in a circle S*, and we
obtain the point of CP™ defined by this line by identifying all points on that circle.
The projection
7 82 L cpr

is called the Hopf map. In particular, since CP! = S2, we obtain a map
7:8% - 82

with fiber S*.

The unitary group U(n+1) operates on C"! and transforms complex subspaces
into complex subspaces, in particular lines into lines. Therefore, U(n+1) also operates
on CP™.

We now want to introduce a metric on CP". For this purpose, let

7 : C"T\{0} — CP"

be the standard projection, U C CP", Z : U — C"*1\{0} alift of 7, i.e. a holomorphic
map with 7o Z =id. We put

w:= %8510g 122, (5.1.3)
putting for abbreviation
o )
L= —de
0 0zi 7’
5= 2 azk.
0Zk

If Z': U — C"1\{0} is another lift, we have
7' = pZ,

where ¢ is a nowhere vanishing holomorphic function.
Hence

5091og || 2'|[* = 509(10g]| Z|* + log ¢ + log 7)
=w+ %(85 logp — 0dlog @) (cf. (5.2.3) below)
g w’

since dlog ¢ = 0 = dlog @, because ¢ is holomorphic and nowhere vanishing. There-
fore, w does not depend on the choice of chart and thus defines a 2-form on CP".
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We want to represent w in local coordinates; for this purpose, let as above
Uy ={[2°...,2": Z° # 0},

since 2 = % on Uy, Z = (1,21,...,2") is a lift of 7 over Uy. Then

w= %8510g(1 +2729)

B ia Adz
2 14 2kzk |7

hence - - -
i | dd Ade Z2RdRT A dRF
= — — _ 5.1.4
YT { 1+ zkzk (1+ 2242 } ( )
At [1,0,...,0] again .
w= %dzj Adz = da? A diy’. (5.1.5)

Thus, w is positive definite (in a sense to be made precise in Definition 5.1.1) at the
point [1,0,...,0]. Since w is invariant under the operation of U(n + 1) on CP", it is
therefore positive definite everywhere.

We want to generalize the object w just introduced in the following

Definition 5.1.1. Let M be a complex manifold with local coordinates z=(z2% ..., z").
A Hermitian metric on M is given by an expression of the form

hr(2)dz’ @ dzF

where h,z(z) depends smoothly (i.e. C°°) on 2z and is positive definite and Hermitian
for every z.
The expression

i ) _
§hj,;(z)dzj A dz"
is called the Kdhler form of the Hermitian metric.

That h;j is Hermitian means

hij = hjp. (5.1.6)
We also put
hr;, = h.z,
Rk (5.1.7)
hjk =0= h}fc
Let now
.0 = 0
N i Y
V=0l 57
w = ji + 5i
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be tangent vectors (with complex coefficients) in z € M.
We put . )
(v, w) == hj,;(z)vjwk + gz ()7 wh. (5.1.8)

If v and w are tangent vectors with real coefficients, i.e.
e ’U‘j+ni
OxJ oyi’

' 8. +'wj+”i.
OxJ oyi’
with v*, w* € R,a =1,...,2n, then because of

0 0 0

i~ 9z 9z

9 _. (2 _98
oyl \9z 921 )’

(v, w) = hj,;(vj + il ) (wk — dw ) + ﬁ(vj — it (wh 4 k)

= 2Re hj,;(vjwk + vj+nwk+n) +92Im hj],c(vjwmn _ wkvﬂ»n)'

we have

Consequently, each Hermitian metric induces a Riemannian one. This justifies the
name “Hermitian metric”.

Definition 5.1.2. A Hermitian metric hj,;dzj ® dz* is called a Kdihler metric, if
for every z there exists a neighborhood U of z and a function F' : U — R with
shipdz? A dz¥ = O0F. OOF then is called the Kdhler form.

The 2-form w from (5.1.3) defines a Kéhler metric on CP”, called the Fubini-
Study metric.

This metric has many special properties. In particular, the operation of U(n+1)
on C™"! induces an isometric operation of U(n+1) on CP™ equipped with this metric.
This follows from (5.1.5) and the fact that || - || is invariant under the operation of
SO(2n + 2), hence in particular invariant under the one of U(n + 1).

For a line L in C"*! we may also consider the reflection at L, i.e.

5|L = lCl7
$|Li = —id.

s then induces an isometry o of CP" (equipped with the Fubini-Study metric) with
fixed point m(L) and

do=—id: Tﬂ.(L)(CIFm - TW(L)C]PW.

In particular

o? = id.
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Definition 5.1.3. A Riemannian manifold is called symmetric if for every p € M
there exists an isometry o, : M — M with

Up(p) =P,
Do, (p) = —id (as a self map of T, M).

Such an isometry is also called an involution.

Thus, CP™, equipped with the Fubini-Study metric, is a symmetric space.

Thus, complex projective space carries two different structures: it is both a
Kahler manifold and a symmetric space. The rest of this chapter is devoted to an
investigation of those structures.

5.2 Kahler Manifolds

In the preceding section, we have introduced complex projective space as an example
of a Kihler manifold. There exist simpler examples. Namely, C? with its standard
Euclidean metric is a Kahler manifold with Kéahler form

i .
= —dz? NdZI.
w 22 VA

Also, any complex 1-dimensional manifold X, that is, any Riemann surface (see §8.1)
is automatically a Kéhler manifold since dw is a 3-form and therefore vanishes on the
real 2-dimensional manifold .

Moreover, any complex submanifold N of a Kédhler manifold M is automatically
a Kéhler manifold itself; we simply need to restrict the local Kahler potential F' of
M to N. Therefore, in particular, all complex projective manifolds, that is, those
that admit a holomorphic embedding into some complex projective space, are Kahler
manifolds. This makes Kahler geometry a useful tool in algebraic geometry.

In this section, we want to give a systematic introduction to Kéhler geometry.
We start by recalling the rules from Lemma 1.8.4 for the calculus of the operators 9
and 0:

d=0+0, (5.2.1)
20 = dd =0, (5.2.2)
20 = —90. (5.2.3)

We can now state various equivalent versions of the Kéahler condition

7 . = _
w = ghjpdz A dz* = 90F, (5.2.4)
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that is, that for every z, there exist some neighborhood U and some function F' defined
on U with this property.

Theorem 5.2.1. The following conditions are equivalent to a Hermitian manifold M
being Kdhler.

(i) The Kdhler form w is closed, i.e.

dw = 0. (5.2.5)
(ii) In local (holomorphic) coordinates
66133 = 8;;5, for all i,j,k, (5.2.6)
or equivalently,
?gzzzg, for all i, j, . (5.2.7)

(iii) At each zy € M, holomorphic normal coordinates can be introduced, i.e.

Ohgs Oh
L(20) =0=—2(20), foralli,jk,l. (5.2.8)

higleo) =0, ok X

In other words, we can find holomorphic coordinates near any zo, which we then
take the liberty to identify with 0, so that for z near 0,

hij(2) = 655 + O(|22). (5.2.9)

The last condition expresses the essential content of the Kahler condition, namely
the compatibility of the Riemannian and the complex structure. Condition (i) has
the advantage of expressing the Kéhler condition in a global, coordinate invariant
manner. This will make it particularly useful.

Proof. We first show that the Kéhler condition implies (i).
d(0OF) = (0 + 0)(00F) = 000F — 000F =0 by (5.2.2), (5.2.3).

This yields (i). (ii) is the local coordinate version of (i). In turn, (i) implies the
Kahler condition by the Frobenius Theorem. Namely, since w is closed, dw = 0,
on each sufficiently small open set U, we can find a 1-form n with dn = w. w is a
(1,1)-form, and so, when we decompose the 1-form 7 into a (1,0)- and a (0, 1)-form,
n=n""+n%1 we have

w=dn=(0+0)y=0n"" +0on""
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with -
ot =0 =ontY.

From the last condition, on our sufficiently small U, we can then find s functions «
and ( with )
nt = Ba, ' = —08,

and so, keeping (5.2.3) in mind,
w=00(a+ B).

Since w is real (0 = w), we may then also assume that the function F := o+ 3 is real,
and we have deduced the Kahler condition from (i). It thus only remains to show that
(iii) is equivalent to the other conditions. It is clear that (5.2.9) implies dw(zg) = 0,
that is, (i). For the converse, we first achieve by a linear change of coordinates that
hZE(ZO) = 5” Thus,

w= %hj,;dzj AdzF = %(5]7@ + a2 + ajk[zi)dzj AdzF.

Here, (5.1.6) implies that

Q57 = QjkLs (5.2.10)
and (i) yields

ikl = Quigj- (5.2.11)
We shall now make the linear terms disappear by the following change of coordinates

. 1
2= — ialjkaCl- (5.2.12)

Using (5.2.10), (5.2.11), this yields

w= %(de — ayjrCFdCt) A(dGT — g (T dCT)
i
2
- %ajkdcj A d¢F +0(|2P),

+ = (@ + a¢Hdd? A dcE 4+ 0(|2?)

This is (5.2.9). O

In particular, the Kéhler form w, being closed, represents a (complex) cohomol-
ogy class, i.e. an element of H*(M) ® C.

Lemma 5.2.1. The Kdahler form p of a Kdhler metric on a complex manifold M
with dime M = n satisfies
ut=mnlx(1). (5.2.13)
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Proof. (5.2.13) is a pointwise identity. Let p € M. Since a Hermitian form can be
diagonalized by a unitary transformation, we may assume that local coordinates are
chosen such that at p

= %dzj Adzl = da? Ady’ .

Therefore,
n __ 'd 1 1 2 2 n n
pwt=nldxs ANdy” ANdx ANdy* A... ANdx™ Ndy
=n! * (1),
since dz', dy', da?, dy?, ..., dz"™, dy" constitute a positive orthonormal basis of T M.

O

Corollary 5.2.1. The Kdahler form of a Kdahler metric on a compact manifold repre-
sents a nontrivial cohomology class, and so does every p?,j = 1,...,n. Therefore, the
cohomology groups H*(M), H*(M), ..., H**(M) of a compact Kdhler manifold are
nontrivial.

Proof. By Lemma 5.2.1

/M;ﬁ - n!/M*(l) — nlVol (M) > 0.

If we now had p? = dip for some j € {1,...,n}, then we would also have
/ ’un :/ uj /\un—j
M M
:/ dip A I
M

= / d(i) A ™7 since p is closed by Theorem 5.2.1
M
=0 by Stokes Theorem.

This is a contradiction. O

Corollary 5.2.1 expresses an instance of the important fact that the existence of
a Kéhler metric yields nontrivial topological restrictions for a manifold. We shall soon
derive some deeper such results. Before doing that, however, we state some useful
local formulae in Kéahler geometry.

For the inverse of the Hermitian metric (h;;), we use the convention

hi s = b, (5.2.14)
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(note the switch of indices). With h := det(h;;), the Laplace-Beltrami operator

(2.1.13) becomes
= L 2
N (hh"ﬂ 0 > _ i 9 (5.2.15)

hoy 929 821923

This is most easily seen by using the coordinates given in (iii) of Theorem 5.2.1 and
then observing that both expressions transform in the right manner under coordinate
transformations.

Similarly, we have for the Christoffel symbols of a Kéhler manifold
k _ pkip
L = h"hg

k _pmkp __

mi,j

(5.2.16)

because of (5.1.6), (5.2.6), (5.2.7). All other Christoffel symbols, that is, all those that
contain both bared and unbared indices, vanish. Using this, the formulae (3.1.31),
(3.3.6) for the Riemannian curvature tensor also simplifies to become

0? (0 0
Rig=———=h; —h"" | =—hin | | =—=h,; |- 5.2.17
ijkl 92k ¢ ij <6zk ) <8ZZ ]) ( )
Also,
Rijx7 = Rijre = 0. (5.2.18)
With the first Bianchi identity (3.3.8), and
Rz = —Rigjs (5.2.19)
we then obtain
Rijie = Rigej (5.2.20)
and analogously,

The Ricci tensor (3.3.18) of a Kéahler metric is given by
Ry = h Rz, (5.2.22)
From (5.2.17), we then have a simple formula for the so-called Ricci form
Ry pdz" A dz! = —90log det(h;5). (5.2.23)
Finally, the scalar curvature of a Kahler metric is

R = Alogdet(h;;). (5.2.24)
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The Ricci form is closed by (5.2.1) — (5.2.3) and therefore defines a cohomology class,
the so-called first Chern class

c1(M) = %ngdzk Ad2t (5.2.25)

which is independent of the choice of Kahler metric. Namely, if h;i is another Kahler
metric on M with Ricci class

Rjdz* A dz' = —091og det(hl5),

then det(h)
_ pl k {_ 95 et ij
(Ryz — Ry p)dz" Ndz" = —00log —det(h%) , (5.2.26)

and this is exact since % is a globally defined function independent of the choice
ij

of coordinates (this follows from the transformation formula (1.4.3).

We recall from the end of §1.8 that on a complex manifold, the space of (complex-
valued) k-forms Q% (M) admits a decomposition

QF (M) = > Qri(M). (5.2.27)
p+q=k

The elements of QP9 are called (p, ¢)-forms. QP9 is generated by forms of the type
©(2)dz" AL AdZ ANdZT AL A d (5.2.28)
We now use the Kahler form w to define
L:Qpd — QPFhatl o [(n)i=nAw (5.2.29)

and its adjoint w.r.t. the L2-product

(n,0) = /M nA*a, (5.2.30)

(where the star-operator * introduced in §2.1 has been linearly extended from the real
to the complex case),
A:=1L": QP - Qr-hal

For example, for n = n; RCEZIN dzE, recalling
= hpded ndeF
w = gh;gdz 2",

we have, _
A(n) = =2ih7*n;. (5.2.31)
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Theorem 5.2.2. On a Kdhler manifold, we have the identities
[A, 9] = —id", (5.2.32)
[A,0] = 0" (5.2.33)
([A,B] = AB — BA).

Proof. Since A is a real operator because w is real, each of these two identities
implies the other by conjugation. We shall now verify (5.2.33). For this, we shall
use the Kéhler condition in an essential way. Namely, A being the adjoint of the
multiplication with the Kéhler form w, its operation involves the Hermitian metric

h;;3, but no derivatives of it, see e.g. (5.2.31). Thus, the commutator of A with the first

derivative operator 9 involves at most first derivatives of the Hermitian metric. By
(iii) of Theorem 5.2.1, we may assume that these first derivatives vanish at the point
under consideration. Therefore, we can neglect them and compute as on Fuclidean
space. Thus, we only need to verify (5.2.33) on C¢, and we proceed to do so. In
fact, most of the relevant formalism has been developed already in §1.11 and §2.1; we
briefly recall it here. We have the L2-product of k-forms

(. B) = /(Cd a A 0. (5.2.34)

To see the pattern, we check that in the case d =1,
xdz = *(dr + idy) = dy — idx = —idz,
and
xdzZ = *(dx — idy) = dy + idx = idz,
as well as )
+(1) = dz A dy = %dmdz. (5.2.35)
We let ¢; be the exterior product with %dzj,
1

V2

o= —=dz) Na,

and similarly,

1 =
o = 7dz7 A a.
2
The factor % here is inserted because the Euclidean norm of dz? = dad +idy’ is %

Thus, the L?-adjoint tj of €; is given by contraction with %dzj , that is
Li(dzt AL N dRT A Azl AL A deb)
0 1fJ¢{J177.7p}7

= (1) d AL AN
N N e N IS A
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We check this in a simple case — the general pattern will then be clear:

(erdz',dz' A dz') = (;ﬁ
=V2(dz", d2")

= (dz', 11 (d2" A d2Y)).

dz'' A dzi, dz'' A dzl>

Next, we either recall (1.11.22), (1.11.23) (where, however, a somewhat different no-
tation had been employed) or check directly that

6]'Lj + LjEj = 1, (5236)

€jte+e; =0 for j #4, (5.2.37)

€ty +pe; =0 for all j, 0. (5.2.38)
Putting 0; : W and 05 := 8 -, we then have

8: \/5 Zajfj = \/§ Zéjaj,

J J
D=3 b6 =3 Y iy,

J J
V2 9, 0" =-V2Y 0,

J J
L:iZEjej, AZ—iZijj.
J J
Equipped with these formulae, it is now straightforward to complete the proof:
8 = —’L\/§ Z Lgbgajéj

gt

= —iV2 Z OjLgle€;
4.t

= z\[(z OjiLjLi€j + Z@ LMej)

Jj#t

= —i\ﬁ(— Zaijeij + Zaj—@ - Z@-L@-Lg)
J J

J#L

= —zf(Z@ €55t + ZGJL] + Za €]L£L¢>

J#l

:72\[28 €jlgle — N’Zaﬂ

7.4
= O\ +i0*.
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Thus, we have shown the identity on C?, and the Kéhler condition then makes this
also valid on a general Kéahler manifold, as explained. O

In addition to the Laplacian

A =dd" +d*d, (5.2.39)
we can also build the operators
Ay := 00"+ 070, (5.2.40)
and
Agy:= 00" + 0%0. (5.2.41)

Theorem 5.2.3. On a Kdahler manifold,

A =275 =2A5. (5.2.42)

Proof. From Theorem 5.2.2,

Ay = i(A[A, ] + [A, 8]D)
= i(OAD — DA + AD — FAD)

= i(OAD + DOA — ADO — OND) by (5.2.3) (5.2.43)
= —i(9[A, 9] + [A, 9]9)
=Ag.
Next, - -
0" +0*0 = —i(0(AD — OA) + (AD — ON)D) = 0, (5.2.44)

by Theorem 5.2.2 and (5.2.2).
Finally, from (5.2.44) and (5.2.1), we easily get

A = Aa + Aé. (5.2.45)
The relations (5.2.43) and (5.2.45) yield (5.2.42). O

In §2.2, we had defined the cohomology groups H*(M) and identified them with
spaces of harmonic forms, that is, solutions of

An =0, (5.2.46)

see Theorem 2.2.1. From Theorem 5.2.3, we infer that the operator A preserves the
decomposition (1.8.7) which in fact is orthogonal w.r.t. the L2?-product,

oFM) = @ arim), (5.2.47)
p+q=k
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that is,

A QPA(M) — QPI(M). (5.2.48)
If we then define HP4(M) := HX(M)NQP4(M) (p+q = k) as the space of harmonic
forms of bidegree (p, q), we obtain the first part of the Hodge decomposition the-

orem, while the second part follows from the fact that A is a real operator and
therefore, complex conjugation maps harmonic forms to harmonic forms:

Corollary 5.2.2. For a compact Kdhler manifold M,

H*(M,C)= € H"(M,C), (5.2.49)
ptq=Fk
HP9(M,C) = He?(M,C) (complex conjugate). (5.2.50)
The k-th Betti number of the compact manifold M (see Definition 2.2.1) is given
by

by (M) = dime H*(M, C), (5.2.51)

and if we put
hP4(M) = dime H?4(M, C), (5.2.52)

we obtain

Corollary 5.2.3. For a compact Kdahler manifold M,

(M) = > hPI(M) (5.2.53)
ptg=k
and
h®P(M) = hP (M), (5.2.54)
and consequently
br.(M) is even for odd k. (5.2.55)

We have already seen a restriction on the topology of a compact Kéhler manifold
in Corollary 5.2.1. (5.2.55) is a deeper such restriction.

Perspectives. Kéhler geometry started with the remarkable paper of Kéahler[159] that
introduced the Kéahler condition and derived all the basic formulae and the perspectives for
the subsequent development of the subject. A thorough discussion of Kéahler’s paper can be
found in [27] and [161].
Some references that we have used in the present section are[259], [101] and [145].
Let us briefly mention some further aspects of Kéhler geometry. Metrics on Kéhler
manifolds satisfying

R

are called Kdhler-Einstein metrics.
Since the Ricci form represents a cohomology class ¢1 (M), there are necessary condi-
tions for the existence of a Kéahler-Einstein metric with positive, negative or vanishing u.

;; = ph;; for some constant u
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Namely, c¢1(M) has to be representable by a positive or negative cohomology class, or has
to be cohomologous to 0, resp. For nonpositive u, these conditions were also shown to be
sufficient for the existence of a Kahler-Einstein metric on a compact M in famous work
of S.T. Yau[271] (the case of negative p was also independently solved by Aubin, see the
account in [9]).

The case of positive p is not yet completely solved. In that case, there exist obstruc-
tions for the existence of Kahler-Einstein metrics. Existence results in cases where these
obstructions vanish were obtained by Tian[253], Tian and Yau[255], Siu[235], Nadel[201].
Yau, Problem 65 in [272], conjecturally related the existence of a Kéahler-Einstein metric to
stability properties in the sense of algebraic geometry of the underlying manifold. Tian[254]
developed the appropriate stability notion and showed its necessity for the existence of a
Kahler-Einstein metric. He thus disproved the conjecture that a compact Kéhler manifold
with positive Chern class always admits a Kéahler-Einstein metric if it has no nontrivial
holomorphic vector field (another condition that is known to be necessary).

As noted, every complex manifold with dim¢ M = 1, i.e. every Riemann surface (see
Definition 8.1.1), is Kéhler since condition (i) above is trivially satisfied for any Hermitian
metric. Moreover, in that case, the Kéahler-Einstein metrics are simply the ones of constant
curvature, and by the uniformization theorem, every Riemann surface admits such a metric
since its universal cover (C, S? or the hyperbolic upper half-plane H = {z=2+1y,y > 0})
does; in the latter case, the metric is y%(clae2 + dy?), see also §4.4. Moreover, the metric is
unique up to isometries.

If one studies the space of all compact Riemann surfaces of a given topological type
(Teichmiiller theory), it is then convenient to investigate the space of all metrics of constant
curvature on a given differentiable surface, because one can exploit additional geometric in-
formation. In a similar vein, the aforementioned results of S.T. Yau have found important
applications in the classification of Kahler manifolds and algebraic varieties.

A certain class of Kéhler manifolds, the so-called special K&hler manifolds (see [85]),
has become important in string theory.

5.3 The Geometry of Symmetric Spaces

Besides CP", we have already seen other examples of symmetric spaces:

1. R?, equipped with the Euclidean metric, i.e. d-dimensional Euclidean space E<.
The involution at p € E? is the map o,(z) = 2p — z.

2. The sphere S? : Since its isometry group operates transitively on S?, it suffices
to display an involution o at the north pole (1,0,...,0); such an involution is
given by

o(zt, ... 24 = (2!, =22, ... —2?t)

in the usual coordinates.
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3. Hyperbolic space H? from §4.4. Again, the isometry group operates transitively,
and it suffices to consider the point (1,0,...,0) (in the notations from §4.4),
the isometry here is

In the sequel, V will always denote the Levi-Civita connection.

Lemma 5.3.1. An involution o, : M — M of a symmetric space reverses the geo-
desics through p. Thus, if ¢ : (—e,e) — M s geodesic with ¢(0) = p (as always
parametrized proportionally to arc length), then ope(t) = ¢(—t).

Proof. As an isometry, o, maps geodesics to geodesics. If ¢ is a geodesic through p
(with ¢(0) = p), then
Do,¢(0) = —¢(0).

The claim follows since a geodesic is uniquely determined by its initial point and
initial direction (cf. Theorem 1.4.2). O

Lemma 5.3.2. Let ¢ be a geodesic in the symmetric space M, ¢(0) = p, ¢(7) = q.
Then
oqop(c(t)) = c(t + 27) (5.3.1)

(for all t, for which c(t) and c(t + 27) are defined). For v € TeyyM, DogDoy,(v) €
Teot42r)M is the vector at c(t + 27) obtained by parallel transport of v along c.

Proof. Let ¢(t) :== c(t 4+ 7). ¢ then is geodesic with ¢(0) = ¢. It follows that
0q0p(c(t)) = a4(c(—1)) by Lemma 5.3.1
= 0q(e(=t = 7))
=c(t+71)
=c(t +27).

Let v € T,M and let V be the parallel vector field along ¢ with V' (p) = v. Since o, is
an isometry, Do,V is likewise parallel. Moreover, Do,V (p) = —V (p). Hence

DapV(c(t)) = =V(e(-t)),
Do, o Do,V(c(t)) = V(e(t+ 27)) as before.

O

Corollary 5.3.1. A symmetric space is geodesically complete, i.e. each geodesic can
be indefinitely extended in both directions, i.e. may be defined on all of R.
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Proof. (5.3.1) implies that geodesics can be indefinitely extended. One simply uses
the left hand side of (5.3.1) to define the right hand side. O

The Hopf-Rinow Theorem 1.7.1 implies

Corollary 5.3.2. In a symmetric space, any two points can be connected by a geo-
desic. U

By Lemma 5.3.1, the operation of o, on geodesics through p is given by a reversal
of the direction. Since by Corollary 5.3.2, any point can be connected with p by a
geodesic, we conclude

Corollary 5.3.3. 0, is uniquely determined. O

Definition 5.3.1. Let M be a symmetric space, ¢ : R — M a geodesic. The trans-
lation along ¢ by the amount t € R is

Tt = Oc(t/2) © Oc(0)-

By Lemma 5.3.2, 7 thus maps ¢(s) onto ¢(s + t), and D7 is parallel transport
along ¢ from c(s) to c(s +t).

Remark. T is an isometry defined on all of M. 7 = 74 maps the geodesic ¢ onto itself.
The operation of 7 on geodesics other than ¢ in general is quite different, and in fact
7 need not map any other geodesic onto itself. One may see this for M = S™.

Convention:  For the rest of this paragraph, M will be a symmetric space.
G denotes the isometry group of M. Gq is the following subset of G :

Go :={g: for t € R, where s — g is a group homomorphism from R to G},

i.e. the union of all one-parameter subgroups of G. (It may be shown that Gy is a
subgroup of G.)

Examples of such one-parameter subgroups are given by the families of transla-
tions (7¢):er along geodesic lines.

Theorem 5.3.1. G operates transitively on M.

Proof. By Corollary 5.3.2, any two points p,q € M can be connected by a geodesic
¢; let p=¢(0),q = c(s). If (7¢)¢er is the family of translations along ¢, then

q=Ts(p).

We thus have found an isometry from G that maps p to g. O

Definition 5.3.2. A Riemannian manifold with a transitive group of isometries is
called homogeneous.
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Theorem 5.3.2. The curvature tensor R of M is parallel, VR = 0.
Proof. Let ¢ be a geodesic, and let X,Y, Z W be parallel vector fields along ¢, p =

c(to),q = c(to +t). Then ¢ = 7;(p) and by Lemma 5.3.2

(R(X(q).Y(q))Z(q), W(q)) = (R(de X (p), drY (p))dre Z(p), dm: W (p))
= (R(X(p),Y(p))Z(p), W(p)) since 1; is an isometry.

Let now v := ¢(tp). The preceding relation gives
v(R(X,Y)Z, W) =0,
and since X, Y, Z, W are parallel,
(Vu,R)(X,Y)Z, W) =0.
Since V, R like R is a tensor, (V,R)(X,Y)Z depends only on the values of X,Y, Z
at p. Since this holds for all ¢, X, Y, Z, W we get VR = 0. O

Definition 5.3.3. A complete Riemannian manifold with VR = 0 is called locally
symmetric.

Remark. One can show that for each locally symmetric space IV there exist a simply
connected symmetric space M and a group I" operating on M discretely, without fixed
points, and isometrically, such that

N = M/T. (5.3.2)

Conversely, it is clear that such a space is locally symmetric. Examples are given by
compact Riemann surfaces of genus g > 2 which may be realized as quotients of the
hyperbolic plane H?2.

Let us also introduce different examples, the so called lens spaces:

We consider S? as unit sphere in C2 :

S3={(z1,22) eC?: |2 P+ 22> =1}
On 53, we then have an isometric action of the torus S* x S', namely
(21, 2%) — (ei"’lzl, ei“"222) for 0 < ', p? < 2.

Let now p, ¢ € N be relatively prime with 1 < p < q.
Let Zq be the cyclic group of order g. We then obtain a homomorphism

ZqHSl x St

ri— (627rzr/q’€27r1pr/q).
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Thus, Z, operates isometrically on S®. Since p and ¢ are relatively prime, this oper-
ation has no fixed points, and the lens space

L(qvp) = Sg/Zq

is a manifold.

Actually, L(2,1) is not only locally symmetric, but symmetric. More precisely,
L(2,1) is the three dimensional real projective space.

For ¢ > 2, however, the lens spaces are not symmetric. For example, the invo-
lution at p = (1,0) € S? is given (in our complex notation) by

Up(zl,ZQ) = (24, —22)

(recall the definition of S¢ at the beginning of this paragraph). o, therefore does
not commute with the Z, action. Therefore, the involution o, does not carry over to
L(q, p). Since on the other hand each involution is already determined by its operation
on the tangent space and since an involution would have to operate in the same way
as o, on the tangent space of the point corresponding to p in the lens space, the lens
space cannot possess any such involution and hence cannot be symmetric.

We now want to determine the Jacobi fields on (locally) symmetric spaces. For
a Riemannian manifold N, p € N,v € T, N we define an operator

R, :T,N — T,N

by
R,(w) = R(w,v)v. (5.3.3)

For a geodesic ¢, Re(;) maps the orthogonal complement of ¢(t) in Tp ;) N onto itself.
The operator Reg) is self-adjoint. This follows from (3.3.10) and (3.3.9) or
(3.3.7):
(Ry(w),w") = (R(w,v)v,w") = (R(w',v)v,w) = (R, (w),w).

Since R is parallel for a locally symmetric space, Re(;) commutes with parallel trans-
port along c.

Let v be an eigenvector of R with eigenvalue p with [|v|| = 1,|¢(0)|| = 1 (this
can be achieved by reparametrization), and

(v,¢(0)) =0,

ie.

R(v,é(0))é(0) = Re(o)(v) = pv.

Let v(t) be the vector field obtained by parallel transport of v along c¢. Then v(t) is
an eigenvector of Re) with eigenvalue p, since R is parallel. Thus

R(v(t), é())é(t) = pu(t). (5.3.4)
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(5.3.4) implies that the vector fields

Ji(t) : = cp(t)v(t),

5.3.5
Jo(t) : = s,(t)v(t), ( )

(cp and s, defined as in §4.5) satisfy the Jacobi equation:
Ji(t) + R (Ji(t),é(t) é(t) = 0, fori=1,2. (5.3.6)

Thus

Theorem 5.3.3. Let N be a locally symmetric space, ¢ geodesic in N, ¢(0) =: p,
V1,...,Vn—1 an orthonormal basis of eigenvectors of Rey orthogonal to ¢(0) with
eigenvalues p1, ..., pn—1, V1(t),...,vn_1(t) the parallel vector fields along c with v;(0)
=v; (j=1,...,n—1). The Jacobi fields along ¢ (orthogonal to ¢) then are linear
combinations of Jacobi fields of the form

o, (vj(t) and s, (t)v;(t). (5.3.7)
O

Definition 5.3.4. Let g be the Lie algebra of Killing fields (cf. Lemma 1.9.8) on the
symmetric space M, and let p € M. We put

t:={Xeg:X(p)=0},
p:={X€g:VX(p) =0}.

Theorem 5.3.4.

top=g,
tnp = {0}.

Proof. €Np = {0} follows from the facts that each Killing field is a Jacobi field
(Corollary 4.2.1) (along any geodesic) and that Jacobi fields that vanish at some
point together with their derivative vanish identically (by Lemma 4.2.3) and finally
that by Corollary 5.3.2 any two points can be connected by a geodesic. Let now X € g
with X (p) # 0. Let c(t) := exp, tX(p) be the geodesic with ¢(0) = X(p), and let 7,
be the group of translations along ¢ (Definition 5.3.1). Then

Y(q) == %Tt(Q)h&:o (5.3.8)

is a Killing field, since the 7 are isometries (Lemma 1.9.7).
We have

Y(p) = X(p). (5.3.9)
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For v € T,M, let v(s) be a curve with 4/(0) = v. Then

0
VoY () = Vg 57 (3(8)) i

0
= V% %Tt(V(S))\Ft:O (5.3.10)
= V%DTt(’U)“:O
=0,
since by Lemma 5.3.2 D7 is parallel transport along ¢, and hence D7;(v) is a parallel
vector field along c.

‘We conclude
X=X-Y)+Y,

with (X —Y) € ¢ by (5.3.9), and with Y € p by (5.3.10). O

Theorem 5.3.5. As a vector space, p is isomorphic to T,M. The one-parameter
subgroup of isometries generated by Y € p is the group of translations along the
geodesic exp, tY (p).

Proof. Let w € T,M. Let c(t) := exp, tw be the geodesic with ¢(0) = w. Let 7, be
the group of translations along ¢. As in (5.3.8), we put

d
Y(q) := aTt(q)”:O for all ¢ € M. (5.3.11)
As in the proof of Theorem 5.3.4, we obtain
Y(p)=wand Y € p.

This induces a linear map from 7, M to p. The inverse of this map is simply the re-
striction mapping Y € p to Y'(p). Thus, we have found a bijective linear map between
T,M and p. By (5.3.11), Y also generates the one-parameter-subgroup 7 (surjectivity
follows from the proof of Theorem 5.3.4). O

Let us introduce the following notation: For a Killing field we denote the (at
this point only local) 1-parameter group of isometries generated by X by !X (instead
of the previous notation t; or ¢;).

Lemma 5.3.3. Let X be a Killing field on the symmetric space M. Then e*X is
defined for all t € R. Thus, (e'X)icr is a 1-parameter-group of isometries.

Proof. Let ¢ € M. We want to show that e'X(q) is defined for all + € R. We shall
show that this is true for ¢ > 0, since the case ¢ < 0 is analogous. Let now

T :=sup{t € R: e (q) is defined for all 7 < t}.
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We assume T' < oo and want to reach a contradiction.
We put
m = sup{d(q,e"* (q)) : t < T/2}.

Since each g € G is an isometry, we have for all =,y € M
d(gz, gy) = d(z,y),

hence also

d(g*q,99) = d(9q,q).

and thus

d(g*q,q) < 2d(gq,q).

Therefore for 0 <t < T,
d(e"(g),q) < 2d('**(q), q) < 2m.
Therefore, for all 0 < ¢t < T, !X (q) is contained in
B(q,2m),

which is a compact set.
Asin the proof of Corollary 1.4.3, we see that there exists € > 0 with the property
that for all x € B(q,2m) e (z) is defined for |t| < e. Thus, for 7:=T — ¢/2,

X (X (g)) = elTH/DX )
is defined.
This contradicts the assumption on 7" and proves the claim. O
For Y € p, we thus obtain from Theorem 5.3.5
et =, (5.3.12)

where (7;) is the family of translations along the geodesic exp, tY (p).
We now define a group homomorphism

sp:G—G
by
sp(g) = opogoop, (5.3.13)
where o, : M — M is the involution at p. Since 0127 = id, we have

sp(g) =opogoo, . (5.3.14)
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We obtain a map

Op:g—9
by
d
0,(X) := Esp(e'fx)wzo. (5.3.15)
Theorem 5.3.6.
Opre = id,
Oppp = —id.

Proof. Let X € ¢, i.e. X(p) =0. Then for all ¢,
e (p) = p. (5.3.16)
Let ¢; be a geodesic with ¢1(0) = p. Then for all ¢,
ca(s) := ey (s)
likewise defines a geodesic through p, i.e. ¢2(0) = p. It follows that

sp(e®)e1(s) = o, 0™ 0 oper(s)
=0,0e % (—s) by Lemma 5.3.1
= 0pc2(—9)

= ca(s),
ie.
sp(e™)er(s) = e ey (s).
Since each ¢ € M can be connected with p by a geodesic (Corollary 5.3.2), we obtain
sp(e™)(g) = e (q)
for all ¢ € M, i.e. sp(e'™X) = !X, and hence also
9p<X) =X,

ie.

0, =id.2

ple

Let now Y € p. From (5.3.12) (cf. Theorem 5.3.5),

etY =71 = Uc(t/?) 0 0p by Definition 531,

20ne may easily modify the proof at this place so as to avoid using the completeness of M.
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where c(t) = exp,, tY (p). Hence
sp(e) =0y 0 Oc(t)2) © 0p O 0p
= 0p 0 0c(t/2) because of o7 = id

which may be seen e.g. as follows: Let ¢ = ¢(t/2),é(s) = ¢(t/2 — s). Then p =
¢é(t/2),¢(0) = g, hence

opoac(t/2) = as(t/2) 0 050
Therefore, this is the translation along ¢ by the amount ¢. Since ¢ is traversed in
opposite direction as ¢, this is the same as translation along ¢ by the amount —t.

Since

Tt = efty,

it follows that,
Sp(ety) e_tY7

hence

Op(Y) ==Y,
i.e.

eplp = —id

O

Lemma 5.3.4. 0,[X,Y] = [0,X,0,Y] for all X,Y € g. Thus, 6, is a Lie algebra
homomorphism.

Proof. By definition of 6, (5.3.15), 0,(X) generates the 1-parameter group e*%r(X),
ie.

sp(e!™) = (%), (5.3.17)
Now
d
[X,Y] = =De™"™ oY oe¥|i—g cf. Theorem 1.94 (i)
o (5.3.18)
= We—tXeSYetX ‘t=s=0-
S
Hence
0? ,
QP[X, Y] = %Upe_txeéyetxoﬂt:s:o
82 tX 1 Y 1 tX
- 315850”6_ 0, 0pe” 0, Ope " Oplt=s=0
0? _ .
= o o=5p(€7)sp(e™)5p(e") i=amo of. (5.3.14)
2
= _6'?8 100 (X) 30, (V) t0p(X) |, _ by (5.3.17)
S

= [0p(X), 6p(Y)] by (5.3.18).
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Theorem 5.3.7.

(e, €] CE,
[p,p] C &
[&,p] C p.

Proof. Because of 912) = id, 6, has eigenvalues —1 and 1. By Theorem 5.3.6, £ is
the eigenspace with eigenvalue 1, p the eigenspace with eigenvalue —1 (note that by
Theorem 5.3.5, g = ¢® p). If X is an eigenvector with eigenvalue A, Y one with
eigenvalue p, then, since 6, is a Lie algebra homomorphism (Lemma 5.3.3), [X,Y] is
an eigenvector with eigenvalue A\u. This easily gives the claim. O

Corollary 5.3.4. ¢ is a Lie subalgebra of g.
Proof. ¢ is a subspace of g and closed w.r.t. the Lie bracket by Theorem 5.3.7. O

Corollary 5.3.5. With the identification
T,M ~p
from Theorem 5.3.5, the curvature tensor of M satisfies
R(X,Y)Z(p) = ~[[X, Y], Z](p) (5.3.19)

for XY, Z € p.

Proof. Let X € g,Y € p. The geodesic exp,, tY (p) satisfies
Y(e(t)) =¢(t) forallt € R.

This follows e.g. from Theorem 5.3.5.
Since by Corollary 4.2.1, X is a Jacobi field along ¢, we obtain

VyVyX 4+ R(X,Y)Y =0 (5.3.20)

along ¢, hence in particular at p.
This implies that we have also for Y, Z € p, since then also Y + Z € p, that

VyVzX +VzVyX + R(X,Y)Z 4+ R(X,Z)Y =0 (5.3.21)

at p.
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Now by (3.3.7),

R(X,Z)Y = —R(Z,X)Y, (5.3.22)
by (3.3.8),
R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0, (5.3.23)
and by (3.3.3)
R(Y,Z2)X =VyVzX —VzVy X — Vy z1X. (5.3.24)
By Theorem 5.3.7, for Y, Z € p, [Y, Z] € &, hence
Y, Z](p) = 0. (5.3.25)
(5.3.21) — (5.3.25) imply
VyVzX + R(X,Y)Z =0 (5.3.26)
at p.
By (5.3.23) and (5.3.22) for XY, Z € p,
R(X,Y)Z(p) = —R(Y, Z)X(p) + R(X, Z)Y (p)
=VzVxY(p) — VzVyX(p) by (5.3.26)
= Vz[X,Y](p)
= v[X,Y]Z(p) - [[Xv Y]a Z](p)
because of [X,Y](p) = 0 (Theorem 5.3.7). O

Corollary 5.3.6. The sectional curvature of the plane in T, M spanned by the ortho-
normal vectors Y1(p), Ya(p) (Y1,Y2 € p) satisfies

K(Y1(p) A Ya(p)) = —([[V1, Ya], Yal, Y1) (D).

Proof. From (5.3.19). O

5.4 Some Results about the Structure of Symmetric
Spaces

In this paragraph, we shall employ the conventions established in the previous one.

Let us first quote the following special case of a theorem of Myers and Steenrod:
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Theorem 5.4.1. The isometry group of a symmetric space M is a Lie group, and so
is the group Gy defined in §5.3. Moreover g is the Lie algebra of both G and Gy.

A proof may May be found, e.g., in [123]. Technically, this result will not be
indispensable for the sequel, but it is useful in order to gain a deeper understanding
of symmetric spaces.

We now start with some constructions that are valid not only for the isometry
group of a symmetric space but more generally for an arbitrary Lie group G with Lie
algebra denoted by g.

Each h € G defines an inner automorphism of G by conjugation:

Int (h): G — G,
g — hgh™!.

Putting h = o, here we obtain s, from §5.3.
g as a Lie algebra in particular is a vector space, and we denote the group of
vector space automorphisms of g by Gl(g).

Definition 5.4.1. The adjoint representation of G is given by

Ad : G — Gl(g),
h+— D, Int (h)

where e € G is the identity element.
In the notations of §5.3 we thus have
0, = Ad (o). (5.4.1)

Lemma 5.4.1. Ad is a group homomorphism, and for each h € G, Ad h € Gl(g) is
a Lie algebra homomorphism, i.e.

Ad h[X,Y] =[Ad hX, Ad,RY] forall X,Y € g. (5.4.2)
This result generalizes Lemma 5.3.4. Proof. That Ad is a group homomorphism

follows from

Int (hlhg) = Int (hl)Int (hg)
That Ad h is a Lie algebra homomorphism follows as in the proof of Lemma 5.3.4. [

Definition 5.4.2. The adjoint representation of g is given by

ad : g — gl(g),
X = (D, Ad)(X),

where gl(g) is the space of linear self maps of g.
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Lemma 5.4.2.
(ad X)Y = —[X,Y].

Proof.

d

(ad X)Y = 7 De It (") Y}izo
2

~ 0tos

=[-X,Y] by Theorem 1.9.4 (ii).

Int (e')e*Y |j=s—0

Corollary 5.4.1.
(ad X)[Y, Z] = [(ad X)Y, Z] +[Y, (ad X)Z].

Proof. From Lemma 5.4.2 and the Jacobi identity (Lemma 1.9.5).

Corollary 5.4.2.
X = Ad eX forall X € g.

Proof.
%ead tX|t=O —ad X
— (D, Ad)X
d
= %Ad etX‘t:()a

which easily implies the claim.

Definition 5.4.3. The Killing form of g is the bilinear form

B:gxg—R,
(X,)Y)—tr(ad Xoad V).

(5.4.3)

¢ (and likewise G) is called semisimple if the Killing form of g is nondegenerate.

Lemma 5.4.3. The Killing form B of g is symmetric. B is invariant under auto-

morphisms of g. In particular

B((Adg)X,(Ad 9)Y)=B(X,Y) forall X,Y €g,9€G.

Moreover

B((ad X)Y, Z) + B(Y,(ad X)Z) =0 for all X,Y,Z € g.

(5.4.4)

(5.4.5)
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Proof. The symmetry of B is a direct consequence of the formula
tr (AC) = tr (CA) (5.4.6)

for linear self maps of a vector space.
Let now o be an automorphism of g. Then

(ad o X)(Y) = [0(—X),Y] by (5.4.3)
[0(=X),0071Y]
=o[-X,07 Y]
=(ocoad X oo 1) (Y).
Therefore
tr(ad o X ad oY) =tr(cad Xad Yo~ ') =tr(ad Xad V)
with (5.4.6), i.e.

B(oX,0Y)=B(X,Y). (5.4.7)
Therefore, B is invariant under automorphisms of g. We now choose
o = Ad (etX).
Differentiating (5.4.7) w.r.t. t at ¢t = 0 yields (5.4.5). O

We also define
K:={geG:g(p) =p}
K then is a subgroup of G. For X € &, we have !X € K.
We now have two scalar valued products on p. Namely, for Y, Z € p, we may
form (Y (p), Z(p)), where (.,.) denotes the Riemannian metric of M, as well as

B(Y, 7).
We now want to compare these two products.

Lemma 5.4.4. Ad K leaves p and the product (-,-) on p invariant.

Proof. Since for k € K,k(p) = p, for Y € p, Int (k) maps the geodesic exp, tY (p)
through p onto another geodesic through p, and this geodesic is generated by Dk o
Y (k~1(p)) = DEY (p).

Therefore, (Ad k)(Y) = Dko Y (k™!) is in p as well (cf. the proof of Theorem
5.3.6). Moreover, for Y, Z € p,
(Y(p), Z(p)) = (Dk o Y (p), Dk o Z(p)) since k is an isometry

— (Do Y (k"L (p)), Dk o Z(K~(p))) since k! (p) = p
= (Ad kY (p), Ad kZ(p)).
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Corollary 5.4.3. The Killing form B is negative definite on t.

Proof. Let X € &Y, Z € p. By Lemma 5.4.4
(Ad ()Y (p), Ad (") Z(p)) = (Y (p), Z(p)). (5.4.8)
We differentiate (5.4.8) at ¢ = 0 w.r.t. ¢ and obtain
(ad (X)Y (p), Z(p)) + (¥ (p), ad (X)Z(p)) = 0. (5.4.9)

By Theorem 5.3.7 or Lemma 5.4.4, ad X yields a linear self map of p, and by (5.4.9),
this map is skew symmetric w.r.t. the scalar products (-,-)(p) on p. We choose an
orthonormal basis of p w.r.t. (-,-)(p) and write ad X = (ai;)i j=1,..n as a matrix
w.r.t. this basis. Since ad X is skew symmetric, we have

Qi = —Qjj forz',j = 1,...,11.

Therefore

B(X,X)=trad Xoad X =— ) a};,
i,j=1
and negative definiteness follows, since for X € £ X # 0, also ad X # 0 because
otherwise Ade’® = id, hence by e'* € K, De'™ would be the identity of T,M, i.e.
X ie. X =0. O

We now define the following scalar product on g :
for Y, Z € p, (Y, Z)g := (Y(p), Z(p)),
where the scalar product on the right hand side is the Riemannian metric on 7}, M;

for X, W € ¢, (X, W)y : = —B(X,W),
for X e &, Y €p, (X,Y)g:=0.

Lemma 5.4.5. (-,)g is positive definite and Ad K -invariant.
Proof. Positive definiteness follows from positive definiteness of the Riemannian met-

ric on T, M and Corollary 5.4.3. Ad K-invariance follows from Lemmas 5.4.3 and
5.4.4. O

The infinitesimal version of the Ad K-invariance of (-, -)4 is
((ad X)Y, Z)g + (Y, (ad X)Z)g =0 forY,Zeg X €t. (5.4.10)
For Y € p, we now consider the linear functional

p—R,
X — B(X,)Y),
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where B again denotes the Killing form of g. Then there exists Y* € p with
B(X7 Y) = <X7 Y*>g

Since B is symmetric (Lemma 5.4.3), the map

p—p
Y — YH,
is self adjoint w.r.t. (-,-). Therefore, there exists an orthonormal basis Y7,...,Y;, of
eigenvectors:
Y/ =\Y; (j=1,...,n).
Then

B(Y;,Y;) = (Y3, Y]") = Ai(Y5, Y5)
= <YJvY;k> = )‘7<Y;’YJ>

Thus, eigenspaces of different eigenvalues are orthogonal not only w.r.t. (-, -)g, but
also w.r.t. B. We write the decomposition of p into eigenspaces as

P=p1D... 0 Pm.
The eigenvalue of p; is denoted by p; (j =1,...m).
Lemma 5.4.6.

[pi,p;] =0 fori#j. (5.4.11)
If g is semisimple, i.e. B nondegenerate, then
1 1
(v)g=—Bje+—DBp, +...+ —B,.. (5.4.12)
H1 Hm

Proof. Let Y; € p;,Y; € p;. Then

B(Y:, Y], [V, Yj]) = ~B(Y;, V0, [V, Vill) by (5.4.3), (5.45)
= — [y <Yz7 [Yja [YJ7YzH>7

for example by Corollary 5.3.6 and by the symmetries of the curvature tensor.
In the same manner, however, we also obtain
B(Y:, Y, [¥, Yi)) = —palYa, Y5, 1Y, Vi), (5.4.13)
and hence, since B is nondegenerate, we must have

[YHYJ] =0.
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Namely, by Theorem 5.3.7, [Y;,Y;] € ¢, and by Corollary 5.4.3 B is negative definite
on £. That the restriction of (-,-)g onto £ coincides with —Bj¢ is a consequence of the
definition of (-,-)4. Moreover, for Y, Z € p;

B(Y,Z) = u;(Y, Z),

and p; and p; for ¢ # j are orthogonal w.r.t. (-,-) and B. This implies (5.4.12), be-
cause, since B is nondegenerate, all y; must be # 0. O

Definition 5.4.4. Let g = € ® p be the usual decomposition of the space of Killing
fields of the symmetric space M.
M is called of Fuclidean type, if

[p,pl =0,

i.e. if the restriction of the Killing form vanishes identically on p.

M is called semisimple, if g is semisimple.

M is called of compact (noncompact) type, if it is semisimple and of nonnegative
(nonpositive) sectional curvature.

Corollary 5.4.4. A semisimple symmetric space is of (non)compact type if and only
if B is negative (positive) definite on p.

Proof. Since B is negative definite on p, all u; are < 0, and Corollary 5.4.3 and 5.4.13
imply
_<Y:i7 [Yvﬁ [}/}a Yk“) >0,

hence K > 0 by Corollary 5.3.6. If conversely K > 0, B must be negative defi-
nite on p, because otherwise we would contradict (5.4.13), since by Corollary 5.4.3
B([Y;,Y;],[¥5,Y;]) <0. The case K < 0 is analogous. O

Perspectives. Symmetric spaces were introduced and investigated by E. Cartan. They
form a central class of examples in Riemannian geometry, combining the advantage of a
rich variety of geometric phenomena with the possibility of explicit computations. More-
over, symmetric spaces can be completely classified in a finite number of series (like S™ =
SO(n+1)/SO(n), hyperbolic space H™ = SOq(n,1)/SO(n), CP* = SU(n+1)/S(U(n)xU(1)),
Sl(n,R)/SO(n), Sp(p+ q)/Sp(p) x Sp(q), etc.) plus a finite list of exceptional spaces. More-
over, there exists a duality between the ones of compact and of noncompact type. For
example, the dual companion of the sphere S™ = SO(n + 1)/SO(n) is hyperbolic space
H"™ =S0¢(n,1)/SO(n). A reference for the theory of symmetric spaces is Helgason[123].
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5.5 The Space Sl(n,R)/SO(n,R)

We now want to consider examples: In fact, we shall specialize the examples of §1.10
to the case where we identify the vector space with R™. ,
Let M™ be the space of (n x n)-matrices over R (M"™ ~ R""),

Gl(n,R): ={A € M" : det A # 0} (linear group),
Sl(n,R): ={A e M" :det A =1} (special linear group),
SO(n) :=S0(n,R): ={A € M": A" = A~' det A= 1} (special orthogonal group).

(Note that A! is the adjoint A* of A w.r.t. the Euclidean scalar product).

Obviously, these are Lie groups.
gl(n,R) :== M"
when equipped with the Lie bracket
[X,Y]:=XY -YX
becomes a Lie algebra, and so do

sl(n,R) :={X € M" : tr X =0},
so(n) :=so0(n,R) :={X e M": X' =-X};
these are the Lie algebras of Gl(n,R), Sl(n,R),SO(n,R). As in §1.10, one verifies this
by considering for X € gl(n,R) the exponential series

t2
etX ::Id+tX+§X2+... .

We have,
det(eX) =" ¥, (5.5.1)

as is easily seen with the help of the Jordan normal form.
In particular, for all t € R

e € Gl(n,R).
By (5.5.1), if X € sl(n,R), then eX € Sl(n, R). Moreover, for X € so(n,R)

1 1
(e®)! =Id+Xt+§(Xt)2 +.o.=1d- X+ 5(X)2 — =N = (e

ie. eX € SO(n,R).
The series representation of e!X also easily implies that the derivative of
gl(n,R) — Gl(n,R),

X X
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at X = 0 is the identity; note in particular that gl(n,R) and Gl(n,R) are of the
same dimension. Therefore, the exponential map X — eX is a diffeomorphism in the
vicinity of X = 0.

The exponential map then also yields a diffeomorphism between neighborhoods
of 0 in sl(n,R) and so(n), resp., and neighborhoods of Id in Sl(n,R) and SO(n), resp.,
because the corresponding spaces again have the same dimension.

From §1.10, we recall that for A, B € Gl(n,R),

Int (A)B = ABA™L.
Therefore, for X € gl(n,R)

(AdA)X = %AetXA’l\tzo =AXxA~! (5.5.2)
and for Y € gl(n,R) then
82
(adY)X = %esye”‘e—sm:t:o =YX - XY =[Y, X]. (5.5.3)

We now let E% € m™ be the matrix with entry 1 at the intersection of the i*" row
and the j" column and entries 0 otherwise, EY = (e},) =1, n-
Then with X = (zke),Y = (yke),

ad X adYEY =

(% iJ 17 ij
TkeYtmCpmp — ThtCpp,Ymh — Ykt€rm Tmh + €LpTemYmh A
sh=1,...,n

and hence
trad X adY = (FY, ad X ad Y EY)
= NTijYji — TiilYjj — YT T NT5iYi (5.5.4)
=2ntr XY —2tr X trY.
If X = A1d (Id = identity matrix), then
ad X = 0.

Therefore, gl(n,R) is not semisimple. On sl(n, R), however, the Killing form satisfies
by (5.5.4)
B(X,Y) =2ntr XY. (5.5.5)

Therefore, for X # 0
B(X, X" >0, (5.5.6)

and the Killing form is nondegenerate.
A similar computation applies to so0(n) : s0(2) = R is not semisimple. For n > 2,
we choose {\%(E’” — E7%) i < j} as a basis for so(n). Then

<%(Eiﬂ‘ ~ B, (B - Efk)> = b fori < j k<l

[\v)
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and

trad XadY = (J5(BY - /), ad X adY J5(EY - B/'))
= (n — D)@peyer + ijYij-
using tr X =trY =0 for X,Y € so(n).
Since X = —X* for X € s0(n), we obtain
trad XadY =(n—-2)tr X - Y.
In particular, for n > 2 let B now denote the Killing form of so(n), then for X # 0

B(X, Xt) <0,
and also

B(X,X) <0.

Thus, the Killing form of so(n) is negative definite for n > 2. Note that the Killing
form of so(n) does not coincide with the restriction of the Killing form of sl(n,R)
onto so(n). In the sequel, we shall employ the latter one.

(5.5.5) directly implies that B is Ad (Sl(n,R)) invariant. We now put

G = Sl(n,R), K =80(n),
g=sl(n,R), €=s0(n), p={Xesl(nR): X" =X}
Then because of X = 3(X — X) + 1(X + X"),
g=top. (5.5.7)
Moreover, because of (XY — Y X)! = YViXt — Xty?
(&, €] C & [p,p] CE[Ep] Cp. (5.5.8)

Next, let
M :=G/K;

more precisely, M is the space of equivalence classes w.r.t. the following equivalence
relation on G :

g1~ g :<= Jke K:g = gik.

Thus, M is the space of left cosets of K in GG. As K is not a normal subgroup of G, M
is not a group. We want to equip M with a symmetric space structure. G operates
transitively on M by

JKw— g¢dK forged.
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Let
m:G—>M

be the projection.

A subset Q of M is called open, if 7=(f) is open in G. Then 7 becomes an
open map.

We want to show that M is a Hausdorff space. The preimage of K under the
continuous map

G xG— G,

(91,92) = 91 ' 92
is closed since K is closed in G. Thus, if g; *g2 € K, in G x G there exists a neighbor-
hood of (g1, g2) of the form € x €, which is disjoint from the preimage of K. If now
g1 K # g2 K, then gy Yo ¢ K, and Q; := W(Q ),i = 1,2, are disjoint neighborhoods of
g1 K and g, K. Namely, if gK € §;, there exists k; € K with gk; € €;, and if we had

gK € Q1N s, (gk1, gks) would be mapped to k; *ky € K, and Q1 x Q5 would not be
disjoint to the preimage of K. This shows the Hausdorff property.

In order to construct coordinate charts, we first have to recall the Cauchy polar
decomposition of an invertible matrix.

Lemma 5.5.1. For A € Gl(n,R), there exist an orthogonal matriz R and a symmetric
positive definite matriz V' with

A=VR,

and this decomposition is unique.

Proof. Since A is invertible,
H:= AA

is symmetric and positive definite. We are going to show that there exists a unique
symmetric, positive definite matrix V with V2 = H. For this purpose, we first observe
that H may be diagonalized by an orthogonal matrix .S :

H = S'AS with A = diag (\;), \; > 0 by positive definiteness.

We put
V= S"diag (v/\i)S.
V then is symmetric, positive definite, and because of S* = S~!, it satisfies

VZ=H.

This shows existence. For uniqueness, we first show that for a symmetric, positive

definite matrix V, each eigenvector of V2 with eigenvalue ) is an eigenvector of V'
. . 1 .

with eigenvalue A\2. Namely, from V2z = Az it follows that

(V +VAId)(V — VAId)z =0,
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and therefore we must have y := (V — \/de)x = 0, because otherwise y would be an
eigenvector of V with eigenvalue —v/A < 0, contradicting the positive definiteness of
V.

This implies that the relation V2 = H uniquely determines V, because all eigen-
values and eigenvectors of V' are determined by those of H.

We now put

R=V"'A.

Then
RR' =V 'AAV =V VPVl =14,

and R is orthogonal.
This shows the existence of the decomposition. Uniqueness is likewise easy:
If A= VR, with orthogonal R and with symmetric, positive definite V', then

AA' = VRR'WV! = V2,
and by the preceding, this uniquely determines V. R then is unique as well. O

Let
P:={AeSl(n,R): A" = A, A pos. def.}

(Note that P is not a group.)
For X € p, then

eXePp

and the exponential map again yields a diffeomorphism between a neighborhood of
O in p and a neighborhood of Id in p. We now decompose A € Sl(n,R) according to
Lemma 5.5.1

A=VR

with R € O(n),V € P.
Let A be contained in a sufficiently small neighborhood of Id.
There then exist unique

X €so0(n),Y €p

with
eX =R, e¥ =V.

This implies the existence of neighborhoods €1 of 0 in p, Q2 of 0 in so(n) for which

Ql X QQ — G,
(Y, X) > e¥e™

is a diffeomorphism onto its image.
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Lemma 5.5.2. G/K is homeomorphic to P. If G/ K is equipped with the differentiable
structure of P,
exp:p— G/K~PV—e"

becomes a local diffeomorphism between a neighborhood of 0 in p and a neighborhood
ofId- K in G/K.

Proof. We first construct a homeomorphism ® between GG/ K and P. For gK we write
by Lemma 5.5.1
g=VRwith V € P,R e SO(n)

and put
P(g) =V

This does not depend on the choice of representative of gK. Namely, if gK = ¢'K,
there exists S € SO(n) = K with ¢S = ¢/, hence ¢ = VRS = VR’ with R’ := RS €
SO(n), and ®(¢’') =V = ®(g). If conversely ®(g) = ®(¢') =: V,theng=VR,g' = VS
with R, S € SO(n), hence ¢’ = g(R™1S) with R~1S € SO(n), hence gK = ¢'K.

Therefore, @ is bijective. ® is continuous in both directions, because
m:G— G/K
and

m:G — P,
A=V,

with A = VF (the unique decomposition of Lemma 5.5.1), both are continuous and
open.

Moreover exp(p) C P, and since exp : gl(n,R) — Gl(n,R) is a local diffeomor-
phism, and p and P have the same dimension, exp), is a local diffeomorphism, too,
between a neighborhood of 0 in p and a neighborhood of Id in P. O

By Lemma 5.5.2, G/K becomes a differentiable manifold. We have already
displayed a chart near Id - K. In order to obtain a chart at gK, we simply map a
suitable neighborhood U of gK via ¢g~! onto a neighborhood ¢~ 'U of Id - K and use
the preceding chart.

G then operates transitively on G/K by diffeomorphisms,

GxG/K — G/K,
(h, gK) — hgK.

The isotropy group of Id - K is K itself. The isotropy group of ¢K is gK¢~"', and this
group is conjugate to K.

We want to construct Riemannian metrics on G on G/K w.r.t. which G operates
isometrically on G/K.
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For this purpose, we use the Killing form B of sl(n,R) and the decomposition
g =sl(n,R) =t@p (with £ = s0(n)). We put

B(X,Y) for X,Y €p,
(X,Y)g=4¢-B(X,Y) for X,Y ¢,
0 for X € p,Y € & or vice versa.

By (5.5.5), (-,-)g is positive definite.
For abbreviation, we put

e:=1d (identity matrix)

and we identify g with T.G. For each g € G, we then also obtain a metric on T,G by
requesting that the left translation

Ly:G— G,
h — gh

is an isometry between T, G and T,G (dL, : T.G — T,G). We also obtain a metric on
G/K : restricting (-, )4 to p, we get a metric on T, x G/K ~ p; the metric on T,x G/ K
then is produced by

L,:G/K — G/K,
hK +— ghK

by requesting again that those maps are isometries.
The metric is well defined; namely, if

9K =¢'K,

then
g =gk with k€K,

hence Iig/ = Iig o Ek. f/k now maps eK onto itself, and dik :T.xkG/K — T.xG/K
is an isometry, since for V. € P, L,V = kV = (kVk Yk = ((Intk)V)k, hence
dLp(X) = (Ad,k)X for X € p ~ T,xG/K, and Adk is an isometry of p because
it leaves the Killing form invariant. Therefore, the metric on G/K is indeed well
defined. By definition, G then operates isometrically on G/K.

We want to define involutions on G/K so as to turn G/K into a symmetric
space.
We first have an involution

o.:G— G,
h — (h—l)t
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with
doc:g—g,
X — —Xt
hence
dae‘g =iddo,p, = —id, 0¢ g = id.

For g € G, we then obtain an involution

0,:G—=G

by
ogh = Lyoe(Ly-1h) = g((g7"h)~")" = gg"(h™")".
‘We have
oa(h) = g9' (99" (h"1)")~H)") = h,
hence
2 _ .
Oy = id

and

o4(9) =g

Since o,k = id, o, induces an involution
ok 1 G/K — G/K

with oex(eK) = eK,dock : TexG/K — T.xG/K, do.x = —id. Since G operates
transitively on G/K, at each gK € G/K, we then also obtain an involution oy =
Eg 00K O [ngfu

We have thus shown

Theorem 5.5.1. G/K carries a symmetric space structure. O

The group of orientation preserving isometries of G/K is G itself. Namely, that
group cannot be larger than GG, because any such isometry is already determined by
its value and its derivative at one point, and G operates transitively on M = G/K,
and so does K on T, M, and hence GG already generates all such isometries. We want
to establish the connection with the theory developed in §5.3 and 5.4. We first want
to compare the exponential map on sl(n,R) and the induced map on G/K with the
Riemannian exponential map. Let a one parameter subgroup of G be given, i.e. a Lie
group homomorphism

v:R—G.

Thus ¢(s+t) = ¢(s) o p(t), hence

p(t + h})l —o(t) _ Sp(t)so(hgl— L
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hence

dy dy

EU) = E(OW(U
As usual, this implies

p(t) = HO.

Thus, the exponential map generates all one parameter subgroups of G.
If ¢ is a geodesic in G/K with ¢(0) = eK =: p, the translations 7; along ¢ yield
a one parameter subgroup of G, hence

exp, t¢(0) = c(t) = 7(p) = X (p) for some X T.xG/K = p. (5.5.9)

Here, on the left, we have the Riemannian exponential map, whereas on the right, we
have the one of G. Since the derivative of the Lie group exponential map at 0 is the
identity, we obtain X = ¢(0), and the two exponential maps coincide. In particular,
the Lie group exponential map, when applied to the straight lines through the origin
in p, generates the geodesics of G/K.

We also obtain a map ¢ from the Lie algebra sl(n,R) of Sl(n,R) into the Lie
algebra of Killing fields of G/K. For X € sl(n,R) we put

Y(X) (@) = Soe ¥ Wlo  for a=g(p)

d

= ELgetX () }¢=0-

Now

Y(XY)(q) = dgXY(p)
T Otos
= L) (e ()

dt [t=0

= p(Y)9(X)(a),

getX e?” (p) |[t=5s=0

hence
Y([X,Y]) = [p(Y), v(X)] = —[(X), p(Y)].

We thus obtain an antihomomorphism of Lie algebras. This explains the difference
in sign between (5.4.3) and (5.5.3).

Corollary 5.5.1. Sl(n,R)/SO(n) is a symmetric space of noncompact type. The
sectional curvature of the plane spanned by the orthonormal vectors Y1,Ys € p is
given by

K = B([Y2,Y1], [Y2,Y1]) = —[|[Y1, Y2] || < 0.
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Proof. As observed above (5.5.5), the Killing form is nondegenerate, and the sym-
metric space is semisimple. By Corollary 5.3.6 the sectional curvature of the plane
spanned by Y7,Y5 € p satisfies
K = —([[Y1,Y2], Y2], Y1)
= _B([[YMYYQLYYQ]?Y&)
—B([Y2, [Y2, 1]}, Y1)
= B([Y2, V1], [Y2, Y1]),

(5.5.10)

because the Killing form is Ad G invariant.
This expression is < 0, because by [p,p] C & [Y3,Y1] € € and B is negative
definite on ¢. O

Definition 5.5.1. A subalgebra a of g is called abelianif [A;, As] = 0 for all Ay, As €a.

We want to find the maximal abelian subspaces of p. Let a be an abelian subspace
of p, i.e. an abelian subalgebra of g that is contained in p. Thus

A1A2 — A2A1 =0 forall Al, AQ € a.

The elements of a therefore constitute a commuting family of symmetric (n x n)
matrices. Hence, they can be diagonalized simultaneously. Thus, there exists an
orthonormal basis vq, ..., v, of R™ consisting of common eigenvectors of the elements
of a. We write our matrices w.r.t. an orthonormal basis eq,...,e, of R" and we
choose S € SO(n) with

S(v;) =+e; fori=1,...,n.

SaS~1! then is an abelian subspace of p with eigenvectors ey, .. ., e,. Thus, all elements
of SaS~! are diagonal matrices (with trace 0 since they are contained in p). This
implies that the space of diagonal matrices of trace 0 is a maximal abelian subspace
of p. Furthermore, it follows that each maximal abelian subspace is conjugate to
this one, w.r.t. an element from K = SO(n). Therefore, any two maximal abelian
subspaces of p are conjugate to each other.

Let now a be an abelian subspace of p. We put

A:=expa,

where exp, as usual, is the exponential map g — G. A then is a Lie subgroup of G.
For g1,¢92 € A, we have

9192 = 9291,
because for any two commuting elements X,Y € g

P XHY XY Y X

b

as is easily seen from the exponential series. Thus, A is an abelian Lie group.
On the other hand, because of a C p, A also is a subspace of M = G/K.
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Lemma 5.5.3. A is totally geodesic in M and flat, i.e. its curvature vanishes.

Proof. Let Y € a. By definition of A, the geodesic €'Y is contained in A. A is thus
totally geodesic at the point e/ := P in the sense that any geodesic of M through p
and tangential to A at p is entirely contained in A. A operates transitively and iso-
metrically on itself by left translations. Let now ¢ € A. There then exists a € A with
ap = q. Since a as element of G is an isometry, it maps the geodesics of A and those
of M through p onto geodesics through ¢. This implies that A is totally geodesic Al at
q as well, hence everywhere. The curvature formula (5.5.10) implies that A is flat. O

Let conversely N be a flat subspace of M. Since the Killing form of £ is negative
definite, the curvature formula (5.5.10) implies [Y7, Y] = 0 for all Y7,Y5 € T, N. Thus,
T,N is an abelian subspace of p.

We conclude

Corollary 5.5.2. The mazimal flat subspaces of M through p = eK, i.e. those
not contained in any larger flat subspace of M, bijectively correspond to the mazximal
abelian subspaces of p. O

The assertions of Lemma 5.5.3 and Corollary 5.5.2 are valid for all symmetric
spaces.

Definition 5.5.2. The rank of a symmetric space M is the dimension of a maximal
flat subspace.

Thus, the rank is the dimension of a maximal abelian subalgebra of g contained
in p. As remarked above, any two such subalgebras are conjugate to each other.
Likewise, because G operates transitively on M, the dimension of a maximal flat
subspace through any given point of M is the same.

Corollary 5.5.3.
Rank (Sl(n,R)/SO(n)) =n — 1.

Proof. As observed above, a maximal abelian subalgebra of g contained in p consists
of the space of diagonal matrices with vanishing trace, and the latter space has di-
mension n — 1. O

Corollary 5.5.4. A symmetric space M of noncompact type has rank 1 if and only
if its sectional curvature is negative.

Proof. The rank is 1 if for two linearly independent Y1, Y € T, M, we have Y7, Y] #0.
Since B is negative definite on £ and [Y7,Y3] € € for Y3, Yo € T, M (identified with p),
(5.5.10) yields the claim. O
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Lemma 5.5.4. For X € ¢, adX : g — g is skew symmetric w.r.t. {(-,-)q, and for
X € p, it is symmetric.

Proof. Let X € 8,Y,Z € £. Then (ad X)Y = [X,Y] € £, hence

((X,Y],Z)g = =B(X,Y], 2)

= B(Y[X,Z])
=—(Y,[X,Z])g by (5.4.5).

For X e ¢, Y € p,Z € ¢, we have [X,Y] € p, [ X, Z] € &, hence
<[X7Y]7Z>9 =0= <Ya [Xa ZDE
For X € .Y, Z € p, we have [X,Y] € p,[X, Z] € p and

<[X7Y]7Z>9: B([X,Y],Z)
:_B(K[X7Z])
(Y, [X,Z])y by (545).

Altogether, this implies that ad X is skew symmetric for X € ¢ Let now X € p,
Y,Z € ¢. Then [X,Y] € p,[X, Z] € p, hence

<[Xa Y]aZ>g =0= <Ya [Xa ZDB
For X e p,Y €&, Z € p, we have [X,Y] € p,[X, Z] € ¢, hence

<[X5Y]7Z>g: B([X,Y],Z)
—B(Y,[X,Z]) by (5.4.5)
<Y7[sz]>9'

Finally for X € p,Y,Z € p, we have [X,Y] € ¢ [X, Z] € ¢, hence
<[X7Y]aZ>9 =0= <Ya [XaZDQ

Altogether, this implies that ad X is skew symmetric for X € p. O
Lemma 5.5.5. If X,Y € g commute, i.e. [X,Y] =0, then so do ad X and adY.

Proof.

adXadYZ = [X,[Y.Z]]
by the Jacobi identity,

= -2, X]| - [Z [X,Y]]
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because [X,Y] =0,

Y, [X, Z]]
adY ad X Z.

O

Let now a be a fixed maximal abelian subspace of p. By Lemmas 5.5.4, 5.5.5,
for X € a, the maps ad X : g — g are symmetric w.r.t. (-,-)g and commute with each
other. Therefore, g can be decomposed as a sum orthogonal w.r.t. (-,-)g of common
eigenvectors of the ad X, X € a:

g=090D Z Ja-

a€eA

Definition 5.5.3. A is called the set of roots, and the o € A are called the roots of
g w.r.t. a.

We have
[X,Y] = (ad X)Y = a(X)Y for X €a,Y € ga. (5.5.11)

Thus «(X) is the eigenvalue of ad X on g,, with 0(X) := 0 for all X. Since a is
abelian, of course
a C go-

Moreover, « : a — R is linear for all o € A, since

ad(X +Y)=ad X +ady,
ad (uX) = pad X,

for XY €a,peR.

‘We now recall the involution
o.:G— G, o.(h) = (b1,

and
0:=do.:g—g, 0(X) = —-X",

which is also called Cartan involution, and the decomposition
g=tdp,

£ being the eigenspace of 6 with eigenvalue 1, p the one with eigenvalue —1, is called
Cartan decomposition. We thus may write

(X,Y)y = —B(X,0Y). (5.5.12)

In the same manner as e does, any element g of G, hence also any element gK of G/K
induces a Cartan decomposition g = ¢ @® p’ with ¥ = Ad (g)t etc. (cf. also §5.3).
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Lemma 5.5.6.

(7') [gaag,@] C Ja+p3 fO’f‘Oé+ﬁ S A7 [gavgﬁ] =0 fO’I’Oé+6 ¢ A.

(ii) a € A < —a €A, and for each o € A, 0 : go — g_ is an isomorphism.

(tii) 0 leaves go invariant, go = go N €+ a.
(iv) For X € a,Y € gq, Ad (e!X)Y = t*(X)y,

(v) For o # —f3, B(ga,83) = 0.

Proof. LetY € go,Z € g3, X € a. Then

(ad X)[Y, 2] = [X, [Y, Z]|
because of the Jacobi identity,

= -V, [2,X]| - [Z,[X,Y]]
=X, 2] + a(X)[Y, Z]
= (a+ /)XY, Z].

This implies (i).
Next

[X,0Y] = [X,-Y"]
by X = X!, since X € a C p,
— [Xt Yt]
(X, Y]

a(X)Y?
—a(X)0Y,

hence 0Y € g_,. This proves (ii), and the first part of (iii), too, hence also go =

(g0 NE) + (go N p).

Since a is maximal abelian in p and commutes with all elements of g, it follows

that go Np = a which is the remaining part of (iii).
Next

Ad () = et2dX = Id—l—z (ad X)"

nl

which implies (iv).
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Finally, (v) follows from

0= (da>98)q for a #
= —B(ga,0(95)) by (5.5.11)
= —B(ga,9-5) by (ii).

O

We now want to determine the root space decomposition of g = sl(n,R). For
that purpose, let E% be as above, and

Hi:=F% _pHbitl =1 n—1.

{E¥(i # j)and H*(k =1,...,n—1)} then constitute a basis of g. Let a be the space
of diagonal matrices with vanishing trace, i.e. a maximal abelian subspace of p.
For X = diag (A1,...,An) = >y M E%, we have
(ad X)EY = (\; — \))E"Y,  fori # j,
(ad X)H' = 0, fori=1,...,n—1, since H € a.
We thus obtain n(n — 1) nonzero roots «;;(i # j) with

O[,‘j(X)Z)\i—)\j (X:dlag(/\l,,)\n))

The corresponding root spaces gq,; are spanned by the E¥. gq is spanned by H!,
..., H" ' in particular

do = a.
Definition 5.5.4. A maximal flat abelian subspace of G/K is called a flat. A geodesic

in G/K is called regular if contained in one flat only; otherwise it is called singular.
Tangent vectors of regular (singular) geodesics are called regular (singular).

Lemma 5.5.7. X € a is singular iff there exists Y € g\go with [X,Y] =0, i.e. if
there exists o € A with o(X) = 0.

Proof. Let X be singular. Then X is contained in another maximal abelian subspace
a’ of p besides a. Therefore, there exists Y € a’, Y ¢ a. Because of X, Y € o,
[X.,Y]=0.

Since go Np = a (Lemma 5.5.6 (ii)), Y ¢ go. (5.5.11) implies o(X) = 0 for at least
one o € A.
Let now a(X) =0 for such a @ € A. Let Y € g,,Y # 0. Then

[X,Y] = a(X)Y = 0. (5.5.13)

We decompose
Y=Y+Y, withY,ectY,ep (5.5.14)



292 Chapter 5 Symmetric Spaces and Ké&hler Manifolds

For A € a, we have because of Y € g,
[AY] = a(A)Y, (5.5.15)
and because of [¢,p] C p,[p,p] C & (5.5.14), (5.5.15) imply
[A, Y] = a(A)Y,, (5.5.16)
[4,Y}] = a(A)Ye. (5.5.17)

If we had Y, = 0, then by (5.5.16) also Y = 0, since a does not vanish on a, hence
Y = 0. Likewise, Yy cannot vanish. By (5.5.17), ¥, thus is contained in p\a. Since
(5.5.13) — (5.5.17) imply

(X, Y,] =0,

X and Y, are contained in some abelian, hence also in some maximal abelian subspace
of p different from a. Thus, X is singular. O

By Lemma 5.5.7, the singular elements of a constitute the set
Using ={X €a:3a € A: a(X)=0}.
Using thus is the union of finitely many so called singular hyperplanes
{X€a:a(X)=0} foraecA.
Likewise, the set of regular elements of a is
theg ={X €a:VaeA: a(X) #0}.

The singular hyperplanes partition a,¢; into finitely many components which are
called Weyl chambers.
For g = sl(n,R), a = {diag (A1, ..., \), >y A; = 0}, we have

Aeing = {diag (A1, An) 1 Fi £ 50 X = X5, > A =0},
i=1

the space of those diagonal matrices whose entries are not all distinct. This follows
from the fact that the roots are given by

Qi (dlag ()\17 ey )\n)) = )\z — )‘j

as computed above.
One of the Weyl chambers then is

at = {diag()\l,...,)\n)t)\l >)\2>...>)\n7EAJ‘=0}.

We call
At i={a€eA:VAca:a(4) >0}
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the space of positive roots (this obviously depends on the choice of a®). In our case,
AT = {Oéij 11 <j}

A;f = {12, @23, ..., @p—1,} C AT then is a fundamental system of positive roots,
meaning that each o € AT can be written as

n—1
= E SiQ 41
i=1
with some s; € N. For abbreviation, we put o; :== a; 41,2 =1,...,n — 1.

The sets
{Aca:q;(A)>0forv=1,...,ra; (A)=0forv=r+1,...,n—1},

where {i1,...,i,—1} = {1,...,n—1}, then are the ’-dimensional “walls” of the Weyl
chamber a®. The relation “is contained in the closure of” then defines an incidence
relation on the space of all Weyl chambers and all Weyl chamber walls of all maximal
abelian subspaces of p. This set with this incidence relation is an example of a so-
called Tits building. Via the exponential map, we obtain a corresponding incidence
structure on the set of all flats and all images of Weyl chamber walls through each
given point of G/K.

We next introduce the Iwasawa decomposition of an element of Sl(n,R) = G.
Let, as before,

K =5S0(n),

and moreover
A= {diag(/\h...,)\n) N >0fori=1,....n ][N = 1},
i=1

N = {upper triangular matrices with entries 1 on the diagonal}.

Theorem 5.5.2 (Iwasawa Decomposition). We have
G = KAN.
More precisely, for each g € G there exist unique k € K,a € A,n € N with
g = kan.
We first prove

Lemma 5.5.8. For each g € Gl(n,R), there exists a unique h € O(n) with

(hg)ij =0 fori < j,
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Proof. We denote the columns of g by v1,...,v,. The rows r1,...,7, of h € O(n)
satisfying the assertions of the lemma must satisfy

(i) r1,...,7, is an orthonormal basis of R™ (since h € O(n)).
(i) rj-v; =0 for ¢ < j. (“” here denotes the Euclidean scalar product).
(iii) rj-v; > 0 for all j.

Conversely, if these three relations are satisfied, h has the desired properties.
We first determine r,, by the conditions

T Tn=11ry-v,>0,1, -v,=0 fori=1,...,n—1.

Since the columns of g, i.e. the v;, are linearly independent, there indeed exists such
an r,. Assume now that we have iteratively determined r;,7;41,...,7,. Let W; be
the subspace of R" spanned by vq,...,vj_2,7;,...,7,. W; then has codimension 1
because of the properties of the vectors rj,...,7,. Then r;_; has to be orthogonal to
W; and satisfies r;_1 - v;_; > 0 and 7;_; - r;_1 = 1. There exists a unique such r;_;.
Tteratively, we obtain rq,...,r,, hence h. O

Proof of Theorem 5.5.2. By Lemma 5.5.8, there exist & € SO(n), namely k = h~!
from Lemma 5.5.8 (for ¢ € Sl(n,R), we get h € SO(n)) and an upper triangular
matrix m = (m;;) with positive diagonal entries with

g=km.

We put \; :=my;,ny = 1,0 = %mij for i # j, a = diag (A1,..., ), n = (n;;) and
obtain
g =km = kan.

The uniqueness of this decomposition is implied by the uniqueness statement of
Lemma 5.5.8. O

5.6 Symmetric Spaces of Noncompact Type
as Examples of Nonpositively Curved
Riemannian Manifolds

We continue to study the symmetric space M = Sl(n,R)/SO(n). It is complete (Corol-
lary 5.3.1), nonpositively curved (Corollary 5.5.1), and simply connected (this follows
from Lemma 5.5.2 since P is simply connected). Thus, the constructions at the end



5.6 Symmetric Spaces of Noncompact Type 295

of §4.8 may be applied to M. (Actually, what follows will be valid for any sym-
metric space of noncompact type.) We continue to use the notations of §5.5, e.g.
G = Sl(n,R), K = SO(n).
For © € M(o0), let
Gy ={9€G:gx=u}

be the isotropy group of x. G, then is a subgroup of G. Let g, be the corresponding
sub Lie algebra of g.

Theorem 5.6.1. Let x € M(c0), p € M, g = @ p be the Cartan decomposition
w.r.t. p. Let X be the element of p = T, M with

X(p) (= exp,tX).

Let a be a mazimal abelian subspace of p with X € a, and let

g=00+ Y ga

aEA

Cpu(t) =€

be the root space decomposition of g determined by a. Then

g =00+ Y Ga (5.6.1)
a(X)>0

Corollary 5.6.1. Let By, By be Weyl chambers or Weyl chamber walls with By C Bs.
Let X1 € By, X5 € By || X1]| = | Xz2|| = 1, 21,22 € M(00) be the classes of asymptotic
geodesic rays determined by X1 and Xo, resp. Then

Gy C Gy, (5.6.2)

Conversely, G, C G, implies By C B,.

Proof. By and B are contained in a common maximal abelian subspace a of p. Let
A be the set of roots of the root space decomposition of g determined by a. Each
« € A which is nonnegative on Bs then is nonnegative on Bj, too. Theorem 5.6.1
then implies the claim. O

By Corollary 5.6.1, the geometric relation B; C By defining the incidence rela-
tion for the Tits building may be replaced by the algebraic relation (5.6.2) between
subgroups of G.

Proof of Theorem 5.6.1. For abbreviation, we put
c(t) = cpa(t).
Let Y € g. We decompose

Y =Yg+ Y Y, withY) € go,Ya € ga
aEA
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and put
Y(t):=Ad(eN)Y =Yy + Y e My, (5.6.3)

aEN
by Lemma 5.5.6 (iv).

Then for all s,t € R

d(esyc(t), c(t)) = d(esyetx (p), etX(p))

= d(e*tXe“;YetX(p),p)7 since X is an isometry of M

= d(Ad (e7")e*Y (p), p)

=d(e(p),p). (5.6.4)
Let now

Y € go + Z Ja-
a(X)>0

We put

Y=Y+ Y Y.
a(X)=0

(5.6.3), (5.6.4) imply for each s

lim d(e™ c(t), o(t)) = (e (p), p).

t—o00

Since by Theorem 4.8.2, d?(e*Y ¢(t), c(t)) is convex in ¢, it has to be bounded for ¢ > 0.
Hence e*Y ¢ is asymptotic to ¢, hence

eY € G, forall s,

hence
Y €g.,.

Let conversely Y € g,. We write Y = Y, + Y5 with Y := Yy + Ea(X)ZO Y, Yy =
Za(x)<o Y.. By what we have just proved, we obtain

Y1 € g,
hence also
Yo=Y -Y, € G-

Therefore, for any fixed s,
d*(e™2c(t), c(t))

is bounded for ¢ > 0. On the other hand (5.6.3), (5.6.4) imply

lim d?(e*¥ ¢(t),c(t)) = 0.

t——o00
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Since this function is convex by Theorem 4.8.2, it then vanishes identically. We obtain
eS2c(t) = c(t)

hence in particular
sY-
e tp =p,

hence Y5 € €. Therefore, letting 0, denote the Cartan involution at p,

Yy =0,(Ys) €6, Z o since O, = id}e
a(X)<0

= > a by Lemma 5.5.6 (ii).

a(X)>0

By definition of Y5, this implies dim Y5 = 0, hence

Y=Yi€g+ Y 0o
a(X)>0

Remark. The isotropy groups of any two points p,q € M are conjugate. If ¢ = gp,
then
Gy = ngg_l.

(The isotropy group of p € M is by definition G, = {g € G : gp = p}.)

The isotropy groups of points in M (00), however, are not necessarily conjugate
as one sees from Theorem 5.6.1. However, there are only finitely many conjugacy
classes.

Example. Let
X =diag (A1,...,\n)

and let « be the element in M (c0) determined by X.
Then

G = {A = (aij)m:l’_”’n (S 5[(77,, R) with Q;; = 0 for )\7. < )\J}

For example, if
AL > > A,

then g, is the space of upper triangular matrices.

Perspectives. For a differential geometric treatment of symmetric spaces of noncompact
type, our sources and references are [68, 69], [12].
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Let G/K be a symmetric space of noncompact type. A discrete subgroup I' of G is
called a lattice if the quotient I'\G/K has finite volume in the induced locally symmetric
metric. Here, I" operates on G/K by isometries since the whole group G does. I' may have
fixed points so that the quotient need not be a manifold. Any such I', however, always
contains a subgroup I’ of finite index which is torsion free, i.e. operates without fixed points
(i.e. there do not exist v € I,y # id, and z € G/K with vz = z), and the quotient T\G/K
then is a manifold and a finite covering of I'\G /K. Therefore, one may usually assume w.l.0.g.
that I itself has no fixed points, and we are hence going to do this for simplicity of discussion.
A lattice I' is called uniform or cocompact if the quotient is compact, nonuniform otherwise.

We now discuss the rigidity of such lattices.

For G = Sl(2,R) ~ SO¢(2,1) and K = SO(2), there exist continuous families of
compact quotients, namely Riemann surfaces of a given genus p > 2. Thus, no rigidity result
holds in this case. This, however, is a singular phenomenon.

The first rigidity result was obtained by Calabi and Vesentini[37] who showed that
compact quotients of any irreducible Hermitian symmetric space of noncompact type other
than S1(2,R)/SO(2) are infinitesimally, hence locally, rigid. They showed that the relevant
cohomology group rising from the theory of Kodaira and Spencer vanishes in all these cases.
Their result means that there do not exist nontrivial continuous families of uniform lattices
in G/K other than S1(2,R)/SO(2).

Mostow[200] showed strong rigidity of compact quotients of irreducible symmetric
spaces of noncompact type. This means that any two such lattices I', IV which are isomorphic
as abstract groups are lattices in the same GG and isomorphic as subgroups of G. Geometrically
this means that the quotients I'\G/K and I'"\G/K are isometric. (Here, as always, they
carry the Riemannian metric induced from the symmetric metric on G/K.)

Margulis[183] then showed superrigidity if rank (G/K) > 2. This essentially means
that any homomorphism p : I' — H(T' as above) extends to a homomorphism G — H, if
H, like G, is a simple noncompact algebraic group (defined over R) and if p(T") is Zariski
dense, or that p(I") is contained in a compact subgroup of H, if H is an algebraic subgroup of
some Sl(n, Q). Here, Q, stands for the p-adic numbers. More generally and precisely, if G
is a semisimple Lie group without compact factors with maximal compact subgroup K, rank
(G/K) > 2,if T is an irreducible lattice in G (irreducibility means that no finite cover of the
quotient I'\G/K is a nontrivial product; this condition is nontrivial only in the case where
G/K itself is not irreducible, i.e. a nontrivial product), and if H is a reductive algebraic
group over R, C, or some Q,, then any homomorphism p : [' — H with Zariski dense image
(this means that p(T") is not contained in a proper algebraic subgroup of H) factors through
a homomorphism,

' < GxL
ag

p
H

where L is a compact group. The results of Margulis and their proofs can be found in [274].
Important generalizations are given in [184]. Margulis also showed that superrigidity implies
arithmeticity of a lattice I'. This means that I' is obtained from the prototype Sl(n,R)
by certain finite algebraic operations, namely taking the intersection of Sl(n,Z) with Lie
subgroups of Sl(n,R), applying surjective homomorphisms between Lie groups with compact
kernels, passing to sublattices of finite index or taking finite extensions of lattices.
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In the Perspectives on §7.7, we shall discuss how harmonic maps can be used to prove
superrigidity.

Exercises for Chapter 5

1. Show that real projective space RP" (cf. Exercise 3 of Chapter 1) can be
obtained as the space of all (real) lines in R™*1. Show that RP! is diffeomorphic
to S'. Compute the cohomology of RP". Show that RP" carries the structure
of a symmetric space.

2. Similarly, define and discuss quaternionic projective space HIPP™ as the space of
all quaternionic lines in quaternionic space H"*!. In particular, show that it is
a symmetric space.

3. Determine all Killing fields on S™.
4. Determine the Killing forms of the groups Sl(n,C), Sp(n,R),SU(n), U(n).

5. Discuss the geometry of S™ by viewing it as the symmetric space SO(n +

1)/SO(n).

6. Show that CP" = SU(n + 1)/S(U(1) x U(n)). Compute the rank of CP" as a
symmetric space.

7. Determine the closed geodesics and compute the injectivity radius of the sym-
metric space RP™ (cf. Exercise 1).



Chapter 6

Morse Theory and Floer
Homology

6.1 Preliminaries: Aims of Morse Theory

Let X be a complete Riemannian manifold, not necessarily of finite dimension.! We
shall consider a smooth function f on X, i.e. f € C°(X,R) (actually f € C3(X,R)
usually suffices). The essential feature of the theory of Morse and its generalizations
is the relationship between the structure of the critical set of f,

C(f) ={z e X :df(x) =0}

(and the space of trajectories for the gradient flow of f) and the topology of X.

While some such relations can already be deduced for continuous, not neces-
sarily smooth functions, certain deeper structures and more complete results only
emerge if additional conditions are imposed onto f besides smoothness. Morse theory
already yields very interesting results for functions on finite dimensional, compact Rie-
mannian manifolds. However, it also applies in many infinite dimensional situations.
For example, it can be used to show the existence of closed geodesics on compact
Riemannian manifolds M by applying it to the energy functional on the space X of
curves of Sobolev class H'2? in M, as we shall see in §6.11 below.

Let us first informally discuss the main features and concepts of the theory at
some simple example. We consider a compact Riemannian manifold X diffeomorphic
to the 2-sphere S2, and we study smooth functions on X; more specifically let us look
at two functions f1, fo whose level set graphs are exhibited in the following figure,

1n this textbook, we do not systematically discuss infinite dimensional Riemannian manifolds.
The essential point is that they are modeled on Hilbert instead of Euclidean spaces. At certain places,
the constructions require a little more care than in the finite dimensional case, because compactness
arguments are no longer available.
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p: p;

Figure 6.1.1:

with the vertical axis describing the value of the functions. The idea of Morse theory
is to extract information about the global topology of X from the critical points of
f, i.e. those p € X with

df (p) = 0.

Clearly, their number is not invariant; for fi, we have two critical points, for fs, four,
as indicated in the figure. In order to describe the local geometry of the function
more closely in the vicinity of a critical point, we assign a so-called Morse index p(p)
to each critical point p as the number of linearly independent directions on which the
second derivative d?f(p) is negative definite (this requires the assumption that that
second derivative is nondegenerate, i.e. does not have the eigenvalue 0, at all critical
points; if this assumption is satisfied we speak of a Morse function). Equivalently, this
is the dimension of the unstable manifold W*(p). That unstable manifold is defined
as follows: We look at the negative gradient flow of f, i.e. we consider the solutions
of

z:R— M,
i(t) = —grad f(z(t)) for all t € R.

It is at this point that the Riemannian metric of X enters, namely by defining the
gradient of f as the vector field dual to the 1-form df. The flow lines z(t) are curves
of steepest descent for f. For t — to0, each flow line z(t) converges to some critical
points p = 2(—00),q = z(c0) of f, recalling that in our examples we are working on
a compact manifold. The unstable manifold W*(p) of a critical point p then simply
consists of all flow lines z(¢) with z(—o00) = p, i.e. of those flow lines that emanate
from p.

In our examples, we have for the Morse indices of the critical points of f;

Ky (pl) =2 Kt (pQ) =0,
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bs

2 Ps
Figure 6.1.2:

and for fo

Mfz(pl) =2 K (pQ) =2 Hfs (pd) =1, Hfa (p4) =0,

as fi; has a maximum point p; and a minimum ps as its only critical points whereas
f2 has two local maxima p1, ps, a saddle point p3, and a minimum py. As we see from
the examples, the unstable manifold W*(p) is topologically a cell (i.e. homeomorphic
to an open ball) of dimension u(p), and the manifold X is the union of the unstable
manifolds of the critical points of the function. Thus, we get a decomposition of X
into cells. In order to see the local effects of critical points, we can intersect W (p)
with a small ball around p and contract the boundary of that intersection to a point.
We then obtain a

f; b, f b b
TANEN = S
bs
b, P4
Figure 6.1.3:

pointed sphere (S#(), pt.) of dimension u(p). These local constructions already
yield an important topological invariant, namely the FEuler characteristic x(X), as
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the alternating sum of these dimensions,

X(X) = > (=1)"® pu(p).

p critical point of f

We are introducing the signs (—1)*(?) here in order to get some cancellations between
the contributions from the individual critical points. This issue is handled in more
generality by the introduction of the boundary operator d. From the point of view
explored by Floer, we consider pairs (p, ¢) of critical points with p(q) = p(p) — 1, i.e.
of index difference 1. We then count the number of trajectories from p to ¢ modulo 2
(or, more generally, with associated signs as will be discussed later in this chapter):

Op = Z (#{flow lines from p to ¢} mod 2)gq.
q crit. pt. of f
w(q)=p(p)—1

In this way, we get an operator from C.(f,Zs), the vector space over Zy generated
by the critical points of f, to itself. The important point then is to show that

000 =0.
On this basis, one can define the homology groups
Hy(X, f,Z2) :=kernel of 0 on Cy(f,Z2)/image of 9 from Cyy1(f,Z2),

where Ck(f, Zs2) is generated by the critical points of Morse index k. (Because of the
relation 9 o @ = 0, the image of J from Ci41(f,Z2) is always contained in the kernel
of 9 on Cy(f,Z2).) We return to our examples: In the figure, we now only indicate
flow lines between critical points of index difference 1.

f p; £, p; b

b;

b; Py

Figure 6.1.4:

For f;, there are no pairs of critical points of index difference 1 at all. Denoting the
restriction of 9 to Ci(f,Z2) by Ok, we then have

ker 82 = {pl},
ker 80 = {po},
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while 0, is the trivial operator as C1(f1,Zs2) is 0. All images are likewise trivial, and
SO

Hy(X, f1,Z2) = Zo,
Hl(X> f17ZZ) = 07
Ho(X, f1,Z3) = Zs.

Putting
by, = dimg, Hp(X, f,Zs) (Betti numbers),

in particular we recover the Euler characteristic as

X(X) = (=1)7b;.

J
Let us now look at fo. Here we have

dop1 = Oapz = p3, hence da(p1 + pa2) = 2p3 =0,
O1ps = 2py =0 (since we are computing mod 2),
Oops = 0.

Thus

HQ(Xa f27Z2) =kerdy = Zs,
Hy(X, f2,Z5) = ker 01 /image 92 = 0,
Hy(X, f2,Zs) = ker 0y /image 01 = Zs.

Thus, the homology groups, and therefore also the Betti numbers are the same
for either function. This is the basic fact of Morse theory, and we also see that this
equality arises from cancellations between critical points achieved by the boundary
operator.

This will be made more rigorous in §§6.3 — 6.10.

As already mentioned, there is one other aspect to Morse theory, namely that it
is not restricted to finite dimensional manifolds. While some of the considerations in
this chapter will apply in a general setting, here we can only present an application
that does not need elaborate features of Morse theory but only an existence result
for unstable critical points in an infinite dimensional setting. This will be prepared
in §6.2 and carried out in §6.11.
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6.2 Compactness: The Palais-Smale Condition
and the Existence of Saddle Points

On a compact manifold, any continuous function assumes its minimum. It may have
more than one local minimum, however. If a differentiable function on a compact
manifold has two local minima, then it also has another critical point which is not a
strict local minimum. These rather elementary results, however, in general cease to
hold on noncompact spaces, for example infinite dimensional ones. The attempt to
isolate conditions that permit an extension of these results to general, not necessarily
compact situations is the starting point of the modern calculus of variations. For the
existence of a minimum, one usually imposes certain generalized convexity conditions
while for the existence of other critical points, one needs the so-called Palais-Smale
condition (PS).

Definition 6.2.1. f € C'(X,R) satisfies condition (PS) if every sequence (z,)nen
with

(i) |f(zn)| bounded,

(i) [ldf (@a)]| — O for n — oo,
contains a convergent subsequence.

Obviously, (PS) is automatically satisfied if X is compact. It is also satisfied if
f is proper, i.e. if for every c € R
fzeX:|f@) <c}

is compact. However, (PS) is more general than that and we shall see in the sequel
(see §6.11 below) that it holds for example for the energy functional on the space of
closed curves of Sobolev class H''? on a compact Riemannian manifold M.

For the sake of illustration, we shall now demonstrate the following result:

Proposition 6.2.1. Suppose f € C1(X,R) satisfies (PS) and has two strict relative
minima x1,x2 € X. Then there exists another critical point x3 of f (i.e. df (xz3) =0)
with

f(x3) = K := inf max f(x) > max{f(x1), f(z2)} (6.2.1)

~eTl z€vy

with T := {y € C°([0,1], X) : 7(0) = x1,7(1) = 22}, the set of all paths connecting
21 and xo. (x3 is called a saddle point for f.)

We assume also that solutions of the negative gradient flow of f,

p: X xR — X,

0 ol 1) = —grad f(p(a, 1), (6.2.2)

o(z,0) ==
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exist for all x € X and 0 < ¢ < ¢, for some € > 0. (grad f is the gradient of f, see
(2.1.14); it is the vector field dual to the 1-form df.)

Proof of Proposition 6.2.1. Since x1 and x5 are strict relative minima of f,

360 > 0V with 0 < § < § e > 0V with [lz — 2] =4 :
flx) > f(z;)+e fori=12.

Consequently,
Jeg > 0Vy e A7 € (0,1): f(v(r)) > max(f(z1), f(z2)) + o
This implies
k> max(f(x1), f(z2)). (6.2.3)

We want to show that
ffi={xeR": f(z) =k}
contains a point xz with
df (z3) = 0. (6.2.4)

If this is not the case, by (PS) there exist n > 0 and o > 0 with
ldf ()|l = (6.2.5)

whenever k —n < f(x) < kK +n.
Namely, otherwise, we find a sequence (z,,)neny C X with f(x,) — & and df (x,) — 0
as n — 00, hence by (PS) a limit point z3 that satisfies f(x3) = &, df (z3) =0 as f is
of class C*.

In particular,

f(@1), f(z2) <r—n, (6.2.6)

since df (1) = 0 = df (z2). Consequently we may find arbitrarily small n > 0 such
that for all v € T’ with max f(y(7)) <k +n:

V7 € [0,1] : either f(v(7)) <k —nor ||df (v(1))]| > a. (6.2.7)

We let ¢(x,t) be the solution of (6.2.2) for 0 <t <e.
We select 7 > 0 satisfying (6.2.7) and v € T with

max f(vy(7)) < k+n. (6.2.8)
T€[0,1]

Then

if(s&(”y(f)vt)) = —((d)(e(r(7), 1), grad f (o (v(7), 1))

dt (6.2.9)
= —|ldf (p(v(7),1))|* < 0.



308 Chapter 6 Morse Theory and Floer Homology

Therefore
max f(¢(y(7),t)) < max f(y(7)) < £+ 7. (6.2.10)
Since grad f(z;) = 0,i = 1,2, because x1,xy are critical points of f, also p(x;,t) = x;

for i = 1,2 and all ¢t € R, hence

o(y(-),t) €T

(6.2.9), (6.2.6), (6.2.7) and (6.2.2) then imply
2

% Flo(y(r), 1) < —%,Whenever Fle(y(r),t) > K — 1. (6.2.11)

We may assume that the above n > 0 satisfies

8n
04275

Then the negative gradient flow exists at least up to t = %. (6.2.10) and (6.2.11),

however, imply that for ¢ty = i—;’, we have

fle(y(1),t0)) < & —n forall 7 € [0,1].

Since ¢((+),t9) € I, this contradicts the definition of k. We conclude that there has
to exist some x5 with f(z3) = x and df (z3) = 0. O

The issue of the existence of the negative gradient flow for f will be discussed in
the next section. Essentially the same argument as in the proof of Proposition 6.2.1
will be presented once more in Theorem 6.11.3 below.

Perspectives. The role of the Palais-Smale condition in the calculus of variations is treated
in [149]. A thorough treatment of many further examples can be found in [243] and [42].
A recent work on Morse homology in an infinite dimensional context is Abbondandolo,
Majer|[1].

6.3 Local Analysis: Nondegeneracy of Critical
Points, Morse Lemma, Stable and Unstable
Manifolds

The next condition provides a nontrivial restriction already on compact manifolds.
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Definition 6.3.1. f € C?(X,R) is called a Morse function if for every xo € C(f), the
Hessian d? f(zo) is nondegenerate. (This means that the continuous linear operator

AT, X - T, X
defined by
(A)(v) = d* f(20)(u,v)  for u,v € Ty X

is bijective.) Moreover, we let
V- cT,, X

be the subspace spanned by eigenvectors of (the bounded, symmetric, bilinear form)
d? f(xo) with negative eigenvalues and call

w(zg) :=dim V"~
the Morse index of zg € C(f). For k € N, we let
Culf) = {x € C(f) = ) = k)
be the set of critical points of f of Morse index k.

The Morse index p(zg) may be infinite. In fact, however, for Morse theory in
the sense of Floer one only needs finite relative Morse indices. Before we can explain
what this means we need to define the stable and unstable manifolds of the negative
gradient flow of f at xg.

The first point to observe here is that the preceding notion of nondegeneracy of
a critical point does not depend on the choice of coordinates. Indeed, if we change
coordinates via

x=¢&(y), for some local diffeomorphism &,

then, computing derivatives now w.r.t. y, and putting yo = £ (20),

d*(f 0 €)(yo)(u,v) = (d*f) (€(y0)) (A (yo)u, d€(yo)v)  for any u,v,

if
df (x0) = 0.
Since d¢(yo) is an isomorphism by assumption, we see that
d*(f 2 &) (yo)
has the same index as
de(l‘Q).
The negative gradient flow for f is defined as the solution of
o: X xR — X,
0
= bla,t) = —grad [(9(x,1), (6.3.1)

o(x,0) = x.
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Here, grad f of course is the gradient of f for all z € X, defined with the help of some
Riemannian metric on X, see (2.1.14).

The theorem of Picard-Lindelof yields the local existence of this flow (see Lemma
1.9.1), i.e. for every x € X, there exists some ¢ > 0 such that ¢(xz,t) exists for
—& < t < e. This holds because we assume f € C%(X,R) so that grad f satisfies a
local Lipschitz condition as required for the Picard-Lindel6f theorem. We shall assume
in the sequel that this flow exists globally, i.e. that ¢ is defined on all of X x R. In
order to assure this, we might for example assume that d? f(x) has uniformly bounded
norm on X.

(6.3.1) is an example of a flow of the type

¢: X xR—X,
9]
(ZS(.T,O) =,

for some vector field V on X which we assume bounded for the present exposition as
discussed in §1.9. The preceding system is autonomous in the sense that V' does not
depend explicitly on the “time” parameter ¢ (only implicitly through its dependence
on ¢). Therefore, the flow satisfies the group property

oz, 11 +t2) = ¢(P(x,t1),t2) for all t1,t2 € R (see Theorem 1.9.1).

In particular, for every x € X, the flow line or orbit v, := {¢(z,t) : t € R} through =
is flow invariant in the sense that for y € v,, t € R

B(y,t) € Ve

Also, for every t € R, ¢(-,t) : X — X is a diffeomorphism of X onto its image (see
Theorem 1.9.1).

As a preparation for our treatment of Morse theory, in the present section we
shall perform a local analysis of the flow (6.3.1) near a critical point zg of f, i.e.
grad f(zo) = 0.

Definition 6.3.2. The stable and unstable manifolds at xg of the flow ¢ are defined
as

W?(wo) i={y € X+ lim o(y,t) = o},
Wh(zo) :={y € X : lim o(y,t) = a0}

Of course, the question arises whether W*(z() and W*(x) are indeed manifolds.

In order to understand the stable and unstable manifolds of a critical point, it
is useful to transform f locally near a critical point zy into some simpler, so-called
“normal” form, by comparing f with a local diffeomorphism. Namely, we want to
find a local diffeomorphism

z = ¢{(y),
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with
xg = £(0) for simplicity

such that 1
(&) = f(xo) + §d2f(a:0)(y,y). (6.3.2)

In other words, we want to transform f into a quadratic polynomial. Having achieved
this, we may then study the negative gradient flow in those coordinates w.r.t. the
Euclidean metric. It turns out that the qualitative behaviour of this flow in the
vicinity of 0 is the same as the one of the original flow in the vicinity of zg = £(0).

That such a local transformation is possible is the content of the Morse-Palais-
Lemma:

Lemma 6.3.1. Let B be a Banach space, U an open neighborhood of xg € B, f €
CF2(U,R) for some k > 1, with a nondegenerate critical point at xo. Then there
exist a neighborhood V of 0 € B and a diffeomorphism

E:VEV)CU

of class C* with £(0) = x¢ satisfying (6.3.2) in V. In particular, nondegenerate
critical points of a function f of class C3 are isolated.

Proof. We may assume xg = 0, f(0) = 0 for simplicity of notation.
We want to find a flow

v:V x[0,1] — B,
with
¢(y,0) =y, (6.3.3)

P, 1)) = 58 F(0) ) for all y € V. (6.3.4)

&(y) == p(y, 1) then has the required property. We shall construct ¢(y,t) so that with

1(1) = £(0) + 5 (L= O 0) (),

we have
% (p(y,t),t) =0, (6.3.5)
implying
fle(y, 1)) = nle(y,1),1)
= 1(¢(y,0),0)

1 2
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as required. (6.3.5) means

0 =7 (ol 1) + £ df (5, 1)) ol 1)

. 5 (6.3.6)
= 5 F0)(p(y: ) (y,1)) + (1 = F(O) (¢, 1), =y, 1)).

Now by Taylor expansion, using df (0) = 0,
1
flz) = / (1 —7)d*f(rz)(z, x) dr,
0

df (z) :/0 d*f(ra)x dr.

Inserting this into (6.3.6), with z = ¢(y, t), we observe that we have a common factor
©(y,t) in all terms. Thus, abbreviating

To(z) := —%dzf(O) + /0 (1 —7)d?*f(rx) dr,

T (x,t) == d2f(0)+t/0 (d*f(rx) — d*f(0))dr,

(6.3.6) would follow from

0="To(e(y,t)e(y,t) + Ti(e(y, 1), t)%(p(y, t). (6.3.7)

Here, we have deleted the common factor ¢(y,t), meaning that we now consider e.g.
d?f(0) as a linear operator on B.
Since we assume that d?f(0) is nondegenerate, d?f(0) is invertible as a linear
operator, and so then is T;(z, t) for z in some neighborhood W of 0 and all ¢ € [0, 1].
Therefore,
~Ti(p(y: 1),t) " o To(p(y, 1) e(y, t)

exists and is bounded if ¢(y,t) stays in W. Therefore, a solution of (6.3.7), i.e. of

% (1) = =Ta(p(y, 1) ™" o To(e(y, 1) e (v, 1), (6.3.8)

stays in W for all ¢ € [0, 1] if ¢(y,0) is contained in some possibly smaller neighbor-
hood V of 0. The existence of such a solution then is a consequence of the theorem
of Picard-Lindel6f for ODEs in Banach spaces. This completes the proof. O

Remark. The preceding lemma plays a fundamental role in the classical expositions
of Morse theory. The reason is that it allows to describe the change of topology in
the vicinity of a critical point xg of f of the sublevel sets

Ih={ye X fly) <A}
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as A decreases from f(xg) + e to f(xg) — e, for € > 0.

The gradient flow w.r.t. the Euclidean metric for f of the form (6.3.2) now is
very easy to describe. Assuming w.l.o.g. f(z¢) = 0, we are thus in the situation of

o) = 3B0,),

where B(-,) is a bounded symmetric quadratic form on a Hilbert space H. Denot-
ing the scalar product on H by (-,-), B corresponds to a selfadjoint bounded linear
operator
L:H—H

via

(L(u),v) = B(u,v)
by the Riesz representation theorem, and the negative gradient flow for g then is the
solution of

0
?(y,0) =y.

If v is an eigenvector of L with eigenvalue A, then

b(v,t) = e M.

Thus, the flow exponentially contracts the directions corresponding to positive eigen-
values, and these are thus stable directions, while the ones corresponding to negative
eigenvalues are expanded, hence unstable.

Let us describe the possible geometric pictures in two dimensions. If we have
one positive and one negative eigenvalue, we have a so-called saddle, and the flow
lines in the vicinity of our critical point look like:

If we have two negative eigenvalues, hence two unstable directions, we have a node.
If the two eigenvalues are equal, all directions are expanded at the same speed, and
the local picture is

If they are different, we may get the following picture, if the one of largest absolute
value corresponds to the horizontal direction.

The situations of Figures 6.3.2 and 6.3.3 are topologically conjugate, but not differ-
entiably. However, if we want to preserve conditions involving derivatives like the
transversality condition imposed in the next section, we may only perform differen-
tiable transformations of the local picture. It turns out that the situation of Figure
6.3.1 is better behaved in that sense.

Namely, the main point of the remainder of this section is to show that the
decomposition into stable and unstable manifolds always has the same qualitative
features in the differentiable sense as in our model situation of a linear system of
ODEs (although the situation for a general system is conjugate to the one for the
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_J
h

Figure 6.3.1: The horizontal axis is the unstable, the vertical one the stable manifold.

_
[

Figure 6.3.2:

linearized one only in the topological sense, as stated by the Hartmann-Grobman-
Theorem). All these results will depend crucially on the nondegeneracy condition
near a critical point, and the analysis definitely becomes much more complicated
without such a condition. In particular, even the qualitative topological features may
then cease to be stable against small perturbations. While many aspects can still be
successfully addressed in the context of the theory of Conley, we shall confine our-
selves to the nondegenerate case.

By Taylor expansion, the general case may locally be considered as a perturbation



6.3 Local Analysis 315

Figure 6.3.3:

of the linear equation just considered. Namely, we study

0

= t)=—-L t t
50 t) oy, 1) +n(e(y, 1), (6.3.9)
¢(y,0) =y,
in some neighborhood U of 0, where 1 : H — H satisfies
0) =0,
n(0) (6.3.10)

In(z) =)l < é(e)lle -yl

for ||z||, [ly|| < e, with §(¢) a continuous monotonically increasing function of € €
[0,00) with §(0) = 0. The local unstable and stable manifolds of 0 then are defined
as

w*(,U) =

{x e U : ¢(x,t) exists and is contained in U for all ¢ < O,t lim oz, t) = 0},
w*(0,U) =

{x € U : ¢(x,t) exists and is contained in U for all ¢ > O,t liin oz, t) = 0}.

We assume that the bounded linear selfadjoint operator L is nondegenerate, i.e. that
0 is not contained in the spectrum of L. As L is selfadjoint, the spectrum is real. H
then is the orthogonal sum of subspaces H,, H_ invariant under L for which L,
has positive, L|yy_ negative spectrum, and corresponding projections

PiIHHH:t,
P, +P_ =1d.



316 Chapter 6 Morse Theory and Floer Homology

Since L is bounded, we may find constants cg,y > 0 such that

le Lt Py || < coe™t for t > 0,

6.3.11
le Lt P_|| < coe for t < 0. ( )

Let now y(t) = ¢(x,t) be a solution of (6.3.9) for t > 0. We have for any 7 € [0, c0),

t

y(t) = e EETy (1) +/ e L= (y(s)) ds, (6.3.12)
hence also .
Poy(t) = e "7 Pry(r) + / e MU= Pin(y(s)) ds. (6.3.13)
If we assume that y(¢) is bounded for ¢ > 0, then by (6.3.11)
lim e H=IP_y(r) =0, (6.3.14)

and hence such a solution y(t) that is bounded for ¢ > 0 can be represented as

y(t) = Pry(t) + Py(t)
=e Mpa

t o}
b [ et Py s [ e MO Pg(y(s)) ds, with 2 = y(0)
0 t
(6.3.15)
(putting 7 = 0 in (6.3.13)1 and 7 = oo in (6.3.13)_). Conversely, any solution of

(6.3.15), bounded for ¢ > 0, satisfies (6.3.12), hence (6.3.9). For a solution that is
bounded for ¢ < 0, we analogously get the representation

0 t
o) =t~ [ BN gy ds+ [ e Pty(s) ds

t —00

Theorem 6.3.1. Let ¢(y,t) satisfy (6.3.9), with a bounded linear nondegenerate
selfadjoint operator L and n satisfying (6.3.10). Then we may find a neighborhood U
of 0 such that W*(0,U) (W*(0,U)) is a Lipschitz graph over PLHNU (P_HNU),
tangent to Py H (P_H ) at 0. Ifn is of class C* in U, so are W*(0,U) and W*(0,U).

Proof. We consider, for z € Py H,
t foe}

T(y,z)(t) := e_th—i-/ e_L(t_s)P+17(y(s))ds—/ e L= pP_n(y(s))ds. (6.3.16)
0 t

From (6.3.15) we see that we need to find fixed points of T, i.e.

y(t) =T(y,)(1). (6.3.17)
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In order to apply the Banach fixed point theorem, we first need to identify an
appropriate space on which T'(-, ) operates as a contraction. For that purpose, we
consider, for 0 < A\ < v, € > 0, the space

M) = {0) s e = sup e )] < <. (6:315)

M (¢e) is a complete normed space. We fix A, e.g. A = 2, in the sequel. Because of
(6.3.10), (6.3.11), we have for y € M, (e)

IT(y, 2) ()] < coe™" ||

t [e'e]
T cob(e) ( [ lds+ [T oy ds)
0 t

< coe ||
+ @) (s o] / R T
t<s<oo
(6.3.19)
Now since
¢ 1
/ e—’y(t—s)e—)\s ds = e—'yt (e(y—A)t _ 1> < e—)\t7
0 T=A 7—A
/OO e'y(t—s)e—)\s ds = e’ytLe—('y—Q—)\)t _ Le—)\t
¢ 7+ A YA
(6.3.19) implies
_ 2005(6) _
IT(y, z) ()| < coe™ |Jz]| + ——%~ o MYllexpoa- (6.3.20)
Similarly, for yi,y2 € My (g)
460(5 _
1T, 2)(6) = T, O < L ey g g (6.3.21)

€

Because of our assumptions on () (see (6.3.10), we may choose € so small that

4 1
0 ~5(e) < 5. (6.3.22)
Then from (6.3.21), for y1,y2 € My(e)
1
1T (y1, ) = T(y2, @) llexpr < 591 — Y2llexp,a- (6.3.23)
If we assume in addition that
]| < (6.3.24)

2
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then for y € M, (e), by (6.3.20),
1Ty, 2)llexp,x < & (6.3.25)

Thus, if € satisfies (6.3.22), and ||z|| < 55, then T'(-,z) maps M,(e) into itself, with

260 ’
a contraction constant % Therefore applying the Banach fixed point theorem, we get
a unique solution y, € My (g) of (6.3.17), for any x € P H with ||z| < 5=

- 200'

Obviously, T'(0,0) = 0, and thus yo = 0. Also, since y,, € M, (e) is decaying
exponentially, we have for any z (with [|z[| < 5%-)
ie.
Y=(0) € W*(0).
From (6.3.16), we have
t 0o
Ys () :f“w+/ efL(t’S)Pm(yx(S))dS*/ e I Py, (s)) ds.
0 t

Yy lies in M (e) and so in particular is bounded for ¢ > 0. Thus, it also satisfies
(6.3.15), i.e.

t [e'e)
y(t) = e M Py (0) + / 9 P n(ya(s)) ds — / =9 P p(ya(s)) ds,
0 t

and comparing these two representations, we see that
x = Pyy,(0). (6.3.26)
Thus, for any U C {[|z|| < 55}, we have a map
H,NnU — W?*(0),
z = yz(0),

with inverse given by P, , according to (6.3.26). We claim that this map is a bijection
between Hy NU and its image in W#(0). For that purpose, we observe that as in
(6.3.20), we get, assuming (6.3.24),

_ 1
g2 (8) = v (O < coe™ " [ler = w2l + 51z, = s llexp,,

hence
1921 (0) = Yy (OO) | < Yy — Yo lexp,n < 2c0[21 — 22| (6.3.27)

We insert the second inequality in (6.3.27) into the integrals in (6.3.16) and use
(6.3.11) as before to get from (6.3.16)

4cts(e)

x 0_120 2 - -
192, (0) = 4, ()| = [[1 — 22| o

|21 — 22|
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If in addition to the above requirement %005(5) < }1 we also impose the condition
upon ¢ that
4c¢é(e)
v =A

1
< )
-2
the above inequality yields

1
1921 (0) = Yz (O) 2 51|21 — 2]l (6.3.28)

Thus, the above map indeed is a bijection between {x € PLH, |jz| < ﬁ} and its
image W in W*(0). (6.3.27) also shows that our map x +— y,(0) is Lipschitz, whereas
its inverse is Lipschitz by (6.3.28).

In particular, since y9 = 0 as used above, W contains an open neighborhood of
0 in W*#(0), hence is of the form W#(0,U) for some open U.

We now verify that W#(0,U) is tangent to P+ H at 0. (6.3.10), (6.3.16) and

(6.3.27) yield (for z; = x,xo = 0, recalling yo = 0)
1P_y.(0)]] = | / B P p(ya(s)) ds|
< o / e 5(lya ()11 1 (5)]] ds

o0
< ¢ / =16 (2c0e = ||z]) 2e0e=* |
0

2
2c§

<

~3(2collel) ]

This implies
[P-y=(O)ll _ 1P~y 0)
P4y (0)]| ]|
as y5(0) — 0 in W*(0,U), or equivalently, z — 0 in Py H. This shows that W*(0,U)
indeed is tangent to P H at 0.

The regularity of W#(0,U) follows since T'(y,z) in (6.3.16) depends smoothly
on 7. (It is easily seen from the proof of the Banach fixed point theorem that the
fact that the contraction factor is < 1 translates smoothness of 7" as a function of a
parameter into the same type of smoothness of the fixed point as a function of that
parameter.)

— 0,

Obviously, the situation for W*(0, U) is symmetric to the one for W*(0,U). O

The preceding theorem provides the first step in the local analysis for the gra-
dient flow in the vicinity of a critical point of the function f. It directly implies a
global result.

Corollary 6.3.1. The stable and unstable manifolds W*(x), W"(x) of the negative
gradient flow ¢ for a smooth function f are injectively immersed smooth manifolds.
(If f is of class C**2, then W*(z) and W"(x) are of class C*.)
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Proof. We have

= J o)W (=, 1)),
<0
= J o H W (x, 1)),
>0
for any neighborhood U of . O

Of course, the corollary holds more generally for the flows of the type (6.3.9)
(if we consider only those flow lines ¢(-,t) that exist for all ¢ < 0 resp. ¢ > 0). (The
stable and unstable sets then are as smooth as 7 is.) The point is that the flow ¢(-, 1),
for any ¢ and any open set U, provides a diffeomorphism between U and ¢(U,t), and
the sets ¢(U,t) cover the image of ¢(,-).

The stable and unstable manifolds W#*(0), W*(0) for the flow (6.3.9) are invari-
ant under the flow, i.e. if e.g.

x = ¢(x,0) € W*(0),
then also
z(t) = ¢p(x,t) € W*(0), for all ¢ € R for which it exists.

In §6.4, we shall easily see that because f is decreasing along flow lines, the
stable and unstable manifolds are in fact embedded, see Corollary 6.4.1.

We return to the local situation. The next result says that more generally, in
some neighborhood of our nondegenerate critical point 0, we may find a so-called
stable foliation with leaves A®(z,) parametrized by z, € W*(0), such that where
defined, A®(0) coincides with W*(0) while all leaves are graphs over W#*(0), and if
a flow line starts on the leaf A®(z,) at t = 0, then at other times ¢, we find it on
A®(¢(zy,t)), the leaf over the flow line on W*(0) starting at z, at ¢ = 0. Also,
as t increases, different flow lines starting on the same leaf approach each other at
exponential speed.

The precise result is

Theorem 6.3.2. Suppose that the assumptions of Theorem 6.3.1 hold. There ezist
constants c1, A > 0, and neighborhoods U of 0 in H, V of 0 in Py H with the following
properties:

For each z,, € W*(0,U), there is a function

0.,V — H.

¢, (21) is as smooth in z,,z. asn is, for example of class C* if n belongs to that
class. If

z € N (z) = 92, (V),
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then
¢(Zv t) = P (zu,t) (P+¢(Zv t))v (6329)

and
[6(2,t) — d(zu, )| < cre™ ™, (6.3.30)

as long as ¢(z,t), ¢(zy,t) remain in U.

We thus have a smooth (of class C*, if n € C*), so-called stable foliation which
is flow invariant in the sense that the flow maps leaves to leaves. In particular, A*(0)
is the stable manifold W*(0) NV, &(z,t) approaches W*(0) NV exponentially for
negative t, as long as it stays in U.

Of course, there also exists an unstable foliation with analogous properties.

W)

Atz ) A(z4) We0)

Figure 6.3.4:

Corollary 6.3.2. Let f : X — R be of class C**2, k > 1, x a nondegenerate critical
point of f. Then in some neighborhood U of x, there exist two flow-invariant foliations
of class CF, the stable and the unstable one. The leaves of these two foliations intersect
transversally in single points, and conversely each point of U is the intersection of
precisely one stable and one unstable leaf.

The Corollary is a direct consequence of the Theorem, and we thus turn to the

Proof of Theorem 6.3.2. Changing 7n outside a neighborhood U of 0 will not affect
the local structure of the flow lines in that neighborhood. By choosing U sufficiently
small and recalling (6.3.10), we may thus assume that the Lipschitz constant of 7 is as
small as we like. We apply (6.3.12) to ¢(z,t) and ¢(z,,t) and get for 7 > 0, putting

y(t, 2, Zu) = ¢(Z’ t) - ¢(Zu7 t)a

y(ta Z? Z’u) = e_L(t_T)y(T; Za Z’u)

t 6.3.31
+/ e (g (2,5)) = (20 9))) ds. e



322 Chapter 6 Morse Theory and Floer Homology

If this is bounded for t — oo, then (6.3.11) implies, as in (6.3.14),

lim e X P_y(t; 2, 2,) = 0. (6.3.32)

T—00

Consequently, as in (6.3.15) we get,

y(t; 2, 20) = e " PLy(0; 2, 20)
+/o e M P (n(B(zus 8) + (55 2, 20)) — (P24, 5))) ds (6.3.33)

[P 0l (s, 2) = (00 9) .
t
As in the proof of Theorem 6.3.1, we want to solve this equation by an application of
the Banach fixed point theorem, i.e. by finding a fixed point of the iteration of

T(y7 Zu, Z+) = eiLtZ‘F

+ /0 eI PL (020 8) +9(s) ~ (6= ) ds (6334

o0
= [ HI P (060 5) + 9(9) = (6 5))
for zy € Py H. As in the proof of Theorem 6.3.1, we shall use a space My(gg) for
some fixed 0 < A < 7.

Before we proceed to verify the assumptions required for the application of the
fixed point theorem, we wish to describe the meaning of the construction. Namely,
given z, € W¥(0), and the orbit ¢(z,,t) starting at z, and contained in W*(0), and
given z; € Py H, we wish to find an orbit ¢(z,t) with Py¢(z,0) = Pyz = z; that
exponentially approaches the orbit ¢(z,,t) for ¢ > 0. The fixed point argument will
then show that in the vicinity of 0, we may find a unique such orbit. If we keep z,
fixed and let z; vary in some neighborhood of 0 in P, H, we get a corresponding fam-
ily of orbits ¢(z,t), and the points z = ¢(z,0) then constitute the leaf through z, of
our foliation. The leaves are disjoint because orbits on the unstable manifold W*(0)
with different starting points for ¢ = 0 diverge exponentially for positive ¢. Thus, any
orbit ¢(z,t) can approach at most one orbit ¢(z,,t) on W*(0) exponentially. In order
to verify the foliation property, however, we also will have to show that the leaves
cover some neighborhood of 0, i.e. that any flow line ¢(z,¢) starting in that neigh-
borhood for ¢ = 0 approaches some flow line ¢(z,,t) in W*(0) exponentially. This is
equivalent to showing that the leaf through z, depends continuously on z,, and this
in turn follows from the continuous dependence of the fixed point of T'(+, 2y, 24 ) on z,.

Precisely as in the proof of Theorem 6.3.1, we get for 0 < A < v (say A = 2),
with cg, v as in (6.3.11), ||zo|| < e1, y € Ma(g0), i-e. ||y(t)|| < e eo, and with [7]L:p
being the Lipschitz constant of n

2¢cpe
72002 ) Ol < corre™™ + =2

M Lipe ™ (6.3.35)
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and

deo(n|Lip
701,202 )(0) = T, 22O < 2Ly — s (6330
As remarked at the beginning of this proof, we may assume that [1]z;, is as small
as we like. Therefore, by choosing €; > 0 sufficiently small, we may assume from
(6.3.35) that T'(-, z,, 2+ ) maps M (o) into itself, and from (6.3.36) that it satisfies

1
1T, zas 24) = T2, 2us 24 ) llexpr < 51151 = Y2llexp.-

Thus, the Banach fixed point theorem, applied to T'(-, z,, z4) on the space My (gg),
yields a unique fixed point y., ., on this space. We now put

SDZu (Zl) = yZu,Z+7

(6.3.37)
Z =1, 2, (0).

We then have all the required relations:
P.z=Piy., ., (0) =2 from (6.3.34),

and hence y., ., solves (6.3.33), i.e. is of the form y(t; z, z,) with z from (6.3.37), and
d(z,t) = y(t; 2, 2y) + P2y, t) is a flow line. Condition (6.3.29) thus holds at ¢ = 0.
Since the construction is equivariant w.r.t. time shifts, because of the group property

oz, t+71) = @p(@p(2,t),7) forall t,T,

(6.3.29) holds for any ¢, as long as ¢(z,t) stays in our neighborhood U of 0. The
exponential decay of ¢(z,t) — ¢(zu,t) = y(t; 2, z,) follows since we have constructed
our fixed point of T" in the space of mappings with precisely that decay.

Since T is linear in z;, we see as before in the proof of Theorem 6.3.1 that a
smoothness property of 1 translates into a smoothness property of y., as a function
of z. It remains to show the smoothness of 3., ., as a function of z,. This, however
is a direct consequence of the fact that y., . is a fixed point of T'(-, 2y, 24), an
operator with a contraction constant < 1 on the space under consideration (M) (eg)),
and so the smooth dependence of T' (see (6.3.34) on the parameters z, and z; (which
easily follows from estimates of the type used above) translates into the corresponding
smoothness of the fixed point as a function of the parameters z,, z4 .

The foliation property is then clear, because leaves corresponding to different
2y, %y € W"(0,U) cannot intersect as we had otherwise z = y., .. (0) = y.» .. (0) for
some z with 2z, = Pyz, hence also z, = ¢(z,,,0) = ¢(2,0) — y. ., (0) = ¢(2,0) —
Yal! 2y (0) = ZZ

As the leaves depend smoothly on z,, they approach the stable manifold W*#(0)
at the same speed as z, does. More precisely, any orbit ¢(z,,t) converges to 0 expo-
nentially for ¢ — —oo, and the leaf over ¢(z,,t) then has to converge exponentially
to the one over 0 which is W#(0).
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The last statement easily follows by changing signs appropriately, for example
by replacing ¢t by —t throughout. O

Perspectives. The theory of stable and unstable manifolds for a dynamical system is
classical. Our presentation is based on the one in [54], although we have streamlined it
somewhat by consistently working with function spaces with exponential weights.

6.4 Limits of Trajectories of the Gradient Flow

As always in this chapter, X is a complete Riemannian manifold, with metric (-, ),
associated norm || - ||, and distance function d(-,-). f: X — R is a C%-function. We
consider the negative gradient flow

x(t) = —grad f(z(t)) for t € R,
z(0) == for x € X. (6.4.1)
We assume that the norms of the first and second derivative of f are bounded.

Applying the Picard-Lindelof theorem (see §1.9), we then infer that our flow is indeed
defined for all ¢t € R. Also, differentiating (6.4.1), we get

#(t) (= V gi(t) = — (V g grad F((1))) (0

(V 2 grad f(a())) grad f(2(1).

In particular, the first and second derivative of any flow line is uniformly bounded.
For later use, we quote this fact as:

Lemma 6.4.1. There exists a constant ¢y with the property that for any solution x(t)
of (6.4.1),

&)l o1 r,rx) < co-

In particular, ©(t) is uniformly Lipschitz continuous.

(6.4.1) is a system of so-called autonomous ordinary differential equations, mean-
ing that the right hand side does not depend explicitly on the “time” t, but only
implicitly through the solution x(t).

In contrast to the previous section, where we considered the local behaviour of
this flow near a critical point of f, we shall now analyze the global properties, and
the gradient flow structure will now become more important.
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In the sequel, x(t) will always denote a solution of (6.4.1), and we shall exploit
(6.4.1) in the sequel without quoting it explicitly. We shall call each curve z(t), t € R,
a flow line, or an orbit (of the negative gradient flow). We also put, for simplicity

x(£o0) 1= tlirinoo z(t),

assuming that these limits exist.

Lemma 6.4.2. The flow lines of (6.4.1) are orthogonal to the level hypersurfaces
f = const.

Proof. This means the following: If for some ¢ € R, V € T, ;X is tangent to the
level hypersurface {y : f(y) = f(z(t))}, then

(V, (1)) = 0.
Now
(V,i(t)) = —(V.grad f(2(1)))
=—V(f) ()
by the definition of grad f, see (2.1.15),
=0,

since V' is tangent to a hypersurface on which f is constant. O

We compute

4 fale) = arta )it
= (grad f(x(t)),&(t)) by (2.1.15) (6.4.2)
= —[la ().
As a consequence, we observe

Lemma 6.4.3. f is decreasing along flow lines. In particular, there are no noncon-
stant homoclinic orbits, i.e. nonconstant orbits with

2(—00) = x(c0).
O

Thus, we see that there are only two types of flow lines or orbits, the “typical”
ones diffeomorphic to the real axis (—oo0,00) on which f is strictly decreasing, and
the “exceptional” ones, namely those that are reduced to single points, the critical
points of f. The issue now is to understand the relationship between the two types.
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Another consequence of (6.4.2) is that for ¢1,t2 € R

Falt) - Flate) = - [ d

[ g a

/t )2 (6.4.3)

/ lgrad f(a(t))]? d.

ty

We also have the estimate

d(z(t), 2(t2)) < / REO

ty
. to 3
< (ta—t1)2 (/ x(t)|2> by Holder’s inequality
ty
= (ta — t1)2 (f(z(t1)) — f(z(t2)))? by (6.4.3). (6.4.4)
Lemma 6.4.4. For any flow line, we have for t — oo that
grad f(xz(t)) — 0,

or,

[f ((t))] — oo

Proof. If e.g. foo =limy_,o0 f(x(t)) > —o0, then for 0 <t < co

fo = f(2(0)) = f(2(t) = f,
and (6.4.3) implies

/OOO IE@)]1? = fo — foe < 00. (6.4.5)

Since #(t) = —grad f(z(t)) is uniformly Lipschitz continuous by Lemma 6.4.1,
(6.4.5) implies that

tlirgo grad f(z(t)) = lim @(¢) = 0.

t—o0

We also obtain the following strengthening of Corollary 6.3.1:

Corollary 6.4.1. The stable and unstable manifolds W*(z), W*(x) of the negative
gradient flow ¢ for a smooth function f are embedded manifolds.
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Proof. The proof is an easy consequence of what we have already derived, but it may
be instructive to see how all those facts are coming together here.

We have already seen in Corollary 6.3.1 that W#(z) andW*"(x) are injectively
immersed. By Corollary 1.9.1, each point in X is contained in a unique flow line,
but the typical ones of the form (—oo,00) are not compact, and so, their closures
may contain other points. By Lemma 6.4.4, any such point is a critical point of f.
The local situation near such a critical point has already been analyzed in Theorem
6.3.1. The only thing that still needs to be excluded to go from Corollary 6.3.1 to
the present statement is that a flow line x(¢) emanating at one critical point z(—o00)
returns to that same point for ¢ — oco. This, however, is exluded by Lemma 6.4.3. [

In the sequel, we shall also make use of

Lemma 6.4.5. Suppose (xpn)neny C X converges to xg. Then for any T > 0, the
curves Ty, (t)|—7,1) (with £,(0) = ) converge in C* to the curve xo(t)|—r1,17-

Proof. This follows from the continuous dependence of solutions of ODEs on the
initial data under the assumption of the Picard-Lindel6f theorem (the proof of that
theorem is based on the Banach fixed point theorem, and the fixed point produced in
that theorem depends continuously on a parameter, cf. J.Jost, Postmodern Analysis,
Springer, 1998, p.129). Thus the curves x,(t) converge uniformly to xo(t) on any
finite interval [T, T]. By Lemma 6.4.1, 2, (¢) are uniformly bounded, and so z,, has
to converge in C*. 0

We now assume for the remainder of this section that f satisfies the Palais-
Smale condition (PS), and that all critical points of [ are nondegenerate.

These assumptions are rather strong as they imply

Lemma 6.4.6. [ has only finitely many critical points in any bounded region of X,
or, more generally in any region where f is bounded. In particular, in every bounded
interval in R there are only finitely many critical values of f, i.e. v € R for which
there exists p € X with df (p) =0, f(p) = .

Proof. Let (pn)nen C X be a sequence of critical points of f, i.e. df(p,) = 0. If they
are contained in a bounded region of X, or, more generally, if f(p,) is bounded, the
Palais-Smale condition implies that after selection of a subsequence, they converge
towards some critical point pg. By Theorem 6.3.1, we may find some neighborhood
U of pg in which the flow has the local normal form as described there and which in
particular contains no other critical point of f besides pg. This implies that almost
all p,, have to coincide with pg, and thus there can only be finitely many of them. [

Our assumptions — (PS) and nondegeneracy of all critical points — also yield
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Lemma 6.4.7. Let z(t) be a flow line for which f(x(t)) is bounded. Then the limits
x(£00) := limy—, 4o 2(t) exist and are critical points of f. x(t) converges to x(£o0)
exponentially as t — +o0.

Proof. By Lemma 6.4.4, grad f(x(t)) — 0 for ¢t — £oo. Analyzing w.l.o.g. the
situation ¢ — —oo, (PS) implies that we can find a sequence (¢,)neny C R, ¢, — —00
for n — oo, for which z(t,) converges to some critical point z_., of f. We wish to
show that lim;_. ., 2:(t) exists, and it then has to coincide with x_ ..

This, however, directly follows from the nondegeneracy condition, since by The-
orem 6.3.1 we may find a neighborhood U of the critical point x_., with the property
that any flow line in that neighborhood containing z_., as an accumulation point
of some sequence z(t,), t, — —oo, is contained in the unstable manifold of z_.
Furthermore, as shown in Theorem 6.3.1, the convergence is exponential. O

Remark. Without assuming that the critical point x(—o0) is nondegenerate, we still
may use (PS) (see Lemma 6.4.8 below) and grad f(z(t)) — 0 for t — —oo to see that
there exists ¢ty € R for which U := {x(¢) : t < t¢} is precompact and in particular
bounded. By Taylor expansion, we have in U

llgrad f(2)|| < llgrad f(z—oo)|| + cd(2; 2 —00) = cd(2; 2 —o0),

for some constant ¢, as grad f(x_o) = 0.

Thus, for t <t,
t

d(z(t),r-0) < / |z(s)]| ds < c/ d(x(s), 2_c0) ds.

— 00 — 00

t

The latter integral may be infinite. As soon as it is finite, however, we already get
d(z(t),7_o0) < c1e  for some constant ¢y,

i.e. exponential convergence of z(t) towards z_., as t — —o0.

We shall also use the following simple estimate
Lemma 6.4.8. Suppose ||grad f(x(t))|| > &, fort; <t <ts. Then

Ao (1), 2(12)) < L(f((t)) — Flalt2).
Proof.

d(x(t), 2(t)) < / NEOIL
<2 [ late)1? e since (0

t1

| = llgrad f(x())[| = €

= 2(f(e(tr)) — S(a(t2) by (643)
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We now need an additional assumption:

There exists a flow-invariant compact set X C X containing the critical points
p and q.

What we have in mind here is a certain set of critical points together with all
connecting trajectories between them. We shall see in Theorem 6.4.1 below that we
need to include here all critical points that can arise as limits of flow lines between
any two critical points of the set we wish to consider.

Lemma 6.4.9. Let (2,(t))nen be a sequence of flow lines in X with
.Z’n(—OO) =D,
Tn(00) = q.

Then after selection of a subsequence, x,(t) converges in C' on any compact interval
in R towards some flow line xo(t).

Proof. Let tg € R. If (for some subsequence)
lgrad f(zn (o)) || — 0,

then by (PS) (w1 = f(p), 72 = f(q), noting f(p) > f(x(t)) > f(q) by Lemma
6.4.3), we may assume that x,(tp) converges, and the convergence of the flow lines
on compact intervals then follows from Lemma 6.4.5. We thus assume

llerad f(x,(to))]] > & for all n and some € > 0.

Since f(xy(t)) is bounded between f(p) and f(¢), Lemma 6.4.4 implies that we may
find t,, <ty with

lgrad f(zn(tn))| =€

and
|lerad f(z,(2)]| > for t, <t <to.

From (6.4.3), we get
1 1
tn = tol < 5 (£(ta) = £(t0)) < 5 (£(p) = F(a):
Applying our compactness assumption on X f , we may assume that x,(t,) converges.
From Lemma 6.4.5 we then see that z,,(¢) converges on any compact interval towards

some flow line z¢(t). O

In general, x, (¢) will not converge uniformly on all of R towards x(t). We need
an additional assumption as in the next
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Lemma 6.4.10. Under the assumption of Lemma 6.4.9, assume
-7;0(_00) =D,
zo(00) = q,

i.e. xo(t) has the same limit points as the x,,(t). Then the x,(t) converge to xo(t) in
the Sobolev space HY2(R, X). In fact, this holds already if we only assume

f(@o(=00)) = f(p),
f(xo(o0)) = f()-

Proof. The essential point is to show that

lim z,(t)=p, lim x,(t)=g¢, uniformly in n.
t——o00 t—o00

Namely in that case, we may apply the local analysis provided by Theorem 6.3.1
uniformly in n to conclude convergence for ¢t < t; and t > t, for certain t1,t2 € R,
and on the compact interval [t1, 5], we get convergence by the preceding lemma.

Because of (PS), we only have to exclude that after selection of a subsequence
of x,(t), we find a sequence (t,)neny C R converging to co or —oo, say —oo, with

llerad f(z,(tn))|| =& for some e > 0. (6.4.6)
From (6.4.4), we get the uniform estimate
llgrad f(z,(t1)) — grad f(x,(t2))]| < c(ta — tl)% for some constant c. (6.4.7)

By (6.4.6), (6.4.7), we may find § > 0 such that for ¢, — 6 <t <t,,

lerad f(z, (1)) > =

5 )
hence

f(p) - f(xn(tn)) > f(xn(tn - 5)) - f(l‘n(tn)) > (5% by (643)

On the other hand, by our assumption on z((¢), we may find ¢ty € R with

F(0) = faolto) = 3 = (6.4.8)

If ¢, < to, we have

) = fan(to)) > F(p) = flan(ta) = 5,

and so z,(tg) cannot converge to xo(tp), contrary to our assumption. Thus (6.4.6)
is impossible, and the proof is complete, except for the last remark, which, however,
also directly follows as the only assumption about zq(t) that we need is (6.4.8). O

We are now ready to demonstrate the following compactness
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Theorem 6.4.1. Let p,q be critical points of f, and let Mg,q C X/ be a space of flow
lines x(t)(t € R) for f with x(—oc0) = p, x(c00) = q. Here we assume that X7 is a
flow-invariant compact set. Then for any sequence (2, (t))nen C Mg’q, after selection
of a subsequence, there exist critical points

pP=DP1,P2,---,Pk = (¢,

flow lines y; € Mgi,Pi+l and t,; e R (i =1,...,k—1, n € N) such that the flow lines

T (t + tn) converge to y; for n — oo. In this situation, we say that the sequence
Zn(t) converges to the broken trajectory yr#ys# . .. #yk—1.

Proof. By Lemma 6.4.9, x,,(t) converges (after selection of a subsequence, as always)
towards some flow line xo(t). xo(t) need not be in szf’q, but the limit points z(—00),
20(00) (which exist by Lemma 6.4.7) must satisfy

f(p) = f(zo(—00)) = flzo(o0)) = f(q).
If e.g. f(p) = f(zo(—00)) then the proof of Lemma 6.4.10 shows that
zo(—00) = p.
If f(p) > f(z0(—00)), we choose f(zo(—00)) < a < f(p) and ¢, ; with
f@n(tn, 1) = a.
We apply Lemma 6.4.9 to x,,(t + t,,;) to get a limiting flow line yo(¢). Clearly,

f(p) > f(yo(—00)),

and we must also have

f(yo(o0)) = f(xo(—00)),

because otherwise the flow line yo(¢) would contain the critical point z¢(—oc0) in its
interior.

If f(p) > f(yo(—o0)) of f(yo(c0)) > f(xo(—00)), we repeat the process. The
process must stop after a finite number of such steps, because the critical points of f
are isolated because of (PS) and the nondegeneracy assumption yielding to the local
picture of Theorem 6.3.1 (see Lemma 6.4.6). O
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6.5 The Morse-Smale-Floer Condition: Transver-
sality and Z,-Cohomology

In this section, we shall continue to assume the Palais-Smale condition and the non-
degeneracy of all critical points of our function f : X — R. Here, we assume that f
is of class C3.

The central object of Morse-Floer theory is the space of connecting trajectories
between the critical points of a function f. If f is bounded, then by Lemma 6.4.6, any
z € X lies on some such trajectory connecting two critical points of f. In the general
case, one may simply restrict the considerations in the sequel to the subspace X/ of
X of such connecting trajectories, and one may even consider only some subset of
the critical points of f and the connecting trajectories between them, including those
limiting configurations that arise by Theorem 6.4.1. As in §6.4, we need to assume
that the set of flow-lines under consideration is contained in a compact flow-invariant
set. Thus, we shall assume X is such a closed space of connecting trajectories.

X then carries two stratifications S® and S*, consisting of the stable resp. un-
stable manifolds of the critical points of f. Thus, each point lies on precisely one
stratum of S°, and likewise on one stratum of S*, and each such stratum is a smooth
manifold, by Corollary 6.3.1.

Definition 6.5.1. The pair (X, f) satisfies the Morse-Smale-Floer condition if all
intersections between the strata of S® and the ones of S* are finite-dimensional and
transversal.

We recall that two submanifolds X7, Xo of X intersect transversally if for all
r € X1 N Xy, the tangent space T, X is the linear span of the tangent spaces T,.X;
and T, X5. If the dimension of X is finite, then if X; and X5 intersect transversally
at x, we have

It easily follows from the implicit function theorem that in the case of a transversal
intersection of smooth manifolds X, X5, X7 N X5 likewise is a smooth manifold.

In addition to (PS) and the nondegeneracy of all critical points of f, we shall
assume for the rest of this section that (X, f) satisfies the Morse-Smale-Floer
condition.

Definition 6.5.2. Let p,q be critical points of f. If the unstable manifold W*(p)
and the stable manifold W#(q) intersect, we say that p is connected to ¢ by the flow,
and we define the relative index of p and ¢ as

p(p, q) = dim(W*(p) N W*(q)).

1(p, q) is finite because of the Morse-Smale-Floer condition.
If X is finite dimensional, then the Morse indices p(p) of all critical points p of
f themselves are finite, and in the situation of Definition 6.5.2, we then have

w(p,q) = u(p) — 1(q) (6.5.2)
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as one easily deduces from (6.5.1). Returning to the general situation, we start with
the following simple observation

Lemma 6.5.1. Any nonempty intersection W*(p) "W=(q) (p,q € C(f),p #q) is a
union of flow lines. In particular, its dimension is at least 1.

Proof. If x € W"(p), then so is the whole flow line x(¢) (x(0) = z), and the same
holds for = € W*(q). O

p is thus connected to ¢ by the flow if and only if there is a flow line x(¢) with
x2(—o00) = p and x(00) = ¢. Expressed in another way, the intersections W*(p)NW#(q)
are flow invariant. In particular, in the case of a nonempty such intersection, p and ¢
are both contained in the closure of W*(p)NW*(q).

The following lemma is fundamental:

Lemma 6.5.2. Suppose that p is connected to r and r to q by the flow. Then p is
also connected to q by the flow, and

w(p,q) = p(p,r) + p(r, q).

Proof. By assumption, W*(p) intersects W*(r) transversally in a manifold of di-
mension pu(p,r). Since W#(r) is a leaf of the smooth stable foliation of r in some
neighborhood U of r by Theorem 6.3.2, in some possibly smaller neighborhood of r,
W(p) intersects each leaf of this stable foliation transversally in some manifold of
dimension pu(p,r). Similarly, in the vicinity of r, W*(q) also intersects each leaf of
the unstable foliation of r in some manifold, this time of dimension p(r,¢). Thus, the
following considerations will hold in some suitable neighborhood of r.

The space of leaves of the stable foliation of r is parametrized by W*(r), and we
thus get a family of pu(p, r)-dimensional manifolds parametrized by W*(r). Likewise,
we get a second family of pu(r, ¢)-dimensional manifolds parametrized by W#(r). The
leaves of the stable and unstable foliations satisfy uniform C!-estimates (in the vicinity
of ) by Theorem 6.3.2, because of our assumption that f is of class C3. The two
finite-dimensional families that we have constructed may also be assumed to satisfy
such uniform estimates. The stable and unstable foliations yield a local product
structure in the sense that each point near r is the intersection of precisely one stable
and one unstable leaf.

If we now have two such foliations with finite-dimensional smooth subfamilies
of dimension n; and no, say, all satisfying uniform estimates, it then easily follows by
induction on nq and ns that the leaves of these two subfamilies need to intersect in a
submanifold of dimension n; + ny. The case where nqy = ny = 0 can be derived from
the implicit function theorem. O

We also have the following converse result
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Lemma 6.5.3. In the situation of Theorem 6.4.1, we have

k—1
Z (P pit1) = p(p; q)-
i=1

Proof. 1t suffices to treat the case k = 3 as the general case then will easily follow by
induction. This case, however, easily follows from Lemma 6.5.2 with p = p1, 7 = po,

q = p3- O

We shall now need to make the assumption that the space X/ of connecting
trajectories that we are considering is compact. (At this moment, we are considering

the space W"(p) N W*(q).)

Lemma 6.5.4. Suppose that p,q (p # q) are critical points of f, connected by the
flow, with
n(pq) = 1.

Then there exist only finitely many trajectories from p to q.

Proof. For any point x on such a trajectory, we have

f(p) > f(z) > fa).

We may assume that € > 0 is so small that on each flow line from p to ¢, we find
some x with || grad f(x)|| = &, because otherwise we would have a sequence of flow
lines (s;)ien from p to ¢ with sup,,. || grad f(x)| — 0 for i — co. By (PS) a sub-
sequence would converge to a flow line s (see Lemma 6.4.5) with grad f(z) =0 on
s. s would thus be constant, in contradiction to Theorem 6.4.1. Thus, if, contrary
to our assumption, we have a sequence (s;);en of trajectories from p to ¢, we select
x; € s; with || grad f(x;)]| = €, use the compactness assumption on the flow-invariant
set containing the s; to get a convergent subsequence of the x;, hence also of the s; by
Theorem 6.4.1. The limit trajectory s also has to connect p to ¢, because our assump-
tion u(p,q) = 1 and Lemmas 6.5.1 and 6.5.3 rule out that s is a broken trajectory
containing further critical points of f. The Morse-Smale-Floer condition implies that
s is isolated in the one-dimensional manifold W*(p) N W#(q). This is not compatible
with the assumption that there exists a sequence (s;) of different flow lines converging
to s. Thus, we conclude finiteness. O

We can now summarize our results about trajectories:

Theorem 6.5.1. Suppose our general assumptions (f € C3, (PS), nondegeneracy
of critical points, Morse-Smale-Floer condition) continue to hold. Let p,q be critical
points of f connected by the flow with

w(p,q) = 2.
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Then each component of the space of flow lines from p to q, Mg,q = W¥(p) N W*(q)
either is compact after including p,q (and diffeormorphic to the 2-sphere), or its bound-
ary (in the sense of Theorem 6.4.1) consists of two different broken trajectories from
p to q.

Conversely each broken trajectory s = s1#sa from p to q (this means that there
exists a critical point p' of f with u(p,p’) =1 = pp',q), s1(—o0) = p, s1(c0) =
P = s2(—00), s2(c0) = q) is contained in the boundary of precisely one component of

M/

P,q

Remark. Let s|#s5 and s}#s4 be broken trajectories contained in the boundary of
the same component of M . It is then possible that s} = s/ or s, = s4, but the

theorem says that we cannot have both equalities simultaneously.

Proof of Theorem 6.5.1. If a component M of Mg’q is compact then it is a
2—dimensional manifold that is a smooth family of curves, flow lines from p to ¢
with common end points p, ¢, but disjoint interiors. Thus, such a component is dif-
feomorphic to S2.

If M is not compact, Theorem 6.4.1 implies the existence of broken trajectories
from p to ¢ in the boundary of this component.

Let a be a regular value of f with f(p) > a > f(q). By Lemma 6.4.2, M intersects
the level hypersurface f~!(a) transversally, and MNf~!(a) thus is a 1-dimensional
manifold. It can thus be compactified by adding one or two points. By Theorem
6.4.1, these points correspond to broken trajectories from p to g. We thus need to
exclude that M can be compactified by a single broken trajectory s;#ss. We have
s1(—00) = p, s2(0) = ¢, and we put p’ := s1(c0) = s3(—0o0). In view of the local
normal form provided by Theorem 6.3.2, we have the following situation near p’:
M]);_’q is a smooth surface containing s; in its interior. Mg’q then intersects a smooth
1—dimensional family of leaves of the stable foliation near p’ in a 1—dimensional
manifold. The family of those stable leaves intersected by szw then is parametrized
by a smooth curve in W*(p') containing p’ in its interior. It thus contains the initial
pieces of different flow lines originating from p in opposite directions, and these flow
lines are contained in limits of flow lines from ngq. Therefore, in order to compactify
Mg,q in W¥(p’), a single flow line so does not suffice.

Finally, if a broken trajectory through some p’ would be a 2—sided limit of M/,

Pa,’
this again would not be compatible with the local flow geometry near p’ as just de-
scribed. O

Definition 6.5.3. Let C.(f,Zs2) be the free Abelian group with Zs-coefficients gen-
erated by the set C.(f) of critical points of f. For p € C.(f), we put

dp = Z (#ZQM£,7») T,
TGC*(f)
w(p,r)=1
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Figure 6.5.1:

where #ZQM[{,T is the number mod 2 of trajectories from p to r (by Lemma 6.5.4
there are only finitely many such trajectories), and we extend this to a group homo-

morphism
0: C*(f, ZQ) — C*(f, Zg)
Theorem 6.5.2. We have
dodp=0,
and thus (C.(f,Z2),0) is a chain complex.

Proof. We have

dodp=»_ > #uM, #2,M g

re€C.(f) q€C.(f)
u(p,r)=1 p(r,q)=1

We are thus connecting the broken trajectories from p to g for ¢ € C.(f) with
w(p,q) = 2, by Lemma 6.5.1. By Theorem 6.5.1 this number is always even, and

so it vanishes mod 2. This implies d o dp = 0 for each p € C.(f), and thus the
extension to C.(f,Zs2) also satisfies 9 0 9 = 0. O

We are now ready for

Definition 6.5.4. Let f be a C® function satisfying the Morse-Smale-Floer and
Palais-Smale conditions, and assume that we have a compact space X of trajectories
as investigated above. If we are in the situation of an absolute Morse index, we let
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Ck(f,Z2) be the group with coefficient in Zs generated by the critical points of Morse
index k. Otherwise, we choose an arbitrary grading in a consistent manner, i.e. we
require that if p € Ci(f), ¢ € Ci(f), then

k—1=ppq)
whenever the relative index is defined. We then obtain boundary operators
0 =0k : Cp(f, Z2) — Cr-1(f,Z2),

and we define the associated homology groups as

ker 8k

Hy (X, f,Zo) = ————
k( 7fa 2) imageak+1’

i.e. two elements aq, s € ker Jy are identified if there exists some § € Cyi1(f,Z2)
with
Q1 — Qg = 6ﬂ
Instead of a homology theory, we can also define a Morse-Floer cohomology
theory by dualization. For that purpose, we put

C*(f, Zs) := Hom (Cy(f, Z2), L2)
and define coboundary operators
55 L CR(f,Z5) — C¥FL(F, Z)
by

5" w* (pres1) = W (ks 1Pr+1)

for w* € C*(f,Zs) and py11 € Ci(f, Za).
If there are only finitely many critical points pi x, ..., Pm i of index k, then we
have a canonical isomorphism

Ci(f.Zs) — C*(f,Z2),
Djk p? with pf(pm) =0;; (d;; =1 for ¢=j and 0 otherwise)

and
st ply = Z k(06 k1),

qi,k+1 critical point
of index k+1

provided that sum is finite, too. Of course, this cohomology theory and the cobound-
ary operator ¢ can also be constructed directly from the function f, by looking at the
positive instead of the negative gradient flow, i.e. at the solution curves of

y:R— X,
y(t) = grad f(y(t)) for all ¢.
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The preceding formalism then goes through in the same manner as before.

Remark. In certain infinite dimensional situations in the calculus of variations, there
may be an analytic difference between the positive and negative gradient flow. Often,
one faces the task of minimizing a certain function f : X — R that is bounded from
below, but not from above, and then also of finding other critical points of such a
function. In such a situation, flow lines for the negative gradient flow

(t) = —grad f(x(t))

might be well controlled, simply because f is decreasing on such a flow line, and
therefore bounded, while along the positive gradient flow

y(t) = grad f(y(t)),

f may not be so well controlled, and one may not be able to derive the asymptotic
estimates necessary for the analysis.

6.6 Orientations and Z-homology

In the present section, we wish to consider the group C.(f,Z) with integer coefficients
generated by the set C.(f) of critical points of f and define a boundary operator

satisfying
000 =0

as in the Zs-case, in order that (C.(f,Z), d) be a chain complex. We assume that the
general assumptions of §6.5 (f € C3, (PS), nondegeneracy of critical points, Morse-
Smale-Floer condition) continue to hold.

We shall attempt to define 0 as in Definition 6.5.3, by counting the number of
connecting trajectories between critical points of relative index 1, but now we cannot
simply take that number mod 2, but we need to introduce a sign for each such
trajectory and add the corresponding signs +1. In order to define these signs, we
shall introduce orientations.

In order to motivate our subsequent construction, we shall first consider the
classical case where X is a finite dimensional, compact, oriented, differentiable man-
ifold. Let f: X — R thus be a Morse function. The index u(p) of a critical point
p is the number of negative eigenvalues of d?f(p), counted with multiplicity. The
corresponding eigenvectors span the tangent space V' C T, X of the unstable mani-
fold W*(p) at p. We choose an arbitrary orientation of V', i.e. we select some basis
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el,...,erP) of V! as being positive. Alternatively, we may represent this orienta-

tion by dz' A --- A dzP) | where dz', ..., dz"®) are the cotangent vectors dual to
1 n(p)

e, ..., e

As X is assumed to be oriented, we get an induced orientation of the tangent
space V; C T,X of the stable manifold W?*(p) by defining a basis et en
(n = dim X) as positive if e',...,etP) er®PIF1 " en is a positive basis of T,X.
In the alternative description, with dz#®+1 . . dz™ dual to e®+1 e the
orientation is defined by dz#®*1 A ... A dz™ precisely if dz' A ... daxH®) A dgt @)1 A
-+ Adx" yields the orientation of T, X.

Now if ¢ is another critical point of f, of index u(q) = u(p) — 1, we choose any
regular value a of f with f(¢) < a < f(p) and consider the intersection

W p) N W*(q) N f~ (a).

The orientation of X also induces an orientation of f~(a), because f~!(a) is always
transversal to grad f, and so we can consider a basis n%,...,n" of T, f~'(a) as positive
if grad f(y),n?,...,n" is a positive basis of T, X.

As we are assuming the Morse-Smale-Floer condition,

W (p) N W (@) N f~ (a)

is a finite number of points by Lemma 6.5.4, and since W*(p), W*(p) and f~!(a)
all are equipped with an orientation, we can assign the sign +1 or —1 to any such
intersection point depending on whether this intersection is positive or negative.
These intersection points correspond to the trajectories s of f from p to ¢, and
we thus obtain a sign
n(s) =+1

for any such trajectory, and we put

Op = Z n(s)r.

reC.(f)
p(r)=p(p)—1
SGM{;,T

It thus remains to show that with this definition of the boundary operator 9, we get
the relation
000 =0.

In order to verify this, and also to free ourselves from the assumptions that X is finite
dimensional and oriented and to thus preserve the generality achieved in the previous
section, we shall now consider a relative version.

We let p, g be critical points of f connected by the flow with

w(p,q) =2,

and we let M be a component of M]{:yq = W*(p)NW*#(g). For our subsequent analysis,
only the second case of Theorem 6.5.1 will be relevant, i.e. where M has a boundary
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which then consists of two different broken trajectories from p to ¢. It is clear from
the analysis of the proof of Theorem 6.5.1 that M is orientable. In fact, M is homeo-
morphic to the open disk, and it contains two transversal one-dimensional foliations,
one consisting of the flow lines of f and the other one of the intersections of M with
the level hypersurfaces f~1(a), f(q) < a < f(p) (as M does not contain any critical
points in its interior, all intersections with level hypersurfaces of f are transversal).
We may thus choose an orientation of M.

Figure 6.6.1:

This orientation then also induces orientations of the corner points of the broken
trajectories in the boundary of M in the following sense: Let s = s1#ss be such a
broken trajectory, with intermediate critical point r = s1(00) = sa(—00). The plane
in T, X spanned by s71(00) := lim;_,o $1(¢) and sa(—00) := lim;_,_ s2(t) then is a
limit of tangent planes of M and thus gets an induced orientation from M.

This now implies that if we choose an orientation of s;, we get an induced
orientation of sy, by requiring that if vy, vo are positive tangent vectors of s; and so,
resp. at r, then vy, vy induces the orientation of the above plane in T,.X. Likewise,
MnN f~1(a), for f(q) < a < f(p) gets an induced orientation from the one of M and
the one of the flow lines inside M which we always orient by —grad f. Then the signs
n(s1), n(sz2) of s1 and s, resp. are defined by checking whether s; resp. s, intersects
these level hypersurfaces f~!(a) positively or negatively. Alternatively, what amounts
to the same is simply checking whether s1, s have the orientation defined by —grad f,
or the opposite one, and thus, we do not even need the level hypersurfaces f~*(a).

Obviously, the problem now is that the choice of orientation of many trajectories
connecting two critical points p, r of relative index u(p,r) = 1 depends on the choice of
orientation of some such M containing s in its boundary, and the question is whether
conversely, the orientations of these M can be chosen consistently in the sense that
they all induce the same orientation of a given s. In the case of a finite dimensional,
oriented manifold, this is no problem, because we get induced orientations on all such
M from the orientation of the manifold and choices of orientations on all unstable
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manifolds, and these orientations fit together properly. In the general case, we need
to make the global assumption that this is possible:

Definition 6.6.1. The Morse-Smale-Floer flow f is called orientable if we may de-
fine orientations on all trajectories M-]iq for critical points p,q with relative index
1(p,q)=2 in such a manner that the induced orientations on trajectories s between
critical points of relative index 1 are consistent.

With these preparations, we are ready to prove

Theorem 6.6.1. Assume that the general assumptions (f € C2, (PS)), nondegen-
eracy of critical points, Morse-Smale-Floer conditions continue to hold, and that the
flow is orientable in the sense of Definition 6.6.1. For the group C.(f,Z) generated
by the set C(f) of critical points of f, with integer coefficients, the operator

defined by

reCx(f)
pu(p,m)=1
SEMP

forp € C.(f) and linearly extended to C.(f,Z), satisfies
000 =0.

Thus, C.((f,Z),0) becomes a chain complex, and we may define homology groups
Hi(X, f,Z) in the same manner as in Definition 6.5.4.

Proof. We have

dodp = Z Z n(s2)n(s1)q

q€C.(f) r€C.(f)
w(r,q)=1 p(p,r)=1
52€M£,q S1GM£,P

= E n(s2)n(s1)q.
a€C.(f)
p(p,q)=2
(s1,s2) broken trajectory
from p to ¢

By Theorem 6.5.1, these broken trajectories always occur in pairs (s'1,s'2), (8”1, 5"2)
bounding some component M of M/ .

D.a
It is then geometrically obvious, see Figure 6.6.1, that
n(s1)n(sy) = —n(sy)n(sy).

Thus, the contributions of the two members of each such pair cancel each other, and
the preceding sum vanishes. O
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In the situation of Theorem 6.6.1, we put
bk(X7 f) = dlmZ Hk?(Xa f7 Z)

We shall see in §§6.7, 6.9 that these numbers in fact do not depend on f.
As explained at the end of the preceding section, one may also construct a dual
cohomology theory, with

Ck(fa Z) := Hom (Ck(fv Z)7 Z)
and coboundary operators
8¢ CM(f,2) — C(f,2)

with
5" w* (prs1) = W (ks 1pr+1)

for w* € Ck(f,Z), pry1 € Cri1(f,Z).

6.7 Homotopies

We have constructed a homology theory for a Morse-Smale-Floer function f on a
manifold X, under the preceding assumptions. In order to have a theory that captures
invariants of X, we now ask to what extent the resulting homology depends on the
choice of f. To formulate the question differently, given two such functions f!, f2,
can one construct an isomorphism between the corresponding homologies? If so, is
this isomorphism canonical?

A first geometric approach might be based on the following idea, considering
again the case of a finite dimensional, compact manifold:

Given a critical point p of f! of Morse index u, and a critical point ¢ of f2 of
the same Morse index, the unstable manifold of p has dimension u, and the stable
one of ¢ dimension n — p if n = dim X. Thus, we expect that generally, these two
manifolds intersect in finitely many points x1, ...,z with signs n(x;) given by the
sign of the intersection number, and we might put

o= Y. nlz) (6.7.1)

qeC. (%) EEW}H (P)mw;z(fI)
my2(@)=py1(p)

(we introduce additional indices f!, f2 in order to indicate the source of the objects)
to get a map

¢21 : C*(fl,G) - C*(f27G)
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extended to 1coeﬂﬁgcients G = Zs or Z that hopefully commutes with the boundary
operators &/, &/ in the sense that

¢ 0 d!" = 91”0 9?1, (6.7.2)

One difficulty is that for such a construction, we need the additional assumption
that the unstable manifolds for f! intersect the stable ones for f2? transversally. Even
if f1 and f? are Morse-Smale-Floer functions, this need not hold, however. For
example, one may consider f2 = — f!: then for any critical point p,

Wii(p) = Wi (p)

which is not compatible with transversality.

Of course, one may simply assume that all such intersections are transversal but
that would not be compatible with our aim to relate the homology theories for any
pair of Morse-Smale-Floer functions in a canonical manner. We note, however, that
the construction would work in the trivial case where f2 = f!, because then W (p)
and W#,(p) = W, (p) intersect precisely at the critical point p itself.

In order to solve this problem, we consider homotopies

F:XxR—=R
with
tlim F(x,t) = fY(x), tlim F(x,t) = f*(z), forallz e X.

In fact, for technical reasons it will be convenient to impose the stronger requirement
that

3

&

=
I

fY(z) fort< —R,
f(x) fort >R, (6.7.3)

A

&

=
I

for some R > 0.
Given such a function F', we consider the flow
@(t) = —grad F'(x(t),t) fort e R,
(1) = —grad F(a(0),) 61
z(0) =z,

where grad denotes the gradient w.r.t. the z-variables. In order to avoid trouble with
cases where this gradient is unbounded, one may instead consider the flow

-1
z(t) = grad F(x(t),t), (6.7.5)
\/1 + | 2| |grad F|?

but for the moment, we ignore this point and consider (6.7.4) for simplicity.
If p and ¢ are critical points of f! and f2, resp., with index u the strategy then
is to consider the number of flow lines s(t) of (6.7.5) with

S(*OO) =D
s(00) =g,
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equipped with appropriate signs n(s), denote the space of these flow lines by Mi e

and put
&)= > > ns)g (6.7.6)
a€CL(f?) seM],
w@)=p(p)
Let us again discuss some trivial examples:
If f' = f2 and F is the constant homotopy, then clearly

p)=p

for every critical point p. If f2 = —f! and we construct F by

fix) for —co<t<—1,
F(z,t):= < —tft(t) for —1<t<1, (6.7.7)
—fYx) for 1<t<oo.

we have

s(t) = s(—t) (6.7.8)

for any flow line. Thus, also
5(00) = 5(—00),

and a flow line cannot connect a critical p of f! of mdex ,uf with a critical point ¢
of f? of index ,uf =n— uf unless p = ¢ and uf = 2. Consequently, we seem to
have the same difficulty as before. This is not quite so, however, because we now have
the possibility to perturb the homotopy if we wish to try to avoid such a peculiar
behavior. In other words, we try to employ only generic homotopies.

In order to formulate what we mean by a generic homotopy we recall the concept
of a Morse function. There, we required that the Hessian d?f(z¢) at a critical point
is nondegenerate. At least in the finite dimensional case that we consider at this
moment, this condition is generic in the sense that the Morse functions constitute
an open and dense subset of the set of all C? functions on X. The Morse condition
means that at a critical point x(, the linearization of the equation

L(t) = —grad f(z(t))

has maximal rank. A version of the implicit function theorem then implies that the
linearization of the equation locally already describes the qualitative features of the
original equation. In this sense, we formulate

Definition 6.7.1. The homotopy F satisfying (6.7.6) is called regular if whenever
grad F(zg,t) =0 for all t € R,

the operator
9 2p 1,2/, 20 %
e + d°F(xo,t) : H"*(2{TX) — L*(2{TX)

is surjective.
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This is satisfied for a constant homotopy, if f' is a Morse function, but not for
the homotopy (6.7.7) because in that case only sections satisfying (6.7.8) are con-
tained in the range of & + d*>F(zo, t).

Let us continue with our heuristic considerations:
If f!is a Morse function as before, ¢ : (—00,0] — R* satisfies p(t) = 1 for
t < —1, p(0) =0, we consider the flow

i(t) = —p(t) grad f1(z(t)) for —oo <t <0,
z(0) = z.

We obtain a solution for every = € X, and as before #(—o0) always is a critical point
of f'. Thus, while all the flow lines emanate at a critical point for ¢ = —oo, they
cover the whole manifold at ¢ = 0. If we now extend ¢ to (0,00) by putting

p(t) == @(=t) fort >0,
and if we have another Morse function f? and put
(1) = —p(t) grad f*(a(t)) fort >0,

in the same manner, the flow lines will converge to critical points of f2 at ¢ = oo.
We thus relate the flow asymptotic regimes governed by f! and f2 through the whole
manifold X at an intermediate step. Of course, this only works under generic condi-
tions, and we may have to deform the flow slightly to achieve that, but here we rather
record the following observation: The points x(0) for flow lines with 2(—o0) = p cover
the unstable manifolds of the critical point p of f!, and likewise the points z(0) for
the flow lines with x(00) = ¢ for the critical point ¢ of f? cover the stable manifold of
g. Thus the flow lines with z(—o00) = p, 2(c0) = ¢ correspond to the intersection of
the unstable manifold of p (w.r.t. f!) with the stable manifold of ¢ (w.r.t. f?), and
we now have the flexibility to deform the flow if problems arise from nontransversal
intersections.

Let us return once more to the trivial example f! = f2, and a constant homotopy
F. We count the flow lines not in X, but in X x R. This simply means that in
contrast to the situation in previous sections, we now consider the flow lines z(-) and
z(- + to), for some fixed ¢y € R, as different. Of course, if the homotopy F' is not
constant in ¢, the time shift invariance is broken anyway, and in a certain sense this
is the main reason for looking at the nonautonomous equation (6.7.4) as opposed
to the autonomous one #(t) = —grad f(z(t)) considered previously. Returning for a
moment to our constant homotopy, if p and ¢ are critical points of indices u(p) and
u(q) = p(p) — 1, resp. , connected by the flow of f!, the flow lines for F' cover a two-
dimensional region in X x R. This region is noncompact, and it can be compactified
by adding broken trajectories of the type

51782

where s; is a flow for f! from p to ¢ and s is the constant flow line for f* = f? from
p to q. This looks analogous to the situation considered in §6.5, and in fact with the
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same methods one shows the appropriate analogue of Theorem 6.5.1. When it come
to orientations, however, there is an important difference. Namely, in the situation of
Figure 6.7.1 (where we have compactified R to a bounded interval), the two broken
trajectories from p to ¢ in the boundary of the square should now be given the same
orientation if we wish to maintain the aim that the homotopy given through (6.7.6)
commutes with the boundary operator even in the case of coefficients in Z.

—0C R X
q p
X X
q q
—oC R 0
Figure 6.7.1:

The considerations presented here only in heuristic terms will be taken up with some-
what more rigour in §6.9 below.

6.8 Graph flows

In this section, we shall assume that X is a compact, oriented Riemannian manifold.
A slight variant of the construction of the preceding section would be the following:

Let f1, fo be two Morse-Smale-Floer functions, as before. In the preceding
section, we have treated the general situation where the unstable manifolds of f; need
not intersect the stable ones of f5 transversally. The result was that there was enough
flexibility in the choice of homotopy between f; and f> so that that did not matter.
In fact, a consequence of that analysis is that we may always find a sufficiently small
perturbation of either one of the two functions so that such a transversality property
holds, without affecting the resulting algebraic invariants.

Therefore from now on, we shall assume that for all Morse-Smale-Floer functions
f1, fo,... occuring in any construction in the sequel, all unstable manifolds of any
one of them intersect all the stable manifolds of all the other functions transversally.
We call this the generalized Morse-Smale-Floer condition.
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Thus, assuming that property, we consider continuous paths
z:R—X

with
1 fort <0,

i(t) = —grad fi(xz(t)), withi= {2 for t > 2.

The continuity requirement then means that we are switching at ¢ = 0 in a continuous
manner from the flow for f; to the one for fo. As we are assuming the generalized
Morse-Smale-Floer condition, this can be utilized in the manner described in the
previous section to equate the homology groups generated by the critical points of f;
and fo resp.

This construction admits an important generalization:

Let T’ be a finite oriented graph with n edges, ny of them parametrized by
(—00, 0], ny parametrized by [0, 00), and the remaining ones by [0, 1]. We also assume
that to each edge e; of T', there is associated a Morse-Smale-Floer function f; and
that the generalized Morse-Smale-Floer condition holds for this collection f1,..., fn.

Definition 6.8.1. A continuous map x : I' — X is called a solution of the graph flow
for the collection (f1,..., fn) if

z(t) = —grad f;(x(t)) fort € e;. (6.8.1)

Again, the continuity requirement is relevant only at the vertices of I' as the
flow is automatically smooth in the interior of each edge. If pi,...,p,, are criti-
cal points for the functions fi,..., f,, resp. corresponding to the edges ej,...,en,
parametrized on (—00, 0], Pr, 41, - - -, Pny+n, critical points corresponding to the edges
€ny+1s- -+ Eny+n, TSP. parametrized on [0, 00), we let Mglw_’pnﬁw be the space of
all solutions of (6.8.1) with

lim z(t)=p; fori=1,...,nq,
t——o0
tee;
tlim x(t)=p; fori=mny;+1,...,n1+ no,
teer
i.e. we assume that on each edge e;, i = 1,...,ny+ne, z(t) asymptotically approaches

the critical p; of the function f;.
If X is a compact Riemannian manifold of dimension d, we have

Theorem 6.8.1. Assume, as always in this section, the generalized Morse-Smale-Floer
condition. The"M£1,...,pn1+n2 is a smooth manifold, for alltuples (p1, ..., Dn,+n,), Where
p;i 18 a critical point of f;, with

dimmglv'v-spn1+n2 =
ni ni+nz
> ulpi) = Y wlpy) —d(ny — 1) — ddim Hy(I,R), (6.8.2)
=1 j=ni+1

where p(py) is the Morse index of the critical point py for the function f.
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Proof. We simply need to count the dimensions of intersections of the relevant sta-
ble and unstable manifolds for the edges modeled on [0,00) and (—o0,0] and the
contribution of internal loops. FEach unstable manifold corresponding to a point
pi,i = ny + 1,...,n1 + ny has dimension d — u(p;). If a submanifold X; of X is
intersected transversally by another submanifold X5, then the intersection has di-
mension d — (d — dim X;) — (d — dim X5), and this accounts for the first three terms
in (6.8.2). If we have an internal loop in T, this reduces the dimension by d, as the
following argument shows:

Let T be constituted by two e, es with common end points, and let the associ-
ated Morse functions be fi, fo, resp. For f;, i = 1,2, we consider the graph of the flow
induced by that function, i.e. we associate to each # € X the point x;(1), where z; is
the solution of #;(t) = —grad f;(«;(t)), ;(0) = x. These two graphs for f; and f; are
then submanifolds of dimension d of X x X, and if they intersect transversally, they
do so in isolated points, as dim(X x X) = 2d. Thus, if we start with a d-dimensional
family of initial points, we get a finite number of common end points. O

Again Mgla--~7pn1+n2 is not compact, but can be compactified by flows with bro-
ken trajectories on the noncompact edges of T'.
The most useful case of Theorem 6.8.1 is the one where the dimension of

Mg is 0. In that case, ML consists of a finite number of con-
15-2Pnq+ng P1y--5Pnq+ng

tinuous maps x : I' — X solving (6.8.1) that can again be given appropriate signs.
The corresponding sum is denoted by

n(l—"pla .. -pn1+n2)-
We then define a map

n ni+n
a0): © C.(fiZ) = _® " Cu(f;, D),
i=1 Jj=n1+1

(pl Q- ®pn1) = n(F;pl, s 7pn1+n2)(pn1+1 Q- ®pn1+n2)-

With
C*(fi,Z) == Hom (C.(f;, Z), Z),
we may consider ¢(I') as an element of
n1 % nitna
=1 Jj=n1+1
With the methods of the previous section, one verifies
Lemma 6.8.1. dq = 0.

Consequently, we consider ¢(I") also as an element of
ni « ni+nsz
=1 j=ni1+1

Besides the above example where I' had the edges (—o0, 0] and [0, o), there are
other examples of topological significance:
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1) T'=10,00). Thus, ny =0, nz = 1, and with p = p,,, = p1,
dimMg =d— pu(p).

This is 0 precisely if u(p) = d, i.e. if p is a local maximum. In that case
q(T') € Hy(X;Z) is the so-called fundamental class of X.

2) T consisting of two edges modeled on (—o0, 0], and joined by identifying the two
right end points 0. Thus n; = 2, ny = 0, and

dim M, ,, = p(p1) + plp2) — d,
and this is 0 if u(ps) = d — p(pr). With &k := u(p1), thus
qT) € H¥(X,Z) ® H"*(X,7)
>~ Hom (Hy(X,7Z), H"*(X, 7))
is the so-called Poincaré duality isomorphism.

3) T consisting of one edge modeled on (—o0,0], and two ones modeled on [0, 00),
all three identified at the common point 0. Thus n; = 1,no = 2, and

dim My, 4, o, = 1(p1) = p(p2) — p(ps).
Hence, if this is 0,
a(l) € © H"(K,Z)® H;(X,2) ® Hy (X, 7)
S

~ @ Hom (H?(X,Z)® H*1(X,Z), H*(X,Z)).
<k

We thus obtain a product
U: H/(X,Z)® H*9(X,2) — H*(X,7Z),
the so-called cup product.

4) T consisting of one edge (—o0, 0] together with a closed loop based at 0. In that
case
dim M, = pu(p) — d,

which vanishes for u(p) = d, i.e.
qT) € HY(X,Z).

This cohomology class is called the Euler class.
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6.9 Orientations

We are considering solution curves of
%(t) + grad f(z(t)) = 0, (6.9.1)
or more generally of
&(t) + grad F(z(t),t) = 0, (6.9.2)

and we wish to assign a sign to each such solution in a consistent manner.

For that purpose, we linearize those equations. We consider a curve z(t) of class
H'2(R, X) and a section ¢(t) of class H? of the tangent bundle of X along z, i.e.
¢ € HY2(R,2*TX). Then, in the case of (6.9.1), the linearization is

Va ((expx(t)s(p(t)y + grad f(exp, sw(t))) 0 V4 o(t) + Dy grad f(xz(t))

ES

with V% = Vi), V the Levi-Civita connection of X, and likewise, for (6.9.2), we
get

V.4 @(t) + Dy grad F(z(1), £).
We shall thus consider the operator

Vi+ Dgrad F: H"(2*TX) — L*(2*TX),

(6.9.3)
¢ — Vip+ D, grad F.

This is an operator of the form
V+A: HZ@*'TX) — L*(2*TX),

where A is a smooth section of x*End T X which is selfadjoint, i.e. for each t € R,
A(t) is a selfadjoint linear operator on Ty X.
We are thus given a vector bundle £ on R and an operator

V+A: HY(E) — L*(E),

with A a selfadjoint endomorphism of E. HY2(E) and L?(E) are Hilbert spaces, and
V + A will turn out to be a Fredholm operator if we assume that A has boundary
values A(£o00) at to0.

Let L : V — W be a continuous linear operator between Hilbert spaces V, W,
with associated norms || - ||y, || - ||w resp. (we shall often omit the subscripts v,y and
simply write || - || in place of || - ||y or || - |[w). L is called a Fredholm operator iff

(i) Vo := ker L is finite dimensional,

(if) Wy := L(V), the range of L, is closed and has finite dimensional complement
Wy =: coker L, i.e.
W =Wy @ W.
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From (i), we infer that there exists a closed subspace V; of V' with
V=VWeWh,
and the restriction of L to V; is a bijective continuous linear operator L= : V; — Wj.
By the inverse operator theorem,
Ltw,—-W
then is also a bijective continuous linear operator. We put

ind L : = dim Vg — dim W,
= dim ker L — dim coker L.

The set of all Fredholm operators from V' to W is denoted by F(V,W).

Lemma 6.9.1. F(V,W) is open in the space of all continuous linear operators from
V to W, and
ind : F(V,W) = Z

is continuous, and therefore constant on each component of F(V,W).

For a proof, see e.g. [149].

By trivializing E along R, we may simply assume £ = R", and we thus consider
the operator

% + A(t) : HY*(R,R") — L*(R,R"), (6.9.4)

and we assume that A(t) is continuous in ¢ with boundary values

A(foo) = lim A(t),

t—+too

and that A(—oc0) and A(o0) are nondegenerate. In particular, since these limits exists,
we may assume that
|A(t)|| < const.,

independently of t. For a selfadjoint B € Gl(n,R), we denote by

1(B)
the number of negative eigenvalues, counted with multiplicity.

Lemma 6.9.2. L, := 4 + A(t) : HY"*(R,R") — L?(R,R") is a Fredholm operator
with
ind Ly = u(A(~00)) - u(A(00)).
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Proof. We may find a continuous map C' : R — Gl(n,R) and continuous functions

A1(t), ..., An(t)) such that
Ct)TA@)C(t) = diag (A1 (1), ..., An(t)),  AL(t) < Xa(t) < --- < Au(t),

i.e. we may diagonalize the selfadjoint linear operators A(t) in a continuous manner.
By continuously deforming A(t) (using Lemma 6.9.1), we may also assume that A(t)
is asymptotically constant, i.e. there exists 7' > 0 with

A(t) = A(—o0) fort < T,
A(t) = A(oo)  fort >T.

Thus, C(t), A (t),...,An(t) are also asymptotically constant. If s(¢) is in H'2, then
it is also continuous, and hence if it solves

d
Es(t) + A(t)s(t) = 0,

then it is also of class C, since &s(t) = —A(t)s(t) is continuous. On (—oo, =77, it
has to be a linear combination of the functions

ef)\i(foo)t

)
and on [T, 00), it is a linear combination of

em M=,

ey M

Since a solution on [—T,7T] is uniquely determined by its values at the boundary
points +7, we conclude that the space of solutions is finite dimensional. In fact, the
requirement that s be in H'? only allows linear combinations of those exponential
functions of the above type with \;(—o0) < 0, on (—oo, —T'), and likewise we get the
condition A;(co0) > 0. Thus

dimker L4 = max(u(A(—00)) — u(A(0)),0)

is finite.
Now let o € L?(R,R") be in the orthogonal complement of the image of L, i.e.

/ (%s(t) + A(t)s(t)> co(t)dt=0 forall s € HY2(R,R"™),

where the “” denotes the Euclidean scalar product in R™. In particular, this relation
implies that the weak derivative %o (t) equals —A(t)o(t), hence is in L?. Thus o €
HY2(R,R") is a solution of

d
%U(t) — A(t)o(t) = 0.
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In other words, Ly has —L_ 4 as its adjoint operator, which then by the above
argument satisfies

dimker L_ 4 = max(p(—A(—00)) — u(—A(x0)),0)
— max(u(A(o0)) — p(A(=o0)),0).

L 4 then has as its range the orthogonal complement of the finite dimensional space
ker L_ 4, which then is closed, and

ind L, = dimker L 4 — dim coker L 4
=dimker L4 — dimker L_ 4
= n(A(=00)) — p(A(0)).
O

Corollary 6.9.1. Let x1,z2 be HY? curves in X, E; vector bundles along z;, A;
continuous selfadjoint sections of End E;, i = 1,2, with x1(00) = x2(—00), F1(00) =
Ey(—00), A1(o0) = Ag(—00). We assume again that Ai(—o0), A1(00) = As(—00),
As(00) are nondegenerate. We consider diffeomorphisms

o1t (—O0,0) —R, o3: (0,00) — R,
with o(t) =1t for [t| > T for some T >0, i = 1,2, and consider the curve

(on(t)) fort <0,
z(t) == z1(00) = xa(—00)  fort =0,
x9(oa(t))  fort >0,

with the corresponding bundle E(t) and A(t) glued together from Ey, Fo, A1, Aa, Tesp.
in the same manner. Then

indLs = iIldLA1 -+ iIldLAZ.

Proof.

ind L, +ind La, = 1(A1(=00)) — pu(A1(00)) + p(A2(—00)) — p(Az(o0))
= p(A(=00)) — p(A(c0))
=ind L4, by Lemma 6.9.2 and construction.

O

We now need to introduce the notion of the determinant of a Fredholm operator.
In order to prepare that definition, we first let V, W be finite dimensional vector spaces
of dimension m, equipped with inner products, and put

DetV := A™(V), with A’V :=R.
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Then (Det V)* ® Det V' is canonically isomorphic to R via v* ® w — v*(w). A linear
map
L:V—-WwW

then induces
detl: Det V — Det W,

i.e.

detl € (Det V)" @ Det W.
The transformation behavior w.r.t. bases ey,... e, of V, fi,..., fm of W is given
by

detl(er A+ New) =ler Ao Aley, =2 Apfi Ao A fon.

We may e.g. use the inner product on W to identify the orthogonal complement of
1(V') with cokerl. The exact sequence

0—kerl — V 5 W — cokerl — 0
and the multiplicative properties of det allow the identification
(Det V)* @ Det W £ (Det kerl)” @ Det (cokerl) =: Det .

This works as follows:
Put Vp = kerl, Wy = coker L (= I(V)*1), and write V = V@ Vi, W = Wy @ W;.
Then
ll = Z|V1 : V1 — W1

is an isomorphism, and if ey, ..., e is a basis of Vj, egy1,...€m one of Vi, fi,... fr
one of Wy, and if we take the basis legy1,...,le,, of Wi, then

(e1 Avoer Nerr1 A ANem) @ (fi A A fu Nlegrr A+ Nlew)
is identified with

(et A ANew)* @ (fi A A fn)-

According to the rules of linear algebra, this identification does not depend on
the choices of the basis. In this manner, we obtain a trivial line bundle over V* @ W,
with fiber (Det V)* ® Det W = (Det ker[)* ® Det coker [ over I. det! then is a section
of this line bundle, vanishing precisely at those [ that are not of maximal rank m.
On the other hand, if [ is of maximal rank, then (Det kerl)* ® Det cokerl can be
canonically identified with R, and det! with 1 € R, by choosing basis e1, ..., e, of V
and the basis leq, . ..le, of W, as above.

In a more abstract manner, this may also be derived from the above exact
sequence

0—>kerl—>VLW—>cokerl—>0

on the basis of the following easy algebraic
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l l Uy — .
Lemma 6.9.3. Let 0 — V1 5Va> ... 5"V, — 0 be an exact sequence of linear maps
between finite dimensional vector spaces. Then there exists a canonical isomorphism

® Amax‘/ig ® Amax‘/i'

i odd i even

One simply uses this Lemma plus the above canonical identification (Det V)* ®
Det V = R.

Suppose now that V, W are Hilbert spaces, that Y is a connected topological
space and that I, € F'(V, W) is a family of Fredholm operators depending continuously
on y € Y. Again, we form the determinant line

Detl, := (Det kerl,)* ® (Det cokerl,)

for each y. We intend to show that these lines (Detl,),cy constitute a line bundle
over Y.

l, : (kerl,)™ — (cokerl,)*,

U=y
is an isomorphism, and
ind l, = dimker [, — dim coker,

is independent of y € Y, as Y is connected. For y in a neighborhood of some yy € Y,
let V,; C V be a continuous family of finite dimensional subspaces with kerl, C V;
for each y, and put

W, = 1,(V,) ® cokerl,,.

Then as above
(Det V)" @ Det W, 2 (Det kerl,)* ® Det cokerl,,.

The point now is that this construction is independent of the choice of V] in the sense
that if V' is another such family, we get a canonical identification

(Det V,')* @ Det W, = (Det V,))* @ Det W, .

Once we have verified that property, we can piece the local models (Det V;j)* @ Det W,
for Det [, unambiguously together to get a line bundle with fiber Det, over y on Y.

It suffices to treat the case
! i
Vy C Vy ,
and we write

V=V,
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and

W =W, W,

l, : Vi, — W, is an isomorphism, and
detl, : Det V;, — Det W,
yields a nonvanishing section A, of (Det V,)*®Det W,,. We then get the isomorphism

(Det V,))* @ Det W, —
(Det V,))*® Det W, @ (Det V)" © Det W, = (Det V,)* @ (Det W,")

Sy — sy®Aly7

and this isomorphism is canonically determined by [,,.
We have thus shown

Theorem 6.9.1. Let (ly)yey C F(V,W) be a family of Fredholm operators between
Hilbert spaces V,W depending continuously on y in some connected topological space
Y. Then we may construct a line bundle over Y with fiber

Detl, = (Det kerl,)* ® (Det cokerl,)

over y, and with a continuous section detl, vanishing precisely at those y € Y where

kerl, # 0.

Definition 6.9.1. Let | = (I,),ey) C F(V,W) be a family of Fredholm operators
between Hilbert spaces V, W depending continuously on y in some connected topo-
logical space Y. An orientation of this family is given by a nowhere vanishing section
of the line bundle Det ! of the preceding theorem.

If kerl, = 0 for all y € Y, then of course detl, yields such a section. If this
property does not hold, then such a section may or may not exist.

We now wish to extend Corollary 6.9.1 to the determinant lines of the operators
involved, i.e. we wish to show that

det Ly =2 det Ly, ®@det Lga,.

In order to achieve this, we need to refine the glueing somewhat. We again trivialize
a vector bundle E over R, so that E becomes R x R™. Of course, one has to check
that the subsequent constructions do not depend on the choice of trivialization.

We again consider the situation of Corollary 6.9.1, and we assume that A;, Ao
are asymptotically constant in the sense that they do not depend on ¢ for |t| > T, for
some T' > 0. For 7 € R, we define the shifted operator L7, via

U, s(t) = % + A (t —71)s(t).
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As we assume A; asymptotically constant, A7(t) := A;(t + 7) does not depend on
t over [—1,00) for 7 sufficiently large. L1kew1be A7 (t) does not depend on ¢ over
(=00, 1] for 7 sufficiently large. We then put

Ai(t+7) fort e (—o0,0],

A(t) == A1#: Ao (t) = {Ag(t —71) forte(0,00)

and obtain a corresponding Fredholm operator
La#, 4,
Lemma 6.9.4. For 7 sufficiently large,

Det LAI#TAQ = Det La, ® Det L4, .

Sketch of Proof. We first consider the case where L4, and L4, are surjective. We
shall show
dimker L4 < dimker L4, + dimker L4,, (6.9.5)

which in the surjective case, by Corollary 6.9.1 equals
indLa, +ind Ly, =ind Ly < dimker L4,

hence equality throughout.
Now if s,(t) € ker L g, 4,, we have

250 (1) + A(t)s- (1) =0, (6.9.6)

and we have

A(t) = Ay(00) (= Az(—00))
for |t| < 7, for arbitrarily large T, provided 7 is sufficiently large. Since A;(c0) is
assumed to be nondegenerate, the operator

- + Ay (o)
is an isomorphism, and thus, if we have a sequence

(S-rn)neN
of solutions of (6.9.6) for 7 = 7,,, with [|s, ||g1.2 <1, 7, — 00, then
S7, — Oon [-T,T], for any T > 0.

On the other hand, for ¢ very negative, we get a solution of

Zr57(8) + A1 (=00)s-(t) = 0,
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or more precisely, s, (¢t — 7) will converge to a solution of

d
L 5(1) + Ar(1)s(0) =0,
i.e. an element of ker L 4,. Likewise s, (¢ 4+ 7) will yield an element of ker L 4,. This
shows (6.9.5).

If La,, La, are not necessarily surjective, one finds a linear map A : R —
L?(R,R™) such that

La, +A: HY2(R,R") x R¥ — L2(R,R"),
(s,v) — La,s+ Av

are surjective for ¢ = 1, 2. One then performs the above argument for these perturbed
operators, and observes that the corresponding determinants of the original and the
perturbed operators are isomorphic. O

We now let Y be the space of all pairs (x, A), where z : R — X is a smooth curve
with limits x(+o00) = limy_ 1o z(t) € X, and A is a smooth section of z*End T'X
for which A(t) is a selfadjoint linear operator on T, )X, for each ¢ € R, with limits
A(+o00) = limy_, 4 A(t) that are nondegenerate, and for each y € (z,A) € Y, we
consider the Fredholm operator

Lay=V+A:H?@*TX) — L*(*TX),

Lemma 6.9.5. Suppose X is a finite dimensional orientable Riemannian manifold.
Let (z1, A1), (21, A2) €Y satisfy

21 (£00) = x2(+00),
Aq(£00) = Ax(£00).

Then the determinant lines Det Ly, 4,y and Det Ly, a,) can be identified through a
homotopy.

Proof. We choose trivializations o; : zfTX — R x R" (n = dimX) extending
continuously to 400, for i = 1,2. Thus, L, 4,) is transformed into an operator

Ly =4

T Ai(t) : HY*(R,R™) — L*(R,R™)

(with an abuse of notation, namely using the same symbol A;(t) for an endomorphism
of Ty X and of R™ = 04(t)(T,4)X)). Since X is orientable, we may assume that

o1(F00) = o2(£00)

(for a nonorientable X, we might have o1(—00) = o2(—00), but g1(c0) = —o2(c0),
or vice versa, because Gl(n,R) has two connected components, but in the orientable
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case, we can consistently distinguish these two components acting on the tangent
spaces T, X with the help of the orientations of the spaces T,,X). Thus, the relations
Aq(£00) = Ay(£o00) are preserved under these trivializations.

From the proof of Lemma 6.9.2, ind L4, = ind L4,, and coker Ly, = 0 or
ker L4, = 0, depending on whether +/(A;(—00)) > £u(A;(c0)). It then suffices to
consider the first case. Since the space of all adjoint endomorphisms of R™ can be
identified with R*“5™ (the space of symmetric (n X n) matrices), we may find a ho-
motopy between A; and As in this space with fixed endpoints A;(+o0) = Aa(Eo00).
As a technical matter, we may always assume that everything is asymptotically con-
stant as in the proof of Lemma 6.9.2, and that proof then shows that such a homotopy
yields an isomorphism between the kernels of L4, and Ly, . O

Thus, Fredholm operators with coinciding ends at 0o as in Lemma 6.9.5 can
be consistently oriented. Expressed differently, we call such operators equivalent, and
we may define an orientation on an equivalence class by choosing an orientation of
one representative and then defining the orientations of the other elements of the class
through a homotopic deformation as in that lemma.

Definition 6.9.2. An assignment of an orientation o(z, A) to each equivalence class
(z, A) is called coherent if it is compatible with glueing, i.e.

o((x1, Ar)# (22, A2)) = o(x1, A1) ® 0 (22, Az2)
(assuming, as always, the conditions required for glueing, i.e. z1(00) = z2(—00),
Aj(00) = Az(—00)).

Theorem 6.9.2. Suppose X is a finite dimensional orientable Riemannian manifold.
Then a coherent orientation exists.

Proof. We first consider an arbitrary constant curve
z(t)=z0 € X, A(t) = Ap.
The corresponding Fredholm operator

d
)= o Ay HY (R, T, X) — LA (T, X)

L
Ao =

then is an isomorphism by the proof of Lemma 6.9.2, or an easy direct argument.
Thus, Det L 4, is identified with R®R*, and we choose the orientation 1®1* € RQR*.
We next choose an arbitrary orientation for each class of operators L, 4y different
from L4, 4,) With

x(—o0) =z, A(—00)= Ay

(note that the above definition does not require any continuity e.g. in A(oco)). This
then determines orientations for classes of operators L, 4y with

x(00) = xg, A(c0) = Ay,
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because the operator L1 4-1), with #71(t) := z(—t), A~'(t) :== A(—t), then is in
the first class, and

Lz-1 a-1)#L(z, ) is equivalent to Lz, a,),
and by Lemmas 6.9.4 and 6.9.5,

Det Lz-1,4-1) @ Det Lz, 1) = Det Lz, Aq)-
Finally, for an arbitrary class L, 4), we find (21, A;) and (w2, A2) with

z1(—00) = x0, A1(—00) = z0, x1(00) = 2(—00), Aq(00) = A(—00),

x2(00) = xo, Ag(00) = x0, @2(—00) = z(c0), Ag(—00) = A(c0).
and the glueing relation
Ly, a)# L2, 0)#L (25, 45) equivalent to Lz, a,)-
The relation of Lemma 6.9.4, i.e.
Det Ly, 4,) @ Det L, 4) ® Det Ly, a,) = Det Ly, a0)
then fixes the orientation of L, 4). O

We shall now always assume that X is a compact finite dimensional, orientable
Riemannian manifold. According to Theorem 6.9.2, we may assume from now on that
a coherent orientation on the class of all operators L, 4) as above has been chosen.

We now consider a Morse-Smale-Floer function

f: X—-R
as before, and we let p,q € X be critical points of f with
n(p) — plg) = 1.
Then for each gradient flow line z(t) with z(—oc0) = p, x(o0) = ¢, i.e.
(1) + grad f((8)) =0,
the linearization of that operator, i.e.
L:=Vq +df(z(t) : H?(@*TX) — L*(2*TX)

is a surjective Fredholm operator with one-dimensional kernel, according to Lemma
6.9.2 and its proof. However, we can easily find a generator of the kernel: as the
equation satisfied by x(t) is autonomous, for any 79 € R, x(t+7) likewise is a solution,
and therefore #(t) must lie in the kernel of the linearization. Altogether, &(t) defines
an orientation of Det L, called the canonical orientation.
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Definition 6.9.3. We assign a sign n(z(t)) = £1 to each such trajectory of the
negative gradient flow of f with p(z(—o00)) — pu(x(c0)) = 1 by putting n = 1 precisely
if the coherent and the canonical orientation for the corresponding linearized operator
V + d? f coincide.

This choice of sign enables us to take up the discussion of §6.6 and define the
boundary operator as
Op = Z n(s)r,
reC.(f)

w(r)=p(p)—1
seMi,r

now with our present choice of sign. Again, the crucial point is to verify the relation
9% =0.

As in Thmeorem 6.5.1, based on Theorem 6.3.1, we may again consider a com-
ponent M of le’q (p, g critical points of f with u(p) — u(g) = 2), homeomorphic to
the open disk. We get a figure similar to Figure 6.6.1

g

Figure 6.9.1:

On the flow line x(t) from p to ¢, we have indicated a coherent orientation, chosen
such that e; corresponds to the negative flow line direction, and e; corresponds to
an arbitrarily chosen orientation of the one-dimensional manifold f~!(a) N M, where
f(g) < a < f(p), as in §6.6. The kernel of the associated Fredholm operators L, is
two-dimensional, and e; A es then induces an orientation of Det L,. The coherence
condition then induces corresponding orientations on the two broken trajectories from
p to ¢, passing through the critical points 71,75 resp. In the figure, we have indicated
the canonical orientations of the trajectories from p to ry and ry and from r; and 79
to q. Now if for example the coherent orientations of the two trajectories from p to r;
and 7o, resp. both coincide with those canonical orientations, then this will take place
for precisely one of the two trajectories from r; and ry resp. to g. Namely, it is clear
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now from the figure that the combination of the canonical orientations on the broken
trajectories leads to opposite orientations at ¢, which however is not compatible with
the coherence condition. From this simple geometric observation, we infer the relation
000 =0 asin §6.6.

We may also take up the discussion of §6.7 and consider a regular homotopy (as
in Definition 6.7.1) F between two Morse functions f!, f2, and the induced map

¢21 : C*(f17Z) - C*(f2,Z)
In order to verify the relationship
¢* o df! = 0f% 0™ (6.9.7)
with the present choice of signs, we proceed as follows. If p; is a critical point of f!,
po one of f2, with
1(p1) = p(p2),

and if s : R — X with s(—o00) = p1, s(c0) = po satisfies (6.7.4), i.e.
5(t) = —grad F'(s(t),1), (6.9.8)
we consider again the linearized Fredholm operator
Ly:=V +d*F: H?(s*TX) — L*(s*TX).

Since p(p1) = p(p2), Lemma 6.9.2 implies

ind Ly = 0.
Since by definition of a regular homotopy, L is surjective, we consequently get

ker L, = 0.

Thus, Det Ly is the trivial line bundle R ® R*, and we may orient it by 1 ® 1*, and
we call that orientation again canonical. Thus, we may assign a sign n(s) to each
trajectory from p; to ps solving (6.9.8) as before by comparing the coherent and the
canonical orientations.

Now in order to verify (6.9.7), we look at Figure 6.9.2. Here, we have indicated
a flow line w.r.t. f* from p; to another critical point 71 of f1 with u(p1) — p(r1) =1,
and likewise one w.r.t. f2 from ps to ro with p(p2)—pu(re) = 1, both of them equipped
with the canonical orientations as defined above for the relative index 1. Since now
the solution curves of (6.9.8) from p; to pa, and likewise from r; to 79 carry the
orientation of a trivial line bundle, we may choose the coherent orientations so as to
coincide with the canonical ones.

We now compute for a critical point p; of f' with u(p;) = 3, and with M{;m the
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m

Figure 6.9.2:

space of solutions of (6.9.8) from p; to pa,

(0f% 0 ¢*' = ¢* 0 0f)(p1)

:8f2< >y n(S)p2>—¢21< >, 2 n(sﬂm)

w(p2)=B sEMf, ., p(r1)=p-1 S16Mﬁ,r1

S S VR SRRATIS

p(r2)=F—1 \pu(p2)=6 s1€M} ,, SQGM;fé,rQ

- Z Z Z n(sl)n(s’)> To .
p(r1)=p-1 51€M£i,r1 s'eMf

Again, as in Theorem 6.5.1, trajectories occur in pairs, but the pairs may be
of two different types: within each triple sum, we may have a pair (s(l), sél)) and
(5(2)7s§2)), and the two members will carry opposite signs as we are then in the
situation of Figure 6.9.1. The other type of pair is of the form (s,s2) and (s1,s),
i.e. one member each from the two triple sums. Here, the two members carry the
same sign, according to the analysis accompanying Figure 6.9.2, but since there are
opposite signs in front of the two triple sums, we again get a cancellation.

In conclusion, all contributions in the preceding expression cancel in pairs, and
we obtain

8f2 O¢21 7(2521 03f1 _ 07
as desired. We thus obtain

Theorem 6.9.3. Let X be a compact, finite dimensional, orientable Riemannian
manifold. Let f', f2 be Morse-Smale-Floer functions, and let F be a reqular homotopy
between them. Then F induces a map

¢21 : C*(flaZ) - C*(f27Z)



364 Chapter 6 Morse Theory and Floer Homology

satisfying
6O¢21:¢2108,

and hence an isomorphism of the corresponding homology groups defined by f* and
f?, resp. O

Corollary 6.9.2. Under the assumptions of Theorem 6.9.3, the numbers by (X, f)
defined at the end of §6.6 do not depend on the choice of a Morse-Smale-Floer function
f and thus define invariants b (X) of X. O

Definition 6.9.4. The numbers by (X) are called the Betti numbers of X.

Remark. The Betti numbers have been defined through the choice of a Riemannian
metric. In fact, however, they turn out not to depend on that choice. See the Per-
spectives for some further discussion.

Perspectives. The relative approach to Morse theory presented in this chapter was first
introduced by Floer in [81]. It was developed in detail by Schwarz[230], and starting with
§6.4 we have followed here essentially the approach of Schwarz although in certain places
some details are different (in particular, we make a more systematic use of the constructions
of §6.3), and we cannot penetrate here into all the aspects worked out in that monograph.
An approach to Floer homology from the theory of hyperbolic dynamical system has been
developed in [258]. We also refer the reader to the bibliography of [230] for an account of
earlier contributions by Thom, Milnor, Smale, and Witten. (Some references can also be
found in the Perspectives on §6.10.)

In particular, Witten[264], inspired by constructions from supersymmetry, established
an isomorphism between the cohomology groups derived from a Morse function and the ones
coming from the Hodge theory of harmonic forms as developed in Chapter 2 of the present
work.

In some places, we have attempted to exhibit geometric ideas even if considerations of
space did not allow the presentation of all necessary details. This applies for example to the
§6.8 on graph flows which is based on [22]. As in Schwarz’ monograph, the construction of
coherent orientations in §6.9 is partly adapted from Floer, Hofer[82]. This in turn is based
on the original work of Quillen[214] on determinants.

The theory as presented here is somewhat incomplete because we did not develop
certain important aspects, among which we particularly wish to mention the following three:

1) Questions of genericity:

A subset of a Baire topological space is called generic if it contains a countable in-
tersection of open and dense sets. In the present context, one equips the space of
(sufficiently smooth) functions on a differentiable manifold X as well as the space of
Riemannian metrics on X with some C* topology, for sufficiently large k. Then at
least if X is finite dimensional and compact, the set of all functions satisfying the
Morse condition as well as the set of all Riemannian metrics for which a given Morse
function satisfies the Morse-Smale-Floer condition are generic.

2) We have shown (see §6.7 and this section) that a regular homotopy between two
Morse functions induces an isomorphism between the corresponding homology theory.
It remains to verify that this isomorphism does not depend on the choice of homotopy
and is flow canonical.



6.9 Orientations 365

3) Independence of the choice of Riemannian metric on X: We recall that by Lemma
1.8.1, a Riemannian metric on X is given by a symmetric, positive definite covariant
2-tensor. Therefore, for any two such metrics go,g1 and 0 <t < 1,g; :=tgo+ (1—¢)q1
is a metric as well, and so the space of all Riemannian metrics on a given differentiable
manifold is a convex space, in particular connected. If we now have a Morse function
f, then the gradient flows w.r.t. two metrics go, g1 can be connected by a homotopy of
metrics. The above linear interpolation g; may encounter the problem that for some
t, the Morse-Smale-Floer transversality condition may not hold, and so one needs
to consider more general homotopies. Again, for a generic homotopy, all required
transversality conditions are satisfied, and one then conclude that the homology groups
do not depend on the choice of Riemannian metric. Thus, they define invariants
of the underlying differentiable manifold. In fact, they are even invariants of the
topological structure of the manifold, because they satisfy the abstract Eilenberg-
Steenrood axioms of homology theory, and therefore yield the same groups as the
singular homology theory that is defined in purely topological terms.

These points are treated in detail in [230] to which we consequently refer.

As explained in this chapter, we can also use a Morse function to develop a cohomology
theory. The question then arises how this cohomology theory is related to the de Rham-
Hodge cohomology theory developed in Chapter 2. One difference is that the theory in
Chapter 2 is constructed with coefficients R, whereas the theory in this chapter uses Zo
and Z as coefficients. One may, however, extend those coefficients to R as well. Then, in
fact, the two theories become isomorphic on a compact differentiable manifolds, as are all
cohomology theories satisfying the Eilenberg-Stennrod axioms. These axioms are verified
for Morse-Floer cohomology in [230]. The background in algebraic topology can be found in
[238]. Witten[264] derived that isomorphism in a direct manner. For that purpose, Witten
considered the operators

di : = eitfdetf,
their formal adjoints
df =eldre
and the corresponding Laplacian

A¢ i =ded; + dids.

For t = 0, Ay is the usual Laplacian that was used in Chapter 2 in order to develop Hodge
theory and de Rham cohomology, whereas for ¢ — oo, one has the following expansion

A, =dd” + d*d + ||df |* + tSk .Lh. i( -2 dw
I Qxk Oz oxk )’

where ( 2 is an orthonormal frame at the point under consideration. This becomes

@)j:l,m,n
very large for ¢ — oo, except at the critical points of f, i.e. where df = 0. Therefore, the
eigenfunctions of A; will concentrate near the critical points of f for ¢ — oo, and we obtain

an interpolation between de Rham cohomology and Morse cohomology.
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An elementary discussion of Morse theory, together with applications to closed geo-
desics, can be found in [191].

Finally, as already mentioned, Conley developed a very general critical point the-
ory that encompasses Morse theory but applies to arbitrary smooth functions without the
requirement of nondegenerate critical points. This theory has found many important ap-
plications, but here we have to limit ourselves to quoting the references Conley[55], Conley
and Zehnder[56]. In another direction, different approaches to Morse theory on singular
(stratified) spaces have been developed by Goresky and MacPherson[97] and Ludwig[182].

6.10 The Morse Inequalities

The Morse inequalities express relationships between the Morse numbers p;, defined
as the numbers of critical points of a Morse function f of index i, and the Betti
numbers b; of the underlying manifold X. In order to simplify our exposition, in this
section, we assume that X is a compact Riemannian manifold, and we only consider
homology with Zs-coefficients (the reader is invited to extend the considerations to
a more general setting). As before, we also assume that f : X — R is of class
C3 and that all critical points of f are nondegenerate, and that (X, f) satisfies the
Morse-Smale-Floer condition.

As a preparation, we need to consider relative homology groups. Let A be a
compact subset of X, with the property that flow lines can enter, but not leave A.
This means that if

#(t) = —grad f(x(t)) forteR
and
x(tg) € A for some tyg € RU {—o0},
then also

z(t) € A for all t > .

We obtain a new boundary operator 94 in place of 9 by taking only those critical
points of f into account that lie in X\ A. Thus, for a critical point p € X\ A, we put

pi= > (FHM ) (6.10.1)
TEC?(f))ﬁji\A

By the above condition that flow lines cannot leave A once they hit it, all flow lines be-
tween critical points p,r € X\ A are entirely contained in X\ 4 as well. In particular,
as in Theorem 6.5.2, we have

4. 94p =0 for all critical points of f in X\A. (6.10.2)
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Defining CA(f,Zs) as the free Abelian group with Zs-coefficients generated by the
critical points of f in X\ A4, we conclude that

(CLM(f,2s),0%)
is a chain complex. We then obtain associated homology groups

ker 8,’3

Hy(X, A, f,Zs) = image oA
et 1

7 (6.10.3)

as in §6.5.

We shall actually need a further generalization: Let A C Y C X be compact,
and let f: X — R satisfy:
(i) If the flow line z(t), i.e.

%(t) = —grad f(z(t)) for all ¢,
satisfies

z(tg) € A for some tg € RU {—o0},
then there is no ¢ > ¢y with z(t) € Y\ A.
(i) If the flow line x(t) satisfies

z(t1) € Y,x(tz) € X\Y, with — oo <t <ty < o0,
then there exists t; < tg < ty with

.’E(to) e A.

Thus, by (i), flow lines cannot reenter the rest of ¥ from A, whereas by (ii),
they can leave the interior of Y only through A. If p € Y\ A is a critical point of f,
we put
MApi= Y (#M ) (6.10.4)
reC.(f)NY\A
n(p,r)=1
Again, if p and r are critical points in Y\ A, then any flow line between them also has
to stay entirely in Y\ A, and so as before

VAo VA =, (6.10.5)
and we may define the homology groups
ker 874
H,(Y, A, f,Zs) = ﬁ . (6.10.6)
image 0,

We now apply these constructions in three steps:
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Let p be a critical point of f with Morse index

p(p) = k.

We consider the unstable manifold
W*(p) = {z(-) flow line with z(—o00) = p}. (6.10.7)

As the parametrization of a flow line is only defined up to an additive constant,
we use the following simple device to normalize that constant. It is easy to see,
for example by Theorem 6.3.1, that for sufficiently small £ > 0, W*(p) intersects
the sphere B(p,¢e) transversally, and each flow line in W*(p) intersects that
sphere exactly once. We then choose the parametrization of the flow lines z(+) in
W*(p) such that x(0) always is that intersection point with the sphere B (p, ¢).
Having thus fixed the parametrization, for any 7' € R, we cut all the flow lines
off at time 7"

YpT ={xz(t) : —oo <t < T, () flow line in W*(p)} (6.10.8)
and
Al = {a(T) : x(-) flow line in W*(p)}. (6.10.9)

It is easy to compute the homology H.(Y,", AT, f,Z5) : p is the only critical
point of f in YpT\Ag, and so

s Asp = 0. (6.10.10)

Thus, the kernel of 8:’7 Ar g generated by p. All the other kernels and images

vy AT
of the 8j PP gre trivial and therefore

Zo ifj =k,

. (6.10.11)
0  otherwise,

Hj(YpTvAZ7 f7 ZQ) = {

for all T € R.

Thus, the groups H; (YpT7 A;;F, fZ2) encode the local information expressed by
the critical points and their indices. No relations between different critical
points are present at this stage. Thus, for this step, we do not yet need the
Morse-Smale-Floer condition.

We now wish to let T" tend to oo, i.e. to consider the entire unstable manifold
W(p). W*(p), however, is not compact, and so we need to compactify it. This
can be done on the basis of the results of §§6.4, 6.5. Clearly, we need to include
all critical points r of f that are end points of flow lines in W*(p), i.e.

r =x(c0) for some flow line x(-) in W*(p).
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In other words, we consider all critical points r to which p is connected by the
flow in the sense of Definition 6.5.2. In particular, for any such r

w(r) < u(p),

because of the Morse-Smale-Floer condition, see (6.5.2). Adding those critical
points, however, is not yet enough for compactifying W*(p). Namely, we also
need to add the unstable manifolds W*(r) of all those r. If the critical point ¢
is the asymptotic limit y(oo) of some flow line y(-) in W*(r), then, by Lemma
6.5.2, we may also find a flow line z(-) in W"(p) with z(c0) = ¢, and further-
more, as the proof of Lemma 6.5.2 shows, the flow line y(-) is the limit of flow
lines z(-) from W*(p). Conversely, by Theorem 6.4.1, any limit of flow lines
Zn(+) from W*(p), n € N, is a union of flow lines in the unstable manifolds of
critical points to which p is connected by the flow, using also Lemma 6.5.2 once
more. As these results are of independent interest, we summarize them as

Theorem 6.10.1. Let f € C3(X,R), X a compact Riemann manifold, be a function
with only nondegenerate critical points, satisfying the Morse-Smale-Floer condition.
Let p be a critical point of f with unstable manifold W*(p). Then W*(p) can be com-
pactified by adding all the unstable manifolds W (r) of critical points r for which there
exists some flow line from p to r, and conversely, this is the smallest compactification
of W*"(p). O

We now let Y be that compactification of W*(p), and A := Y\W"(p), i.e.
the union of the unstable manifolds W*(r) of critical points r to which p is
connected by the flow. Again, the only critical point of f in Y\ A is p, and so
we have as in 1)

H;(Y, A, f,7) = {ZQ ity = ’j‘(p)’ (6.10.12)
0  otherwise.

The present construction, however, also allows a new geometric interpretation of

the boundary operator d. For that purpose, we let C.(f,Zs) be the free Abelian

group with Zs-coefficients generated by the set C.(f) of unstable manifolds

W*(p) of critical points p of f, and

IW(p) = Y (HmML,)W(r). (6.10.13)
reC.(f)
p(r)=p(p)—1

Thus, if u(p) = k, the boundary of the k-dimensional manifold W*(p) is a union
of (k — 1)-dimensional manifolds W*(r). Clearly, 9’ 09’ = 0 by Theorem 6.5.2,
as we have simply replaced all critical points by their unstable manifolds. This
brings us into the realm of classical or standard homology theories on differen-
tiable manifolds. From that point of view, the idea of Floer then was to encode
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all information about certain submanifolds of X that generate the homology,
namely the unstable manifolds W*(p) in the critical points p themselves and
the flow lines between them. The advantage is that this allows a formulation
of homology in purely relative terms, and thus greater generality and enhanced
conceptual clarity, as already explained in this chapter.

3) We now generalize the preceding construction by taking unions of unstable
manifolds. For a critical point p of f, we now denote the above compactification
of W"(p) by Y (p). We consider a space Y that is the union of some such Y (p),
and a subspace A that is the union of some Y (¢) for critical points ¢ € Y. As
before, we get induced homology groups Hy(A), Hi(Y), Hi(Y, A), omitting f
and Zs from the notation from now on for simplicity. As explained in 2), we may
consider the elements of these groups as equivalence classes (up to boundaries)
either of collections of critical points of f or of their unstable manifolds.

We now need to derive some standard facts in homology theory in our setting.
A reader who knows the basics of homology theory may skip the following until the
end of the proof of Lemma 6.10.4.

We recall the notation from algebraic topology that a sequence of linear maps
f; between vector spaces A;

A oA T oA T

is called exact if always
ker(f;) = image (fi+1)-

We consider the maps

ik . Hk(A) — Hk(Y),
ks Hiy(Y) — Hi (Y, A),
8k : I’Ik(yv7 A) — Hk_l(A)

defined as follows:

If 7 € Cx(A), the free Abelian group with Zs-coefficients generated by the
critical points of f in A, we can consider 7 also as an element of Ci(Y’), from the
inclusion A — Y. If 7 is a boundary in Cj(A), i.e. m = Op417 for some v € Cy11(A),
then by the same token, v can be considered as an element of Cy1(Y), and so 7 is
a boundary in Cy(Y") as well.

Therefore, this procedure defines a map iy from Hy(A) to H(Y).

Next, if 7 € Ci(Y), we can also consider it as an element of Ci (Y, A), by
forgetting about the part supported on A, and again this defines a map j; in homology.

Finally, if 7 € Cy(Y) with 97 € Cr_1(A) and thus represents an element of
H(Y,A), then we may consider d7 as an element of Hy_1(A), because 9 o dr = 0.
Om is not necessarily trivial in Hy_1(A), because 7 need not be supported on A, but
Om as an element of Hy_1(A) does not change if we replace m by m 4+ v for some
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v € Cr(A). Thus, O as an element of Hy_1(A) depends on the homology class of
in H(Y, A), and so we obtain the map 0 : Hi(Y, A) — Hp_1(A).

The proof of the following result is a standard routine in algebraic topology:

Lemma 6.10.1.

o H(A) 5 Hy(Y) 25 Ho(Y, 4) 25 B (A) — -

s exact.

Proof. We denote the homology classes of an element ~ by [v].

1)

Exactness at Hi(A) :

Suppose [y] € ker iy, i.e.
ir[y] = 0.
This means that there exists m € Cj11(Y) with

om = 1i,(7).

Since i (y) is supported on A, 7 represents an element of Hy11(Y, A), and so
[v] € image (Ox+1). Conversely, for any such 7, Om represents the trivial element
in H,(Y'), and so i;[0n] = 0, hence [97] € kerij. Thus if 0 91 = 0.

Exactness at Hi(Y):

Suppose [7] € ker ji. This means that 7 is supported on A, and so [r] is in the
image of 7. Conversely, obviously jj o, = 0.

Exactness at Hp(Y, A) :

Let [7] € kerdy. Then Or = 0, and so 7 represents an element in Hy(Y).
Conversely, for any [r] € Hi(Y),dr = 0, and therefore dj o ji = 0.

O

In the terminology of algebraic topology, a diagram

AQL)AI

fl lg

B, —° . B,

of linear maps between vector spaces is called commutative if

goa=bo f.

Let now (Y7,Y2) and (Ya,Ys) be pairs of the type (Y, A) just considered. We then
have the following simple result
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Lemma 6.10.2. The diagram

2,3 2,3 2,3

0, i )
o Hp(Y2,Ys) ——— Hy 1 (Ys) —— Hy 1(Ya) —2— Hy 1(Ya,Y3) — -

.1,2,3 2.3 1,2 12,3
Yk iy Yk -1

1,2 1,2 1,2

o 7
- — Hy(Y1,Y2) —— Hj_1(Ys) —— Hp_1(Y1) L Hi1(Y1,Y3) —

where the vertical arrows come from the inclusions Y3 — Yo < Y7, and where super-
scripts indicate the spaces involved, is commutative.

Proof. Easy; for example, when we compute 12 3o 82 3[7r], we have an element
of Ck(Y2), whose boundary d7 is supported on Y3, and we consider that as an
element of Cj_1(Y2). If we apply i,lg’2’3 to [r], we consider 7 as an element of

Ck(Y7) with boundary supported on Cj_1(Y2), and 8;’2[77] is that boundary. Thus
2 3 023 12 3,23
00, =0, 017", O

Lemma 6.10.3. Let Y3 C Y5 C Y] be as above. Then the sequence

23

8
s Hi 1 (Y2, Yy) S Hk(Ya,Yg) &, Hk<Y1,Y3) % Hk(YhYQ)

is exact. (Here, the map ik’ comes from the inclusion Yo — Y7, whereas jk’ arises
from considering an element of C,_1(Y1,Y3) also as an element of C_1(Y1,Y2) (since
Y3 C Ys), in the same way as above).

Proof. Again a simple routine:

1) Exactness at Hy(Y2,Y3):

i 2m =06 3y € Cpa(Y1,Y3) : Oy =,

and in fact, we may consider  as an element of Cyy1(Y7,Y3) as the class of 7
in Hy(Ys, Y3) is not influenced by adding dw for some w € Cy11(Y2). Thus 7 is
in the image of ]kfl o 11—51

2) Exactness at Hy(Y7,Y3):

32l =0 e Iy € Cryr (Y1, Ya) : 9y = m,

and so  is trivial in homology up to an element of Cj(Y2,Y3), and so it is in
the image of 7}.”.

3) Exactness at Hy(Y1,Ys):

72 0 8} %[7] = 0 & O vanishes up to an element of Cj,_; (Y3)

& 7 is in the image of j;’z
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O
Finally, we need the following algebraic result:
Lemma 6.10.4. Let
'—>A3£>A2£>A1LO
be an exact sequence of linear maps between vector spaces. Then for all k € N,
dim A; — dim Ay + dim Az — - -+ — (=1)* dim Ay + (—1)* dim(ker ax) = 0. (6.10.14)
Proof. For any linear map £ =V — W between vector spaces,
dim V' = dim(ker £) + dim(image ¢).
Since by exactness
dim(imagea;) = dim(kera;_1),
we obtain
dim(A4;) = dim(kera;) + dim(kera;_1).
Since dim A; = dimker a1, we obtain
dim A; — dim Ay + dim Az — - - + (—1)* dim(ker az) = 0.
O
We now apply Lemma 6.10.4 to the exact sequence of Lemma 6.10.3. With
be(X,Y) : = dim(Hi(X,Y)),
v (Y1, Ys,Y3) = dim(ker j;7) 0 8,°%),
we obtain
k
D (1) (0i(Y1,Y2) = bi(Y1,Y3) 4 bi(Y2, Y3)) — (=1)Fw (Y1, Y2, Y3) = 0.
i=0
Hence
(1) o1 (Y1, Yo, Ya) = (=1 u(Y1, Y2, V3) — (=1)%bi (Y1, Y2)
+(=DP0(V1,Y3) = (—1)"b(Y2,Y3).  (6.10.15)

We define the following polynomials in ¢:
P(t,X,Y) =Y b(X, V)t
k>0

Q(t, Y1, Y2, Y3) i= > v (Y1, Ya, Ya) tF.
k>0
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Multiplying the preceding equation by (—1)*#* and summing over k, we obtain

Q(tayla)éaie) = _tQ(taylai/Qv}/E’)) + P(tv}/17}/2)

6.10.16
_P(t71/17yv3)+P(t7Y27Y3) ( )

We now order the critical points p1,...,p, of the function f in such a manner that

p(pi) > p(p;) whenever ¢ < j.

For any 7, we put

Yi=Yi(i) = |J Yo,

k>i

Yo :=Ya(i):= | J Y(m),
k>i+1

Yy := 0.

Thus Y2 = Yi\WF¥(p;). The pair (Y7,Ys) may differ from the pair (Y, A) =
(Y(P;),Y (P;)\W¥(p;)) in so far as both Y; and Y5 may contain in addition the same
unstable manifolds of some other critical points. Thus, they are of the form (Y U
B, AU B) for a certain set B. It is, however, obvious that the previous constructions
are not influenced by adding a set B to both pairs, i.e. we have

H.(YUB,AUB) = H(Y,A) forall k,
because all contributions in B cancel. Therefore, we have

Zy for k= p(pi),

. (6.10.17)
0  otherwise.

Hi(Y1(1), Ya (i) = He(Y (p2), Y (p:)\W" (1)) = {

Consequently,
P(t,Y1,Yy) = t#Pi), (6.10.18)

We now let py be the number of critical points of f of Morse index ¢. Since the
dimension of any unstable manifold is bounded by the dimension of X, we have
we =0 for ¢ > dim X. (6.10.18) implies

dim X

> P, Y(i), Ya(i) = >t p. (6.10.19)
4

i=0
From (6.10.16), we obtain for our present choice of the triple (Y7, Ys,Ys)
P(t7 Yl(l)’ YZ(Z)) = P(tv Yl(l)v w) - P(tv Y2(7’)7 0) + (1 + t)(X<t7 Yl(l)’ )/2<7’)7 @)7
and summing w.r.t. ¢ and using Y3(1) = X, we obtain

dim X
> P(t,Y1(0), Ya(i) = P(t, X,0) + (1+£) Q(t) (6.10.20)

i=0
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for a polynomial Q(¢) with nonnegative coefficients. Inserting (6.10.19) in (6.10.20)
and using the relation

P(t,X,¢)=> t/dim H;(X) (since H,;(X,0) = H;(X))
= Z t7b;(X) (see Corollary 6.9.1).
we conclude

Theorem 6.10.2. Let f be a Morse-Smale-Floer function on the compact, finite
dimensional orientable Riemannian manifold X. Let py be the number of critical
points of f of Morse index £, and let by,(X) be the k-th Betti number of X. Then

dim X

St => (X)) + (1+1) Q(t) (6.10.21)
=0 j

for some polynomial Q(t) in t with nonnegative integer coefficients.
We can now deduce the Morse inequalities

Corollary 6.10.1. Let f be a Morse-Smale-Floer function on the compact, finite di-
mensional, orientable Riemannian manifold X. Then, with the notations of Theorem
6.10.2,

(i) gk > bi(X) for all k.
(ZZ) Mk — Hk—1 + Hig—2 — ... + o Z bk(X) - bkfl(X) + bo(X)
(iii) > (=1) = >2,;,(=1)7;(X) (this expression is called the Euler characteris-
tic of X ).
Proof.

(i) The coefficients of t* on both sides of (6.10.21) have to coincide, and Q(t) has
nonnegative coefficients.

(ii) Let Q(t) = t'q;. From (6.10.21), we get the relation

k k k—1
Sty =) th(X)+ (1+1)) tg+tra
§=0 §=0 §=0
for the summands of order no larger than k. We put ¢t = —1. Since ¢ > 0, we

obtain
k k
DI ITED S C IS
j=0 j=0

(iii) We put ¢ = —1 in (6.10.21).
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O

Let us briefly return to the example discussed in §6.1 in the light of the present
constructions. We obtain interesting aspects only for the function f5 of §6.1. The es-
sential feature behind the Morse inequality (i) is that for a triple (Y17, Y3, Y3) satisfying
Y3 C Y5 C Y; as in our above constructions, we always have

b (Yh Y3) < bk (Yl, Yg) + by, (Yg, Yg) (61022)

In other words, by inserting the intermediate space Y3 between Y7 and Y3, we may in-
crease certain topological quantities, by inhibiting cancellations caused by the bound-
ary operator d. If, in our example from §6.1, we take Y; = X, Y3 = (), we may take
any intermediate Y. If we take Y5 = Y (p2) (p2 being one of two maximum points),
then Y;\Ya = W¥(p1) (p1 the other maximum), and so

1 for k=2,
0 otherwise,

bp(Y1,Y2) = {

and

1 for k=0,
0 otherwise,

br(Y2,Y3) = {

(we have dps = p3,dps = 2p4 = 0 in Y3), and so, since

1 for k=0,2,

bp(X) =
k(%) {O for k=1,

we have equality in (6.10.22).
If we take Yo = Y(p3) (ps the saddle point), however, we get

2 for k=2,
0 otherwise,

bp(Y1,Y2) = {

(since Op; = 0 = 9p, in (Y7,Y3)) and

1 fork=1,

bu(¥z, Ya) = {O otherwise,

(since dps = 0, but there are no critical points of index 2 in Y2). Thus, in the first case,
the boundary operator 0 still achieved a cancellation between the second maximum
and the saddle point while in the second case, this was prevented by placing ps and ps
into different sets. Generalizing this insight, we conclude that the Morse numbers
arise from placing all critical points in different sets and thus gathering only strictly
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local information while the Betti numbers b, incorporate all the cancellations induced
by the boundary operator 0. Thus, the py and the by only coincide if no cancellations
at all take place, as in the example of the function f; in §6.1.

Perspectives. In this section, we have interpreted the insights of Morse theory, as developed
by Thom[250], Smale[237], Milnor[192], Franks[83] 199-215, in the light of Floer’s approach.
Schwarz[231] used these constructions to construct an explicit isomorphism between Morse
homology and singular homology.

6.11 The Palais-Smale Condition and the Existence
of Closed Geodesics

Let M be a compact Riemannian manifold of dimension n, with metric (,-) and

associated norm || - || = (-,-)2. We wish to define the Sobolev space Ag = H' (S, M)
of closed curves on M with finite energy, parametrized on the unit circle S'. We
first consider H'(I,R™) := H%“2(I,R"), where I is some compact interval [a,b], as

the closure of C*°(I,R") w.r.t. the Sobolev H'2-norm. This norm is induced by the
scalar product

b b
(c1,c2) ::/ c1(t) - ea(t) dt+/ dccllit) : dcfhft) dt (6.11.1)

where the dot - denotes the Euclidean scalar product on R™. H(I,R") then is a
Hilbert space.

Since I is 1-dimensional, by Sobolev’s embedding theorem (Theorem A.1.7),
all elements in H'(I,R™) are continuous curves. Therefore, we can now define the
Sobolev space H'(S*, M) of Sobolev curves in M via localization with the help of
local coordinates:

Definition 6.11.1. The Sobolev space Ag = H'(S!, M) is the space of all those
curves ¢ : S* — M for which for every chart z : U — R"™ (U open in M), (the
restriction to any compact interval of)

zoc:c Y U) - R
is contained in the Sobolev space H%?(c™1(U),R").
Remark. The space Ay can be given the structure of an infinite dimensional Rie-

mannian manifold, with charts modeled on the Hilbert space H':2(I,R™). Tangent
vectors at ¢ € Ay then are given by curves v € H' (S, TM), i.e. Sobolev curves in
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the tangent bundle of M, with (t) € T, )M for all t € S1. For viv, € T.Ao, i.e.
tangent vectors at ¢, their product is defined as

(71,72) = /(D’Yl(t)aD’Y2(t)>dt7
test

where D~;(t) is the weak first derivative of 7; at ¢, as defined in §A.1. This then defines
the Riemannian metric of Ag. While this becomes conceptually very satisfactory, one
needs to verify a couple of technical points to make this completely rigorous. For that
reason, we rather continue to work with ad hoc constructions in local coordinates. In
any case, Ay assumes the role of the space X in the general context described in the
preceding sections.

The Sobolev space Ag is the natural space on which to define the energy func-
tional

B = 5 [ 1Dt di
Sl

for curves ¢ : S — M, with Dc denoting the weak first derivative of c.
Definition 6.11.2. (u,),eny C Ag converges to u € Ag in H2 iff

(i) up converges uniformly to u (u, = u).

(ii)) E(un) — E(u) as n — oo.

Uniform convergence u, =3 u implies that there exist coordinate charts f, :
U, — R" (p=1,...,m) and a covering of S! = Upe1V, by open sets such that for
sufficiently large n,

un(Vy),u(Vy) c U, forp=1,...,m.
If now ¢ € C3°(V,,,R™) for some g, then for sufficiently small |e,
fulu(t) +ep(t)) C fu(U,) forallteV,,

i.e. we can perform local variations without leaving the coordinate chart. In this
sense we write
u—+ep

instead of f, o u + ep. For such ¢ then
[ gstut et + 5) @+ 2p) dtemo.

d 1d
%E(Uﬁ—é‘@)k:o = §£

where everything is written w.r.t. the local coordinate f, : U, — R” (the dot ~ of
course denotes a derivative w.r.t. t € S1),

using gi; = gji,

= / (gij(u)iﬁ,b] + §gij,k(u)uliﬂ<pk> dt (6.11.2)
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if u e H?2(S1, M), this is

= 7/ (gij(u)iﬁp] + gij’gi/iﬁcpj - Egijykuziﬂapk> dt  (6.11.3)
= —/ (ul + F;;[(u)u’“uf) gij(u)goj dt,

as in §1.4. We observe that ¢ € H'2 is bounded by Sobolev’s embedding theorem
(Theorem A.1.7) (see also the argument leading to (6.11.6) below) so that also the
second terms in (6.11.2) and (6.11.3) are integrable.

We may put

IDE(u)| =

d o
sup {EE(U +EP)je=0 : P € Hé’Q(V#,]R”) for some M/gij(u)gblgbj dt < 1} .
(6.11.4)

For second derivatives of E, we may either quote the formula of Theorem 4.1.1 or
compute directly in local coordinates

1 d?

B ep)mo = 5 57 [ auluck R + =)@ + ) di

= / (95 (W) @' &7 + 2955,k t' T " + gij et PF ") dt,
which is also bounded for u and ¢ of Sobolev class H!2.
Suppose now that u € Ay satisfies
DE(u) = 0.

This means

/ (gij(u)iﬁgbj + igmk(u)uziﬂgpk) dt =0 forall p € H"2 (6.11.5)

Lemma 6.11.1. Any u € Ag with DE(u) =0 is a closed geodesic (of class C*).

Proof. We have to show that u is smooth. Then (6.11.3) is valid, and Theorem A.1.5
gives _ _
it + i (u)urut =0 fori=1,...,dim M,

thus u is geodesic.
‘We note that u is continuous so that we can localize in the image. More precisely,
we can always find sufficiently small subsets of S! whose image is contained in one
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coordinate chart. Therefore, we may always write our formulae in local coordinates.
We first want to show
u e H*L.

For this, we have to find v € L' with

/uznz :/Uinia

where we always assume that the support of n € C§°(S*, M) is contained in a small
enough subset of S' so that we may write things in local coordinates as explained
before.
We put
@ (t) = g" (u(t))n: ().

Then

/Mmﬁz—/Mmﬁ

which is valid since v € H"2,

9 (w()a @7 + gij pitile?) dt

Il
|
—

gij(w)i'ed o* — gij,k(u)ukui¢j> dt by (6.11.5)

gij g lutnd — gij,kﬂkﬂigﬂ> ¢ dt

N~ N~ N

N 7N N

gie(gjw — gtk — gk&j) @ uFn; dt, renaming indices

— e — —

—

etd b dt . (6.11.6)
With v? = —F;lkuju’“ € L', the desired formula

/uiﬁi = /vim for n € C§°(S*, M) with sufficiently small support

then holds, and
ue H>L
By the Sobolev embedding theorem (Theorem A.1.7) we conclude
we HY  for all ¢ < oo.

(We note that since S has no boundary, the embedding theorem holds for the
H*P spaces and not just for Hg P For the norm estimates, however, one needs
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£l zr%.» () on the right hand sides in Theorem A.1.7 and Corollary A.1.2, instead of
just | D*f|[».)
In particular, u € HY4(2), hence

Iy (w)yada® € L2,

(6.11.6) then implies
ue H*?,

hence % € C° by Theorem A.1.2 again.
Now

%( Lyl ab) = 2rh ik + T atedaF using T, =T
e L?

since it € L?, @ € L>. Thus

e(w)idiF e HY?
and then

ue H>?,
by (6.11.6) again.
Iterating this argument, we conclude

we H? forallke N,
hence

ue C™
by Corollary A.1.2. O

We now verify a version of the Palais-Smale condition:

Theorem 6.11.1. Any sequence (un)nen C Ao with

E(uy,) < const,
|DE(uy)|] -0 asn—0

contains a strongly convergent subsequence with a closed geodesic as limit.
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Proof. First, by Holder’s inequality, for every v € Ag,t1,t2 € ST,

d(v(tr), v(t2)) < / 2 (gij(v)@i’}j)% dt

t1

to 3
S <(t2 — tl)/ g”(’U)’UZ’UJ dt)
ty
<V2|ty — 1|7 E(v)?. (6.11.7)

Thus .
Ay C Cﬁ(Sl,M)7

i.e. every H'-curve is Holder continuous with exponent %, and the Holder %—norm is
controlled by /2E(v).

The Arzela-Ascoli theorem therefore implies that a sequence with E(u,,) < const
contains a uniformly convergent subsequence. We call the limit u. w also has finite
energy, actually

E(u) < liminf E(uy,).

n—oo

We could just quote Theorem 7.3.2 below. Alternatively, by uniform convergence
everything can be localized in coordinate charts, and lower semicontinuity may then
be verified directly. For our purposes it actually suffices at this point that u has finite
energy, and this follows because the H2-norm (defined w.r.t. local coordinates) is
lower semicontinuous under L2-convergence.

We now let (1,,),=1,...,m be a partition of unity subordinate to (V,,)u=1,....m, our
covering of S' as above. Then

Bwn) = Bw) = [ S (o (un)it i, — g )i . (6.118)

where the superscript ;1 now refers to the coordinate chart f, : U, — R".
In the sequel, we shall omit this superscript, however.
By assumption (cf. (6.11.2)),

1 o
/ (gij(un)ﬂ;gbj + ig”k(un)u;uﬁlgok> dt — 0 asn— oo,
for all p € H'2,
‘We use _ _ _
¢l = 77#(“'21 —u’)

(where, of course, the difference is computed in local coordinates f,,). Then,
/gijﬁk(un)u;uim(uﬁ —u®)dt < const - max d(un(t),u(t)) E(u,) — 0,

as n — oo since E(u,) < const and u,, = u (after selecting a subsequence).
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Consequently from (6.11.2), since ||DE(uy)|| — 0,

/ (95 (un )i, (@, — @ )y + g (u" )i, (), — w)) dt — 0.

The second term again goes to zero by uniform convergence.
We conclude

/gzg(un)uﬂui — ), — 0 asn — oo (6.11.9)

Now
/ (935 ()i, — gy (w)ii) m, =

/ {gig (un )iy, (i, — &) + (gij (un) — gij (w)) 07 + gij(u) (s, — @) } gy, .
(6.11.10)

The first term goes to zero by (6.11.9). The second one goes to zero by uniform
convergence and Holder’s inequality.

For the third one, we exploit that (as observed above, after selection of a subse-
quence) 1, converges weakly in L? to 7 on V.. This implies that the third term goes
to zero as well.

(6.11.10) now implies

E(uy,) — E(u) asn — oo

(cf. (6.11.8)).
u then satisfies
DE(u)=0

and is thus geodesic by Lemma 6.11.1. O
As a technical tool, we shall have to consider the negative gradient flow of F.

Remark. In principle, this is covered by the general scheme of §6.3, but since we are
working with local coordinates here and not intrinsically, we shall present the construc-
tion in detail. For those readers who are familiar with ODEs in Hilbert manifolds, the
essential point is that the Picard-Lindel6f theorem applies because the second deriv-
ative of E is uniformly bounded on sets of curves with uniformly bounded energy E.
Therefore, the negative gradient flow for E exists for all positive times, and by the
Palais-Smale condition always converges to a critical point of E, i.e. a closed geodesic.

The gradient of E, VE, is defined by the requirement that for any ¢ € Ao,
VE(c) is the H'-vector field along c satisfying for all H'-vector fields along ¢

(VE(c),V)gr = DE(¢c)(V) = /51 (¢, V)dt. (6.11.11)
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Since the space of H'-vector fields along c is a Hilbert space, VE(c) exists by the
Riesz representation theorem. (The space of H!-vector fields along an H'-curve can
be defined with the help of local coordinates).

We now want to solve the following differential equation in Ag:

d
(1) = ~VE(®(1),

(6.11.12)
(I)(O) = Cp,
where ¢y € Ag is given and ® : Rt — Ay is to be found.
We first observe
Lemma 6.11.2. Let ®(t) be a solution of (6.11.12). Then
iE((I)(t)) <0
dt -7
Proof. By the chain rule,
B0 = DE() (o0
dt dt (6.11.13)
= —[I[VE(@())|7n <0.
O
Theorem 6.11.2. For any cq € Ay, there exists a solution ® : RT — Ay of
L) = —vE@©®)
dt B ’ (6.11.14)

(I)(O) = (9.

Proof. Let
A:={T > 0: there exists ¢ : [0,7] — Ag solving (6.11.14) with ®(0) = ¢ }.

(That ® is a solution on [0,7] means that there exists some € > 0 for which ® is a
solution on [0,7 + ¢€).)

We are going to show that A is open and nonempty on the one hand and closed
on the other hand. Then A = RT, and the result will follow. To show that A is
open and nonempty, we are going to use the theory of ODEs in Banach spaces. For
¢ € Ay, we have the following bijection between a neighborhood U of ¢ in Ay and a
neighborhood V of 0 in the Hilbert space of H'-vector fields along c:

§(7) = expyp (1) for L€Vl (6.11.15)
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(By Theorem 1.4.3 and compactness of ¢, there exists pg > 0 with the property that
for all 7 € St exp.(ry maps the ball B(0,po) in T,y M diffeomorphically onto its
image in M.)

If ® solves (6.11.14) on [s, s + ] we may assume that ¢ > 0 is so small that for
all t with s <t < s+¢e, ®(t) stays in a neighborhood U of ¢ = ®(s) with the above
property. This follows because @, since differentiable, in particular is continuous in t.
Therefore, (6.11.15) transforms our differential equation (with its solution ®(¢) having
values in U for s < ¢t < s+ ¢) into a differential equation in V', an open subset of
a Hilbert space. Since DFE, hence VFE is continuously differentiable, hence Lipschitz
continuous, the standard existence result for ODE (theorem of Cauchy or Picard-
Lindeléf) may be applied to show that given any ¢ € Ag, there exists ¢ > 0 and a
unique solution ¥ : [0,¢] — Ag of £W(t) = —VE(¥(t)) with U(0) = c. If  solves
(6.11.14) on [0, o], then putting ¢ = ®(ty), we get a solution on [0,ty + €], putting
O(t) = U(t — to).

This shows openness, and also nonemptyness, putting to = 0. To show closed-
ness, suppose @ : [0,¢) — Ag solves (6.11.14), and 0 < ¢,, < T, t,, — T for n — cc.

Lemma 6.11.2 implies

E(®(ty,)) < const. (6.11.16)

Therefore, the curves ®(¢,,) are uniformly Holder continuous (cf. (6.11.7)), and hence,
by the theorem of Arzela-Ascoli, after selection of a subsequence, they converge uni-
formly to some c¢p € Ag; cp indeed has finite energy because we may assume that
(®(t,))nen also converges weakly in H'? to cr, as in the proof of Theorem 6.11.1.
By the openness argument, consequently we can solve

d
La(t) = ~VE@®(),
@(t) = Cr

for T <t < T+e¢ and some ¢ > 0. Thus, we have found ® : [0, 7+¢) solving (6.11.14),
and closedness follows. O

We shall now display some applications of the Palais-Smale condition for closed
geodesics. The next result holds with the same proof for any C?-functional on a
Hilbert space satisfying (PS) with two strict local minima.

While this result is simply a variant of Proposition 6.2.1 above, we shall present
the proof once more as it will serve as an introduction to the proof of the theorem of
Lyusternik and Fet below.

Theorem 6.11.3. Let ¢q, ¢ be two homotopic closed geodesics on the compact Rie-
mannian manifold M which are strict local minima for E (or, equivalently, for the
length functional L). Then there exists another closed geodesic cz homotopic to ¢, co
with

E(c3) = k := inf max E(\(7)) > max{E(c1), E(c2)}, (6.11.17)

AEA 7€[0,1]

where A = A(cy,c2) == {X € C°([0,1],Ap) : A(0) = c1,A(1) = c2}, the set of all
homotopies between ¢ and cs.
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Proof. We first claim

Jdg > 0 V6 with 0 < § < §y Je > 0 Ve with dl(C,Ci) =4:
E(c) > E(¢;) +¢ fori=1,2. (6.11.18)

Indeed, otherwise, for i = 1 or 2,
Voo 30 < § < 6o Vn Iy, with dy(yn,ci) =0 :
1
E('Yn) < E(CZ> + E

If |[DE(v,)|| — 0, then (v,) is a Palais-Smale sequence and by Theorem 6.11.1
converges (after selection of a subsequence) to some vy with

di(v0,¢i) = 0,
E(v) = E(ci),

contradicting the strict local minimizing property of ¢;.
If |DE(v,)|| > n > 0 for all n, then there exists p > 0 with

IDE()| > g whenever dy (vy,7) < p. (6.11.19)

This follows, because || D?E|| is uniformly bounded on E-bounded sets.

(6.11.19) can then be used to derive a contradiction to the local minimizing
property of ¢; by a gradient flow construction. Such a construction will be described
in detail below. We may thus assume that (6.11.18) is correct.

(6.11.18) implies

k> max(E(c1), E(cz)). (6.11.20)

We let now K* be the set of all closed geodesics, i.e. curves ¢ in A? with DE(c) = 0,
E(c¢) = K, homotopic to ¢; and ca.
We have to show
K" £10.
We assume on the contrary
K" =. (6.11.21)

We claim that there exist n > 0, a > 0 with
IDE(c)|| > a, (6.11.22)
whenever ¢ is homotopic to ¢1, ¢o and satisfies
k—n<E()<kK+n. (6.11.23)

Namely, otherwise, there exists a sequence (v, )nen of H!-curves homotopic to cy, ca,
with
lim E(y,) = &,

n—oo

lim DE(v,) =0.

n—oo
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(Yn)nen then is a Palais-Smale sequence and converges to a closed geodesic ¢z with
E(c3) = K, contradicting our assumption K* = ().

Thus (6.11.22) has to hold if K —n < E(c) < k + 1.

From Theorem 6.11.2, we know that for any ¢ > 0, there is a map

Ao — Ay,
c— D4(c),

where ®;(c) = ®(t) solves

d
L) = ~vE@),
P(0) =c.

With the help of this gradient flow, we may now decrease the energy below the level
Kk, contradicting (6.11.21). For that purpose, let A € A satisfy

max E(\(1)) < k+n. (6.11.24)
7€[0,1]

Then, as in the proof of Lemma 6.11.2,

d

ZE(@(A(1)) = —| VE@(AM)) < 0. (6.11.25)

In particular, for ¢t > 0,
max E(®;(A(7))) <max E(A (7)) < Kk + 1. (6.11.26)

Since ¢; and ¢y are closed geodesics, i.e. critical points of E, VE(¢;) =0 for i = 1,2,
hence
Di(c;) =¢; forallt>0.

Therefore
d,oNe A fort>0.

(6.11.22), (6.11.25) imply
%E((I)t()\(r))) < —a? whenever E(®;(\(1))) > K — 1. (6.11.27)

(6.11.24), (6.11.27) imply
E(Q4(A(T))) <k —n,

for s > (272 and all 7 € [0,1], contradicting the definition of x. Therefore, (6.11.21)
cannot hold, and the theorem is proved. O

As the culmination of this section, we now prove the theorem of Lyusternik
and Fet
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Theorem 6.11.4. Each compact Riemannian manifold contains a nontrivial closed
geodesic.

For the proof, we shall need the following result from algebraic topology which,
however, we do not prove here. (A proof may be found e.g. in E. Spanier, Algebraic
topology, McGraw Hill, 1966.)

Lemma 6.11.3. Let M be a compact manifold of dimension n. Then there exist
some 1,1 < i <mn, and a continuous map

h:S"— M,

which is not homotopic to a constant map.
In case M is a differentiable manifold, then h can also be chosen to be differen-
tiable. U

Proof of Theorem 6.11.4. We start with a very simple construction that a reader
with a little experience in topology may skip.

Let ¢ be as in Lemma 6.11.3. If i = 1, the result is a consequence of Theorem
1.5.1. We therefore only consider the case ¢ > 2. h from Lemma 6.11.3 then induces
a continuous map H of the (i — 1)-cell D=1 into the space of differentiable curves
in M, mapping 0D'~! to point curves. In order to see this, we first identify D'~!
with the half equator {! > 0,22 = 0} of the unit sphere S* in R“*! with coordinates
(z!,...,2""). Top e D! C S, we assign that circle ¢,(t),t € [0, 1], parametrized
proportionally to arc length that starts at p orthogonally to the hyperplane {z? = 0}
into the half sphere {z? > 0} with constant values of z3,...,z"*1. For p € 9D~ ¢,
then is the trivial (i.e. constant) circle ¢,(t) = p. The map H is then given by

H(p)(t) := hocy(t).

Each ¢ € S? then has a representation of the form ¢ = ¢,(t) with p € D", pis
uniquely determined, and t as well, unless ¢ € dD*~!. A homotopy of H, i.e. a
continuous map

H: D71 x[0,1] — {closed curves in M}

that maps dD*~! x [0, 1] to point curves and satisfies ﬁlDi—lX{O} = H, then induces
a homotopy & : S x [0,1] — M of h by

h(a,s) = hicy(t), s) = H(p, )(1),

(g = cp(t), as just described).
We now come to the core of the proof and consider the space

A={\: D=1 — Ay, A homotopic to H as described above,

in particular mapping D~ 'to point curves },
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and put
= inf E(\(2)).
" L PO
As in the proof of Theorem 6.11.3, we see that there exists a closed geodesic ~y
with
E(y) = k.
It only remains to show that x > 0, in order to exclude that v is a point curve and
trivial. Should x = 0 hold, however, then for every ¢ > 0, we would find some A. € A
with
 max, E(\(2)) <e.
All curves A.(z) would then have energy less than e. We choose € < %21. Then,
for every curve ¢, := A\.(z) and each t € [0, 1],

d(c2(0), c.(1))* < 2BE(c.) < pp.

The shortest connection from c¢,(0) to c,(¢) is uniquely determined; denote it by
q21(s),s € [0,1]. Because of its uniqueness, ¢, depends continuously on z and t.
H(z,s)(t) := q.+(1 — s) then defines a homotopy between \. and a map that maps
D=1 into the space of point curves in M, i.e. into M.

Such a map, however, is homotopic to a constant map, for example since D*~! is
homotopically equivalent to a point. (The more general maps from D*~! considered
here into the space of closed curves on M are not necessarily homotopic to constant
maps since we have imposed the additional condition that 9D~ = S*~2 is mapped
into the space of point curves which is a proper subspace of the space of all closed
curves.) This implies that A is homotopic to a constant map, hence so are H and h,
contradicting the choice of h. Therefore, x cannot be zero. O

Perspectives. It has been conjectured that every compact manifold admits infinitely many
geometrically distinct closed geodesics. “Geometrically distinct” means that geodesics which
are multiple coverings of another closed geodesic are not counted. The loop space, i.e. the
space of closed curves on a manifold has a rich topology, and Morse theoretic constructions
yield infinitely many critical points of the energy function. The difficulty, however, is to show
that those correspond to geometrically distinct geodesics. Besides many advances, most no-
tably by Klingenberg[167], the conjecture is not verified in many cases. Among the hardest
cases are Riemannian manifolds diffeomorphic to a sphere S™. For n = 2, however, in that
case, the existence of infinitely many closed geodesics was shown in work of Franks[84] and
Bangert[13]. For an explicit estimate for the growth of the number of closed geodesics of
length < ¢, see Hingston[126] where also the proof of Franks’ result is simplified.

We would also like to mention the beautiful theorem of Lyusternik and Schnirelman
that any surface with a Riemannian metric diffeomorphic to S? contains at least three
embedded closed geodesics (the number 3 is optimal as certain ellipsoids show). See e.g.
Ballmann[10], Grayson[98], Jost[135], as well as Klingenberg[167].
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Exercises for Chapter 6

10.

. Show that if f is a Morse function on the compact manifold X, a < b, and if f has

no critical point p with a < f(p) < b, then the sublevel set {z € X : f(z) < a}
is diffeomorphic to {z € X : f(z) < b}.

Compute the Euler characteristic of a torus by constructing a suitable Morse
function.

Show that the Euler characteristic of any compact odd-dimensional differen-
tiable manifold is zero.

. Show that any smooth function f : S™ — R always has an even number of

critical points, provided all of them are nondegenerate.

. Prove the following

Theorem (Reeb). Let M be a compact differentiable manifold, and let f €
C3(M,R) have precisely two critical points, both of them nondegenerate. Then
M is homeomorphic to the sphere S™ (n = dim M ).

Is it possible, for any compact differentiable manifold M, to find a smooth
function f : M — R with only nondegenerate critical points, and with p; = b;
for all j (notations of Theorem 5.3.1)7

Hint: Consider RP? (cf. Chapter 1, Exercise 3 and Chapter 4, Exercise 5)
and use Bochner’s theorem 3.5.1, Poincaré duality (Corollary 2.2.2), and Reeb’s
theorem (Exercise 5).

State conditions for a complete, but noncompact Riemannian manifold to con-
tain a nontrivial closed geodesic. (Note that such conditions will depend not
only on the topology, but also on the metric as is already seen for surfaces of
revolution in R3.)

Let M be a compact Riemannian manifold, p,q € M, p # q. Show that there
exist at least two geodesic arcs with endpoints p and q.

In (6.2.1), assume that f has two relative minima, not necessarily strict any-
more. Show that again there exists another critical point z3 of f with f(x3) >

max{f(z1), f(z2)}. Furthermore, if x = inf,cr max,e f(2) = f(z1) = f(x2),
show that f has infinitely many critical points.

Prove the following statement:

Let « be a smooth convex closed Jordan curve in the plane R2. Show that
there exists a straight line ¢ in R? (not necessarily through the origin, i.e. ¢ =
{ax' + bx? + ¢ = 0} with fixed coefficients a, b, ¢) intersecting  orthogonally
in two points.
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11.

12.

13.

Hint: v bounds a compact set A in R? by the Jordan curve theorem. For every
line £ in R?, put
L(¢) :=length (ANY).

Find a nontrivial critical point £y for L4 (i.e. La(fy) > 0) on the set of all
lines by a saddle point construction. See also J. Jost, X. Li-Jost, Calculus of
variations, Cambridge Univ. Press, 1998, Chapter 1.3.

Generalize the result of Exercise 10 as follows:

Let M be diffeomorphic to 52, v a smooth closed Jordan curve in M. Show
that there exists a nontrivial geodesic arc in M meeting v orthogonally at both
endpoints.

Hint: For the boundary condition, see Exercise 1 of Chapter 4.
If you know some algebraic topology (relative homotopy groups and a suitable

extension of Lemma 6.11.3, see E. Spanier, Algebraic topology, McGraw Hill
(1966)), you should be able to show the following generalization of 11:

Let My be a compact (differentiable) submanifold of the compact Riemannian
manifold M. Show that there exists a nontrivial geodesic arc in M meeting M)
orthogonally at both end points.

For p > 1 and a smooth curve ¢(t) in M, define

1 .
B(0) = / el

Define more generally a space H''?(M) of curves with finite value of E,. What
are the critical points of E, (derive the Euler-Lagrange equations)? If M is
compact, does E, satisfy the Palais-Smale condition?



Chapter 7

Harmonic Maps between
Riemannian Manifolds

7.1 Definitions

We let M and N be Riemannian manifolds of dimension m and n, resp.
If we use local coordinates, the metric tensor of M will be written as
(7{1ﬂ)(1,[3=1,.4.,rrL,

and the one of N as
(9i5)ij=1,...m.
We shall also use the following notations
(’yaﬁ)a,ﬁ:Lm,m = (’Yag)(;ifj, (inverse metric tensor)
v = det(Yas),

(o3 1 (03 :
Bn =37 6(7[357,7 + Vns,8 — Van.s), (Christoffel symbols of M)

and similarly o
glj ’ F;k
If f: M — N is a map of class C', we define its energy density as
of'(z) 0f (x)
oz OzP

in local coordinates (z!,...,2™) on M, (f',...,f™) on N.

() (x) = 31 ()i (f () (7.11)
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The value of e(f)(z) seems to depend on the choices of local coordinates; we are
now going to interpret e(f) intrinsically and see that this is not so. For this purpose,
we consider the differential of f,
oft 0

dz® ®

4= g afi’

a section of the bundle T*M ® f~!TN.
f7YTN is a bundle over M with metric (g;;(f(z))), while T*M of course has
metric (y*%(z)), cf. (1.8.5). Likewise, we have for the Levi-Civita connections:

V o i =V » i by the chain rule
mmOft wam Of (7.1.2)
0P 0 *
T Qg W afk ’
Va%dxﬁ = —Fg,ydx"y, cf. (3.1.20), which follows from
0
B2\
dr (8957) = 9py,
hence,
0 0
_ 7 B =
0= g (4 (527)
0 0
— ) EAY B .
=(V o dx )(&W) +dz (Vaga 61‘7> (7.1.3)

- (V%d:pﬁ)(%) +10.

We shall also employ the convention that the metric of a vector bundle E over
M will be denoted as
<.7 >E

Then, with of _ 91" 9.

Oz~ Oz Of1)
1 of of
=z aﬂ< < >
e(f) 27 6Ia’ 6Iﬂ TN
1
= §<df, df)re Mo f-1TN- (7.1.4)
<a(1_a7 aal—ﬁ> ¢—1rn is the pullback by f of the metric tensor of N, and consequently
e(f) is its trace (up to the factor §) w.r.t. the metric on T*M. We may also express
(7.1.4) as

e(f) = I, (115)

where the norm || - || involves the metrics on T*M and f~!TN.
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Definition 7.1.1. The energy of a C'-map f: M — N is
E(f):= /M e(f)dM (7.1.6)

(with dM = \/ydz' A ... Ada™ in local coordinates, being the volume form of M).

Of course, E generalizes the energy of a curve in IV, i.e. a map from, say, S! to
N as considered in Chapter 9 and earlier.

Another, even simpler special case is where N = R. We then have the Dirichlet
integral of a function f: M — R,

BU) =5 [ ok o o

Our aim in this chapter is to find critical points of E. These will then be higher
dimensional generalizations of closed geodesics on N. One can also consider them as
nonlinear analogues of harmonic functions on M.

Lemma 7.1.1. The Euler-Lagrange equations for E are

\/_81-04(\/_ aﬂa 5/ + 7 (@)L k(f(x))aaa iﬂf’“ =0. (7.1.7)

Definition 7.1.2. Solutions of (7.1.7) are called harmonic maps.

Remark. If M = S! with its metric in standard coordinates, (7.1.7) reduces to the
familiar equation for geodesics.

Proof. Let f be a smooth critical point of E. Then f is in particular continuous, and
we may localize our computations in local coordinates in both domain and image. In
this sense, let a smooth ¢ be given in such local coordinates, with compact support,
and consider the variation f 4+ t¢ for sufficiently small |¢|, the sum being taken again
in local coordinates. As f is a critical point of F,

d
EE(f +tp)|t=0 = 0. (7.1.8)

So far, in fact, it sufficed to suppose f to be of class C'. We now assume f to be of
class C? so that the equations (7.1.7) are meaningful. (7.1.8) gives

-4 /N @) (@) + ()

aft af’
(81’0‘ +t8xa)(w+t(‘)zﬂ)\/_d$ " le=o
aft Oy’
- [ 0@t 2555

1 oft 0f7
— B » k 1
+ 57 (x)gzj,k(f(l'))—axa 3.5 Voydet . dx
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making use of the symmetry g;; = g4,

0 af? ;
— [ 5m (IRt e
oft o k .
- [ @ gt st e
1 oft af’
s [ @@ S AL e

where we may integrate by parts since ¢ has compact support in M. We put n; =
g9’ , and thus ¢’ = ¢g“n;. We then obtain

0= /M\/’axﬁ(\/_ " fz)"“/_d“’

) o oft (7.1.9)
_ 0Bl (. g ) L2 1 m
/M 27 9 (gZ],k + Gkji gzk,])axa ox0 774\/70590 ooda™,
using the symmetry % = ~#% in the second integral above.
The claim then follows from Theorem A.1.5. O

Later on, the smoothness of critical points of I/ will be an important and often
difficult issue. For the moment, however, rather than discussing this question further,
we want to interpret (7.1.7) from an intrinsic point of view.

We let 9 be a vector field along f; this just means that 1 is a section of f~'TN.
In local coordinates

w wz (x) afl

1) induces a variation of f by
fi(z) == expy(,) (tY(2)). (7.1.10)
We want to compute
S lemo

As an auxiliary computation

dp = v/, TN (pi 0 2V ® da™
o or (7.1.11)
C?W 0 ik afl o o o
= G gy O VTS o @ dat,

o . J
writing 6% = %E%aifj as above.
We now also have to take derivatives w.r.t. t. Here % is a vector tangent to

M x R. The Levi-Civita connection on M and the trivial connection on R yield the
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Levi-Civita connection on T*(M x R) ® f~1TN. Moreover, instead of Vfl\]’;( o) -

dx™

(f*VN)L, we shall simply write Vai'
Or X T

ofi 0
& 9z O
B afi o
= Vot (G afi

Vadfy =V ®dz®  (ct (7.1.2)) (7.1.12)

) ® dz“

since % and % commute and V is torsion free
= di. (cf. (7.1.11))
Since the derivative of exp,, at 0 € T),M is the identity (1.4.10). Then
d 1 d
EE(ft”t:O =3 /M E(dftadft>dM|t:0

(df,V 2 df)dM)—g

(df, dp)dM by (7.1.12)

I
ST ET

(df,V _o_(¥) @ dz®)dM by (7.1.11)

—

<Va%df’ ¥ ® dx*)dM since V is metric

= / (trace Vdf, ¢)dM. (7.1.13)
M

Thus, intrinsically, the Euler-Lagrange equations for E are
7(f) == traceVdf = 0. (7.1.14)

7 is called the tension field of f.

Later on, we shall also be concerned with weak solutions, that is, critical points
of E that are not necessarily, or not yet known to be, smooth, but are only in a
Sobolev space HY2(M, N). That Sobolev space will only be defined in Section 7.3,
but for the moment, it suffices that f have finite energy. We can then formulate

Definition 7.1.3. f is a critical point of the energy integral F if
d
aE(expf t)j4=0 = 0 (7.1.15)
whenever v is a compactly supported bounded section of f~'TN of class H'2, i.c.
/ (i, dp)dM < oo
M

(cf. (7.1.11) for the definition of di; all partial derivatives are to be understood as
weak derivatives).
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Lemma 7.1.2. f € H? (M, N) is a critical point of E iff

loc

/ (df, dip) dM =0 (7.1.16)
M

for all ¢ as in Definition 7.1.3.
Proof. This follows from the computation of 4% E(exp; t1) leading to (7.1.13). O

Definition 7.1.4. A solution of (7.1.16) is called weakly harmonic.
Corollary 7.1.1. The weakly harmonic maps are the critical points of E. O

Lemma 7.1.3. f € H"? (M, N) is weakly harmonic if in local coordinates

loc

8]” Oon; ) 3fj 3fk
af 1 m _ af i (AR 1 m
/M’Y e axﬂﬁdx Loodx / v ij(f(x))axa axﬁn,ﬁda} .dx

M
(7.1.17)

for all n € Hy® N L (w.r.t. local coordinates).

Proof. This follows from the proof of Lemma 7.1.1 and the derivation of (7.1.13). O

Remarks.

1. Under coordinate changes g = g(f) in the image, i transforms into 7 with

_af
nj = agj

;-

With this transformation behaviour, (7.1.17) is invariantly defined.

2. The only variations that we shall need in the sequel are of the form

() = s(f(2))e(x) (7.1.18)

where s is a compactly supported smooth section of TN and ¢ is a com-
pactly supported Lipschitz continuous real valued function. For such v, f €
HY2 (M, N) implies ¢ € H“2 by the chain rule.

loc

In particular, for such variations, (7.1.16) and (7.1.17) are meaningful even if f
should not be localizable in the sense of Section 7.3.

We return to the smooth case and, as an alternative to the above treatment, we
now check directly that (7.1.7) and (7.1.14) are equivalent:
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We let V denote the Levi-Civita connection in 7*M ® f~'TN as before.

-0 ()

of M aft 9 w9\ Of
amﬁ(axa)dx ap T (Vg do )axa8f1+(v8%; 8fi)8xa "
82fi aa a —yafl 0 k 0 8fjafl «
We then obtain for the components of 7(f) = trace Vdf,
62fi afz ) 6f‘] 0fk
— ~of —~oBpy 2 afpi 29 1.2

ko 9xB
This shows that (7.1.7) and (7.1.14) are indeed equivalent, since one easily computes

1
ﬁ Oz

(\/— o ) — 0B o2 — 42BTY 4 (7.1.21)
Ox*0xb B g
The operator

s = T (VI )

is the negative of the Laplace-Beltrami operator of the Riemannian manifold M, cf.
(2.1.13). We recall
Apn f = —divgrad f,

with
af 9
grad f = 'Yaﬁ 61‘{‘ oxB’ cf. (2.1.14)
. o 0 _ oz
div (Z 633@) - ﬁaxa L (Z%) cf. (2.1.16)

f: M — R is a harmonic function iff
Ay f=0.

Besides closed geodesics and harmonic functions, there is another easy example of a
harmonic map.

The identity map id : M — M of any Riemannian manifold is harmonic. This
follows for example from (7.1.20):

if f(x) =z, then

af

0 O
ofi
D~ i
ork

dan O
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and thus
7(f) =0.
Also,

Corollary 7.1.2. An isometric immersion f : M — N is harmonic if and only if it
represents a minimal submanifold of N.

Proof. From (3.6.24). O

Perspectives. An intrinsic calculus for operators on vector bundles and harmonic maps is
developed in [73]. Some older survey articles on harmonic maps are [72, 74] and [134], the
latter also containing a list of open problems with detailed references. Some more recent
references will be given in the Perspectives on the subsequent sections.

7.2 Formulae for Harmonic Maps. The Bochner
Technique

A.

We first want to derive the formula for the second variation of energy. For this
purpose, let

fst(x) :f(x’svt)7
f:Mx(—e,e) X (—e,e) = N

be a smooth family of maps between Riemannian manifolds of finite energy. M (but
not N) may have nonempty boundary, in which case we require f(z,s,t) = f(z,0,0)
for all x € OM and all s, t.

We put
8fst
V= Os ’s:t:O’
8fst
W= ot ’s:t:O'
We want to compute
aZE(fst)

0s0t |5=t=0'



7.2 Formulae for Harmonic Maps. The Bochner Technique 401

To simplify notation, we usually write f instead of fg;, and also

_Of 0 Of 0
U= gpa ™ = 5ua™" @ pi-

a section of T*M ® f~'TN.

Then
0? 1 g 0

050t E(for) = o Ot Os

We compute the integrand: V will denote the Levi-Civita connection in f~'TN, and
everything will be evaluated at s =t = 0:

881<8fdxaﬁx>
Ot 0s 2 \ Oz T 0xP T*M@f-'TN
8<v of . Of

s 890“ (‘9 ﬂ >T*M®f*1TN

= (df, df) dVol (M),

since V is metric

— §<Vafa (gﬁ )t a—J;dx >T*M®f—1m since V is torsion free
= (Ve (504" 354 ) sy
(v (v, L ——
(5 T (D)o 2
(B (55 52) 30 35 ) s

n <VLdea,vLde >
Tec 52D T*M@f~1TN

by definition of the curvature tensor RV of N

(4 (5 W) sy

— trace pr (RN (df, V)W, df) p-1rN
+ trace p (VV, VW) 1.

Thus

2
8E—(fst)]szt:0 = /M<vv, VW) iy — /M trace pr (R (df, V)W, df) p-17n

0s0t
/ <vvaﬁ (gf)’df>T*M®f—lTN'
(7.2.1)
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We want to examine the third term in (7.2.1) more closely.
Since V is metric, integrating by parts we have

Of 1o OF 4 4
/M<V Véas 8 8x5dm >T*M®f*1TN

- /<vaﬁdx Vs Of 4

ot Os 83:5 >T*M®f*1TN

of
_ /M<V% %Jrace MVdf>f*1TN .

Theorem 7.2.1. For a smooth family fs : M — N of finite energy maps between
Riemannian manifolds, with fs(x) = foo(x) for all x € OM (in case OM 75 0) and
all s,t, we have for the second variation of energy, with V = of W =

(7.2.2)

s |s=0" 6t [¢=0’

32E(fst)
0s0t

of
- N —1 e . /N
/M trace s (R™ (df, V)W, df) j-1pn + /M<V% s , trace MVdf>f71TN (7.2.3)

[ /(vvvw/) TN
M

If foo is harmonic, or if V% 9 = for s =1t =0, then the second variation depends

ds —
only on' V. and W, but not on higher derivatives of f w.r.t. s,t, and
a E(fst)
Iy (V,W —_—
r )= 0sot

(7.2.4)
:/ <vv,vw>f71TN—/ trace p (RN (df, V)W, df) j-17n -
M M

Proof. (7.2.3) follows from (7.2.1), (7.2.2). (7.2.4) holds if either V%% =0 or

trace ; Vdf = 0, and the latter is the harmonic map equation (cf. (7.1.14)). O

We look at the special case where we only have one parameter:
f(*rv t) = ft<$)7
f:M x(—e,e) =N,

of
W= — |t 0"

Then
Corollary 7.2.1. Under the assumptions of Theorem 7.2.1,

0?
ot2 E(ft)|t 0

- /M g /MtraceM<RN(df7W)I/V,df>f*1TN,

(W, W) =
(7.2.5)

if [ is harmonic or if f(x,-) is geodesic for every x.
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Proof. If f(x,-) is geodesic for every x,

of

All assertions follow from Theorem 7.2.1. O

Remark. For geodesics, the second variation of energy was already derived in Theo-
rem 4.1.1.

Corollary 7.2.2. Under the assumptions of Theorem 7.2.1, if N has nonpositive
sectional curvature, then a harmonic map is a stable critical point of the energy func-
tional in the sense that the second variation of energy is nonnegative.

Proof. If N has nonpositive sectional curvature,

(RN (df (@), W ()W (x),df (®)) <0

for every x € M, ® € T, M, and every section of W of f~!TN, and the claim follows
from (7.2.5). O

B.
We next want to calculate
1 . .
Ae(f) = A5 @)gig () fio £

for a harmonic map f : M — N. (Here fi. := g%.) The computation may be
carried out in the same manner as at the end of §3.3 and in §3.5. It is somewhat
easier, however, to perform it in local coordinates.

In order to simplify the computation, we introduce normal coordinates at z and

at f(x). Thus
Yap =0ap, 9i;(f(@)) = by, (7.2.6)
and

Yaps(x) =0,  giji(f(z)) =0 (7.2.7)

for all indices. Therefore, in our computations, we only have to take second derivatives
of the metric into account; these will yield curvature terms.
We rewrite the harmonic map equation (7.1.7) as

0=7(@) S0 00 = V@00 5(@) f1n + 72 @5 (F (@) e f25 - (7.2.8)
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(Here, the Christoffel symbols of M have Greek indices, those of N Latin ones.)
We differentiate (7.2.8) at x w.r.t. 2° and obtain, recalling (7.2.6), (7.2.7),

) 1 :
f;axaxs = 5("}’0”7@5 + Yon,ae — Vaa,ne)f;n

1 (7.2.9)
- §(ka‘,zm + 9ei.km — gke,im)f;”? fa ¢
Moreover, by (7.2.6), (7.2.7)
VP e = —Yap,ee (7.2.10)
and from the chain rule
—Agij(f(2)) = gijrefre fre - (7.2.11)

(7.2.9) — (7.2.11) yield

— A (37" @i (@) Tl 15

[

= ;Utmff:iaxi - _(’Yaﬁ,ee + VYee,a8 — Vea,e — VSﬁ,ea)fgiaf;B

2
1 .
+ §(gij7k€ + Gre,ij — Gikje — Gjesik) fro foa fre fie
; ; i i i ik gl
= frape foane + R Toa fis — Rilipfoa fio fhe fae (7.2.12)

(cf. (3.3.15)), where
M Se pM M
Ra[ﬁ =7 ERaéﬁa = Raaﬁa
is the Ricci tensor of M, and R%jk is the curvature tensor of V.
In invariant notation, if ej,..., e, is an orthonormal basis of T, M, (7.2.12)
becomes

—Ae(f)(z) = ||Vdf||* + (df (Ric ¥ (ea)), df (ea)) s-11n
— (RY(df (ea), df (ep))df (e), df (¢a)) s-17n -

Corollary 7.2.3. Let M be a compact Riemannian manifold with nonnegative Ricci
curvature, N a Riemannian manifold with nonpositive sectional curvature.

Let f : M — N be harmonic.

Then f is totally geodesic' (i.e. Vdf = 0) and e(f) = const. If the Ricci
curvature of M is (nonnegative, but) not identically zero, then f is constant.

If the sectional curvature of N is negative, then f is either constant or maps M
onto a closed geodesic.

(7.2.13)

Proof. By Stokes’ theorem,

/M Ae(f) = 0.

1See Lemma 7.2.1 below.
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Therefore, the integral of the right hand side of (7.2.13) also vanishes. Since the inte-
grand is the sum of three terms which are all everywhere nonnegative by assumption,
all three terms have to vanish identically.

We first conclude

IVdf| =0, (7.2.14)
hence Vdf = 0 so that f is totally geodesic.
Secondly,
Ae(f) =0,

and since harmonic functions on compact Riemannian manifolds are constant (cf.
Corollary 2.1.2),
e(f) = const. (7.2.15)

If for some x € M,
R%(m) is positive definite,

then
R%(x)f;af;ﬁ =0
implies
df (x) =0,
hence e(f)(xz) = 0, hence
e(f) =0

by (7.2.15), and f is constant.
If N has negative sectional curvature, then

(RN (df (ea), df (e5))df (es), df (ea)) =0

implies that df (e) and df (eg) are linearly dependent everywhere. Therefore, f(M) is
at most one-dimensional. If the dimension is zero, f is constant, and if the dimension
is one, f(M) is a closed geodesic because f is totally geodesic and M is compact.
(See Lemma 7.2.1 below.) O

Remark. The method of proof of Corollary 7.2.3 is another instance of the so-called
Bochner method which is very important in Riemannian and complex geometry. The
prototype of the technique was already given in §3.5.

Lemma 7.2.1. A smooth map f: M — N between Riemannian manifolds is totally
geodesic iff [ maps every geodesic of M onto a geodesic of N.

Proof. Let v(t) be a geodesic in M. Then
) 2l
TN Y — vIN Z!
Vo g/ o) =V (df(at))
oy oy
_ (TN 9y M 9Y
en(3) (o)

~o(3.5).
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since v is geodesic. Thus (f o7)(t) is geodesic iff

vt (5 5) -

C.

We finally want to derive and exploit a chain rule. If f: M — N and h: N — Q are
smooth maps between Riemannian manifolds,

T(ho f) = trace Vd(h o f)
_ B 0
=7 va & a([’ﬂ(h f)
oh oft
—vaf’vi,( f )

afi 9P
s of of | .a0h_  of
=7 ( 75 afz)axaaxﬂ” aft Y ot gaP
af o
—10van( 5L, 25 + @)

where Vdh is the Hessian of h (see Definition 3.3.5), and 7(f) is the tension field of

f.
Thus

Lemma 7.2.2. For smooth maps f : M — N,h : N — @ between Riemannian
manifolds, the following chain rule holds

r(hof) = aﬂwh(é‘?ﬂ ;f ) + (dh) o (7(f)). (7.2.16)
In particular, if f is harmonic
of 0
r(hof) = 'y“ﬁth(axfa,a—;ﬂ>. (7.2.17)

O

Remark. If Q = R, of course 7 = —A, where A is the Laplace-Beltrami operator.
This, in fact, is the case that we shall use in the sequel. Therefore, it might be useful
to observe that in this case we can also use the Euclidean chain rule. Using Riemann
normal coordinates on M and arbitrary local coordinates on N, we then have

%h Ofi 8fj oh 9*f*

~A(ho f) = 370 ov ue O7F (0ne (7.2.18)
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which, of course, is equivalent to the Riemannian chain rule of Lemma 7.2.2 which
here becomes, using (3.3.47),

B 9%h Oh oft of7 Oh o2 fk & oft of7
“Ahef) = <8f€)f - E)ko”) 90 907 oyt (m) Fijaxaf)xa) -
(7.2.19)

Definition 7.2.1. g: N — R (N a Riemannian manifold) is called subharmonic if
—Ag > 0.

Corollary 7.2.4. If f: M — N is harmonic, and h : N — R is convez, then ho f
is subharmonic, i.e.

—A(ho f) > 0.

Conversely, if f : M — N is a smooth map such that for all open V C N and convex
h:V — R, with U := f~YV),

ho f is subharmonic,

then f is harmonic.

Proof. (7.2.17) implies the first part. For the second part, if f is not harmonic, we
may find some xzg € M with

7(f)(x0) # 0.

We then need to find a convex function h on some neighborhood V' of f(z¢) for which
—A(ho f)(zo) <O0.

If N were Euclidean, we could simply take a linear function h, i.e. Vdh = 0, with

(grad h)(f(z0)) = —7(f) (o).
We then have

—A(ho f)(wo) = dho7(f)(xo)
= ((grad h)(f (o)), 7(f)(20))
= —|I7(f)(@0)|* < 0.

In the Riemannian case, in general, we may not find local functions with Vdh = 0,
but if we consider sufficiently small neighborhoods V', we may find such functions
ho for which ||Vdhg|| is arbitrarily small while we still have a prescribed gradient
(grad ho)(f(x0)) = —7(f)(xo). This follows from the definition of the Hessian Vdhy,
see (3.3.47), together with the fact that in Riemannian coordinates centered at f(zg),
I (f(z0)) = 0, see (1.4.12), and so '}, can be made arbitrarily small in a sufficiently
small neighborhood V' of f(zo).

Still, kg is not convex, but since ||Vdho|| is small, it can be made convex in a
small neighborhood V' of xy by adding a small multiple of d?(f(zo),-), the squared
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distance function from f(zg), using (4.6.6). Since that multiple is small, say ¢, the
new function

h = ho + d?(f(x0), )

can still be assumed to satisfy

of o
dh o 7(f)(x0) < ’y”ﬁth(é)TJ;, 8—;;)

ie.
—Aho f(zp) < 0.

This completes the proof. O

Corollary 7.2.5. If f : M — N 14s harmonic and if N has nonpositive sectional
curvature, and is simply connected and complete, then for any p € N,

—Ad*(f(x),p) = 2||df ()|
Proof. (7.2.17) and Lemma 4.8.2. O

Corollary 7.2.6. Let M be a compact Riemannian manifold, N a Riemannian man-
ifold, f: M — N harmonic.
If there exists a strictly convex function h on f(M), then f is constant.

Proof. By Corollary 7.2.3, h o f is subharmonic. The following Lemma shows that
ho f then is constant. Since h is strictly convex, (7.2.17) implies f = const. O

Lemma 7.2.3. Let M be a compact Riemannian manifold. Then any subharmonic
function ¢ is constant.

Proof. By Stokes’ theorem

/ Ap =0,
M

so that a subharmonic function is harmonic, hence constant by Corollary 2.1.2. [

Corollary 7.2.7. If f : M — N is harmonic and h : N — @ is totally geodesic, then
h o f is harmonic.
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Proof. (7.2.17). O

Perspectives. For more special domains, other Bochner type formulae for harmonic maps
have been found. Here, we only want to quote two such formulae.

Siu[234] derived the following formula that is actually valid for any smooth, not nec-
essarily harmonic map between Kéhler manifolds f: M — N

90(g;;0f" NOFT) = Riz1i0f  NOf? NOFF NOFE — g3 D'Af A D"Of.

Here, (g;5) is the Kahler metric of N in local holomorphic coordinates (FY . ™), Rj5p.7 its
curvature tensor, I';;, its Christoffel symbols,

D'af* = 0df' +Tidf’ NOf",
D"of" = dof’ +TLaf noft

the covariant derivatives.
The assumption that f is harmonic is needed if one wants to know the sign of the
second term on the right hand side. Namely, in that case

gi; D'Of AD"f A" = gu"

for some nonpositive function ¢ on M, where w is the Kéhler form of M. Furthermore, if the
curvature tensor is “strongly seminegative”, then the first term on the right hand side is a
nonnegative multiple of w™, and integration by parts then gives as in the proof of Corollary
7.2.3 that under these conditions, a harmonic map f satisfies

D'df =D"of =0.

This means that f is pluriharmonic.

If the curvature of N is even “strongly negative” and if the real rank of df is at least
3 at some point, then Siu showed that f has to be holomorphic or antiholomorphic. If N
is a Riemann surface of negative curvature then the real dimension of the image is 2, hence
Rank rdf < 2 and Siu’s result does not apply. Nevertheless, in that case, Jost and Yau[l154]
showed that the level sets of f still define a holomorphic foliation of M although f itself
need not be holomorphic.

We now want to derive a Bochner type identity for harmonic maps from Einstein
manifolds, due to Jost and Yau[156]. In order to simplify the formula and its derivation,
we always use normal coordinates at the point under consideration and denote (covariant)
derivatives by subscripts, e.g.

0
fa T 8$D‘f7
Vs ::V&%.

The formula then is

Theorem. Let f: M — N be a harmonic map between Riemannian manifolds, where M 1is
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compact and Finstein. Then for any A € R,
A [ (s Fasd +2 [ Rbbs(os, ) =
M M
A [ R f) = [ REaResfo fo)
M M

1 /N R (feo ) fo) + A RYs (R (. o) o £

Let us give the

Proof. We start with (7.2.13), i.e.

S Ao fa) = {{fas, fas) + REas f) = (BN (far f3)f3 fa)} (7.2P.1)
We compute
(V4 Vs = VsV5)(fadz®) = —Rbhns fada® + RN (fy, fs) fadz® . (7.2P2)
From (7.2P.2),

(V4 Vs = VsVy) fada®, (V4 Vs — V5V, fada”) =
R s Rihys(Fo, fn) + (RN (f1 £5) forr BN (f f5) fo) (7.2P-3)
— 2Raf5s (R™ (f: f5) f3: fa) -

Denoting the L-product on T*M @ f*TN by (-,-), we get

(V4Vs = VsV, fada®, (V4 Vs = V5V,) fada”)
= (—RBons fada®, (V4 Vs — VsV, fyda")
+ (RN (f5, f5) fada®, (V4 Vs — V5V, fada®)
= 2(=Rhhs fPdz™, YV, Vs frdz)

+ / (R (fy f5) fos BN (£, f3) fo) = / Rafsns(RY (13, f5)f5. fa)
M M
integrating the first term by parts, we get

=2 [ (G- (Blnsto). fos)

+ / (BN (fy, f5) for BN (fy, f5) fa) — / Ry (RN (fy, f5) 5, fo) -
M M

(55 (R¥s ), Fos) = Bl Fos) + R (F ).

The second term vanishes for any Einstein metric since

M M M
Rgonsy = (Réwamﬁ - RMB%a)
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by the Bianchi identity, and this vanishes if the Ricci tensor is parallel.
We obtain for an Einstein metric on M,

(V4 Vs — VsV, fadz®, (Vo Vs — VsV, fada’) = —2 /M Rafys(fas foy)

+ / Ry f5) o B £5) o) = /N RYbos (R (o f)fofu) . (T2P4)

From (7.2P.1), (7.2P.3), (7.2P.4) we get the desired formula. For the special case
N =R, the formula is simpler and due to Matsushima[185].

For an application of the formula, see the Perspectives on §7.7.

A general discussion of identities for harmonic maps and applications can be found in
Xin[268].

The characterization of harmonic mappings given in Corollary 7.2.4, i.e. that a
(smooth) map between Riemannian manifolds is harmonic if and only if locally the com-
position with all convex functions is subharmonic has been observed by Ishihara[130].

It might be tempting (and it has been proposed) to use that characterization for an
axiomatic approach to harmonic maps. That, however, would loose the deeper aspects of
harmonic maps based on their variational properties. It will be explained later in this chapter
that a rather general and satisfactory theory can be developed for harmonic mappings with
values in Riemannian manifolds of nonpositive sectional curvature based on an abstract
variational approach. By way of contrast, a characterization analogous to Corollary 7.2.4 can
also be obtained for solutions of other nonlinear elliptic systems for maps between manifolds
that need not have a variational origin. For example, Jost and Yau[155] considered the
system

_ 2 pi YL
O (EL g, 08 01y
0220z8 0z> 0z°

for maps f : X — N, where N is a Riemannian manifold as before, but X is a Hermitian man-

ifold with metric (fya[;)aﬁ:L,,,,dimC am. The preceding system is equivalent to the harmonic

map system if the metric (v,5) is a Kéhler metric, but not for a general Hermitian metric,

and in fact, in the general case, it need not arise from a variational integral. Analogous to

Corollary 7.2.4, solutions can be characterized by the property that local compositions with
convex functions

h:V(CN)—R
satisfy
ERELAULY
02202°

However, as examples show, one does not always get the existence of solutions of the new
system in a prescribed homotopy class of maps f : X — N, N of nonpositive sectional
curvature, as in the existence theory for harmonic maps. The reason for the failure of the
existence theory is the lack of variational structure. We refer to [155] for details.
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7.3 Definition and Lower Semicontinuity
of the Energy Integral

For the analysis of harmonic maps, it is necessary to consider classes of maps more
general than C''. A natural space of maps is L?(M, N). One then needs to define the
energy integral and derive conditions for a map to be a critical point of that integral.
The idea of defining the energy functional is quite simple and may be described
as follows:
We let, for h > 0,
op:RT =R

be some nonnegative function with o,(s) = 0 for s > h and

on(|z]) dz =1,
B(0,h)

where B(0, h) is a ball of radius h in R™ (m will be the dimension of our domain M
in the sequel). For x,y € M, we put

ez, y) = on(d(z,y)). (7.3.1)

The typical example we have in mind is

on(s) = { 1h"’ for 0 < s<h (wm = volume of the unit ball in R™), (73.2)

for s < h,

and so, 7y (z,-) is a multiple of the characteristic function of the ball B(x,h), for
every x. That multiple is chosen so that the integral of n,(x,-) w.r.t. the Euclidean
volume form dy on B(z,h) is 1, i.e. the one induced from the Euclidean volume
form on T, M via the exponential map exp, : T, M — M. We note that by Theorem
1.4.4, the difference between the Euclidean and Riemannian volume forms is of order
O(h™*2). The advantage of the Euclidean volume form is that the normalization
does not depend on z so that 7, becomes symmetric in x and y.

For a map f € L?*(M, N) between Riemannian manifolds M and N, we then
define

/ / nn(z y (Q;L) ZAC) dVol (y)dVol (x), (7.3.3)
M B(z,h)
where dVol is the Riemannian volume form on M.

In order to understand the geometric meaning of the functionals E},, we observe

Lemma 7.3.1. f: M — N minimizes Ey, iff f(x) is a center of mass for the measure
fu(nn(x,y) dVol (y)) for almost all x € M, i.e. if f(x) minimizes

F(p) = / o (2. 9)d(p, £ (y)) dVol (y).
B(x,h)
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Proof. If f(z) did not minimize F(p), then

nn (@, y)d* (f (), f(y))dVol (y)
B(x,h)

could be decreased by replacing f(z) by some minimizer p. Since n,(x,y) is symmet-
ric, that would also decrease E},(f) if happening on a set of positive measure. O

It is also instructive to consider the following computation that leads to a proof
of Lemma 7.3.1 in the smooth case. We consider variations

fi(x) = f(z) + to(z)
of f. If f minimizes Ej, then

d
0= EEh(ft)lt:O

= %% / / nn(, y)d* (fi(x), fi(y)) dVol (y)dVol (x)

= [[me (T @, s @)+
Vad?(£(2), f(4)) (1))} dVol (y)aVol (z)
= %// nn(x,y)V1d®(f(x), f(y))¢(z) dVol (y)dVol (z)

because of the symmetry of 7,

Since this has to hold for all smooth ¢ with compact support,

[ vy exoi ) flg)avol(s) =0
for all z. Thus f(z) is the center of mass of fu(nn(z,y)dVol (y)).

We now consider the functionals E. for h = & with the kernel 7. defined by
(7.3.1), (7.3.2), and we let ¢ — 0 and define the energy E as the limit of the func-
tionals E.. The functionals E. increase towards E, and it is not excluded that E(f)
takes the value oo for some f € L?(M, N). We shall see that E coincides with the
usual energy functional for those mappings for which the latter is defined. Also, the
functionals E. are continuous w.r.t. L?-convergence, and the limit of an increasing
sequence of continuous functions is lower semicontinuous. We shall thus obtain the
lower semicontinuity of the energy w.r.t. L?-convergence.

Actually, the described monotonicity of the sequence E. as € — 0 only holds
up to an error term that comes from the geometry of M. It is not hard to control
this error term sufficiently well so that the desired conclusion about E can still be
reached.
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Lemma 7.3.2. E_(f) is continuous on L*(M,N), i.e. if (f,)ven converges to f in
L?(M,N), then
E.(f) = z/lglolo E.(fo).

Proof. Elementary. O

We estimate for 0 < A < 1,

1 2
E.(f) = W /] U@, 1) Vol vl o

< g [, [, (0@ e+ 2 =)
+d(f(x + Ay — ), f(y))}* dVol (y)dVol (z)

(by the triangle inequality)

_Mm+2//3(m) ~@(f(@), f(z+ Ay - @)

(4 My ), 1)} avVol (y)dvol (x)

(using the inequality (a +b)* < +a* + 25b?, valid for any real numbers a, b).
In local coordinates, with metric tensor (gij), we have

dVol (y) = det(gi;)2dy" ... dy™.

By Corollary 1.4.3, we may assume that ¢ is so small that Riemannian normal coor-
dinates may be introduced on B(z,¢). In those coordinates, we have from Theorem
1.4.4 that
det(gi;(y)? =1+ 0(e?) for y € B(a,e).

Therefore

dVol(y) 1

dVol (\y) — Am~—1
We then substitute z = Ay and obtain (noting that z has the coordinate representation

0)

[ SO O Vel () = 50+ ) [ (0. £2)) Vol (2).
B(x,¢) B(z,\e)

(14 0(2)).

In that manner, we obtain
Ef) < —= ! (1+0(? {/M O /B( A)d?(f(gc f(2)) dVol (z)dVol (z)

Wy M2

R o PTG Vol v ()}

= (1+O(*)ABA(f) + (1 = M Ea-x:(/))-
(7.3.4)
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We put
E"(f) = Ea-(f).
Definition 7.3.1. The energy of a map f € L?(M, N) is defined as

E(f) = lim E"(f) = lim E.(f) € RU {+c0}. (7.3.5)

n—oo

We also say that f € L?(M, N) belongs to the Sobolev space HY2(M, N) if E(f) < oo.

In order to make contact with more classical definitions of Sobolev spaces, we
start with the following

Definition 7.3.2. A map f : M — N between manifolds is localizable if for every
xg € M there exists a neighborhood U of xy in M and a domain V of a coordinate
chart in N with the property that

fo) cw

In the sequel, we shall look at maps which are localizable in the sense of Definition
7.3.2. For such maps, all relevant regularity properties can be studied in local coor-
dinates. In particular, it can be defined with the help of local coordinates whether
such a map between Riemannian manifolds is of Sobolev class H%?(M, N).

We now want to establish the result that for such localizable maps, our general
definition of the energy coincides with the one obtained by local coordinate represen-
tations.

Theorem 7.3.1. For a localizable map f € L*(M,N),
B(f) = d(m) [ (df.df) Vol (x)
M
whenever the latter expression is defined and finite (where the weak derivative df is
defined with the help of local coordinates), and
E(f) =00
otherwise.

Here, d(m) is some factor depending on the dimension of M that can be safely
ignored in the sequel.

In the proof of Theorem 7.3.1, we shall employ the following auxiliary result:

Lemma 7.3.3. For a localizable f, f € HY2(M,N), (M,N compact) iff for all
Lipschitz functions £ : N — R, lo f € H*2(M,R).

Proof. We have assumed f to be localizable, and so the H'2-property may be tested
in local coordinates. Therefore, if the H'2-property holds for composition with Lip-
schitz functions it holds for coordinate functions. Conversely, if f is in H'2 then
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lo fis also in HY? for all Lipschitz functions ¢ by Lemma, A.1.3. O

Proof of Theorem 7.3.1.  For f € C*, it is an elementary consequence of Taylor’s
formula that

E(f) = lim E.(f). (7.3.6)

For f € HY? (defined with the help of local coordinates), we choose a sequence
(f,)ven C C! converging to f in H%2. Given § > 0, we find vy such that for all
v, > o,

B~ Bl < 5 (737

We write

Bl =B = G [ [ (@000 1.0)
— P(f, (@), Ju(y))) dVol (y)dVol (x)

—MM//B(“) (@), fu(w))

fd(fﬂ w()))d(fo (). fu(y)) dVol (y)dVol ()

m€m+2 /]v[ /B(ac €) fl/('r fl/( ))
= d(fu(@), fu(y)))d(fu (). fu(y)) dVol (y)dVol (z) .

Now

d(f (), fu () = /O Dad (f, (), fo (x + t(y — 2))) (y — ) dt (7.3.8)

(for almost all y), where Dy denotes the derivative w.r.t. the second variable, and we
use local coordinates on B(x,e). This derivative exists a.e. by Lemma A.1.3 since d
is Lipschitz.
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Consequently
1

wm5m+2

<l L] Dad(fule), £ulo+ 1y — )

— ng(fﬂ(x), fulz +t(y — x))) |2’y — x’Q dt dVol (y)dVol (w)}

/M /B (L), Fo0) — (o), a0 0), £ ) AVl (1) )

1
2

- {/ / d*(f,(x), f,(y)) dVol (y)dVol (:r)}2 by Holder’s inequality
M JB(z,e)

< E.(f,)} ﬁ{ /M /B . /0 I Dad (£ (&), £l + Hy —2))

— Dod(fu(®), fu(z + t(y — z))) |2 dt dVol (y)dVol (:z:)}2 . (7.3.9)

Since (f,) converges in H'2, by Lemma 7.3.3 then (Da2d(f, (), f,(+)))ven converges
in L? for every x. Therefore, given 1 > 0, there exists v; > 1 so that for all v, u > vy,
the preceding expression is bounded by

UEE(fV)%'

(For M a compact Riemannian manifold, and an integrable function ¢ : M — R,
S fB(x,E) fol @(x+t(y —x)) dtdVol (y)dVol (z) behaves like wy,,e™ [, ¢(z) dVol (2) as
e—0.)

We thus obtain

|E=(fo) — B(f)] < 0(Be(f.)% + Eo(fu)?). (7.3.10)

From (7.3.8), we see that E.(f,) is controlled by the energy E(f,) and since the latter
is bounded since it converges to E(f), we may assume

E.(f,) < K for some constant K and all v.

Hence by a suitable choice of 7 in (7.3.10), we have for all v, u > 14

0
|Be(fo) = Ee(fu)l < 3- (7.3.11)
We then choose € > 0 so small that
0
|Ee(fur) — E(fu)l < 3 (7.3.12)

which is possible by (7.3.6). From (7.3.7), (7.3.11), (7.3.12), we conclude
|E(f) — E(f)l <6
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for all sufficiently small . This is the claim for f € H"2.

In order to establish the result for general (localizable) f € L?(M, N), we show
that if E.(f) stays bounded for ¢ — 0, then f € H“2(M, N). For that purpose, we
use the characterization of Lemma 7.3.3.

Let ¢ : N — R be Lipschitz. If E.(f) is bounded, so then is

1
o) = [ ] o S@) =0 ) aVol ()avol ().

Introducing Riemannian polar coordinates (r, ) on B(z,¢) (¢ sufficiently small, cf.
Corollary 1.4.3), we compute

o 2 .m
Eg(gof)zi/ / (o flatey) Lo J@P ™ W vt ),
Wm Jam JB(0,1) €2 gm

up to an error term that goes to 0 for € — 0. Since this is assumed to be bounded as
e — 0, for almost all y € B(0,1), the difference quotients

o f(x+ey) — o f(x)

A5(to f)a) = - :

are uniformly bounded in L?. By Lemma A.2.2, we conclude that £o f € H'2. Since
this holds for every Lipschitz function ¢, by Lemma 7.3.3, f € H%2. This completes
the proof. O

We now want to show the lower semicontinuity of the enmergy E w.r.t. L*-
convergence.

Theorem 7.3.2. If (f,),en converges to f in L*(M, N), then

E(f) <liminf E(f,).

V—00

Proof. We may assume
liminf E(f,) < oo,

V—00

hence also
E(f,) <K (7.3.13)

for some constant K and all v. By definition

E(f)= lim E"(f).

n—oo

Given § > 0, there then exists ng such that for all n > ng

E(f) < E"(f) +0.
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By Lemma 7.3.2, E™ is continuous on L?. Hence there exists 1y such that for all
v > vg with 1y depending on ¢ and ng,

E(f) < E™(f,)+24. (7.3.14)

Applying (7.3.4) with A = %, we obtain
E"(f,) < (1+0@272")E"1(f,).

Possibly choosing ng larger, we obtain for all n > ng

E™(fy) < E(fy) +6 (7.3.15)

using (7.3.13).
(7.3.14) and (7.3.5) imply

E(f) <E(f,)+30 forall v>uy.
Since § > 0 was arbitrary, the claim follows. O

We now wish to relate the above results to a general concept of variational
convergence, the I'-convergence in the sense of de Giorgi. In order to introduce that
concept, let Z be a topological space satisfying the first axiom of countability;? that
means that for every x € Z, we may find a sequence (U, ),en of open subsets of Z
such that every open set containing x also contains some U,. In our applications, Z
of course will be L?(M, N) or some subspace of that space.

Let

F,:Z —RU{+toc}, n €N,
be a sequence of functionals.

Definition 7.3.3. The functional
F:Z —RU {+oc}
is the I-limit of (F},)nen, written as
F=T-— T}ILIII\I F,
if
(i) whenever (x,)nen C Z converges to x € Z,

F(z) < linéinf F(zn),

2This is assumed only for the simplicity of presentation; the concept is meaningful also for spaces
that do not satisfy the first axiom of countability; one has to replace sequences by filters in that case.
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(ii) for every x € Z, we can find a sequence (2, )neny C Z that converges to x and
satisfies
F(z) = lim F,(z,).

n—oo

Lemma 7.3.4. E =T —lim E. w.r.t. L*-convergence.

Proof. By monotonicity (see (7.3.4)), it suffices to show the result for E™ instead of
E..

(i) For every f € L?(M, N), there exists a sequence (f,),en C L?(M,N)

E(f) = lim E"(f,).

V—00

According to the definition of E, we may simply take f, = f for all v.
(i) For every sequence (f,),en C L?(M, N) converging to f we have

E(f) <liminf E¥(f,).

V—00

From the definition of E, for any 6 > 0 there exists ng € N such that for v > ng

E(f) < E"(f) + 6.

Using this estimate and that E" is continuous on L? by Lemma 7.3.1, we may
find vo (depending on ¢ and ng) such that for v > vy,

E(f) < E™(f,) + 2.
From (7.3.2) with A = %, we get
E"(f,) < (L+c27)E" (),

for some constant ¢, depending on the geometry of M.

We may have chosen ng in the preceding also satisfying

[[a+c2?) <144

n=no
Then from the preceding estimate
E™(f,) < (1+8)E(f,) for v > nq.
Putting the estimates together,
E(f) <A+9)E"(f,)+20 forv > ng,vp.
As this holds for any ¢ > 0,
E(f) < liminf B“(f,).

V—00
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O

This result is quite useful, because, in view of the next lemma, it tells us that
if for some sequence €, — 0, we can find a minimizer f, for every E. and if this
sequence converges to some f, then f automatically minimizes E. In other words, we
can find a minimizer for F by minimizing the simpler approximating functionals FE..

Lemma 7.3.5. Let
F=T- lim F,

n—oo

in the above setting. Assume that every F, is bounded from below, and that x,
minimizes Fy,. If x, converges to x € Z, then © minimizes F, and

F(x)= lim F,(z,). (7.3.16)

n—oo

Proof. Let z € Z.
Since F' is the I-limit of the F,,, we can find some sequence (z,)nen converging
to z with
lim Fy,(z,) = F(2).

n—oo

Given € > 0, we choose n € N so large that

Fo(zn) < F(z)+ %

and also

Fo(xy,) > F(x) — g (property (i) of I'-convergence).

Since x,, minimizes F},,

Altogether
F(x) < F(z)+e.

Since this holds for every z € Z and every € > 0, x minimizes F. By I'-convergence

F(z) < liminf F, (z,),

n—oo

and we may find a sequence (z,,)nen converging to x with

F(z) = lim F,(zp).

n—o0

Since
Fo(zy) < Fo(zn)

because of the minimizing property of x,,, (7.3.16) follows. O
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I'-limits are automatically lower semicontinuous, and so, we could have deduced
Theorem 7.3.2 from that general result about I'-convergence.

Perspectives. The definition and treatment of the energy functional presented here are
taken from Jost[138]. (See also [139].) A similar theory is developed by Korevaar and
Schoen[171]. For the usual definition of the Sobolev space H*?(M, N), see Exercise 8. The
concept of I'-convergence is treated in dal Maso[58] and Jost, Li-Jost[149].

7.4 Higher Regularity

In this section, we study continuous solutions f € H'2(£2,R"), Q open in R™, of a
system

/ 0% (2) Do f(2) D' (x) d = / Gi(a, f(2), D (2))¢ (x) da (74.1)
Q Q

for all p € HY? N L>®(Q,R™).
We shall assume the following structure conditions:

(aaﬂ(x))aﬁ:lw’mis symmetric for almost all z, the coefficients aaﬁ(x)

are measurable;

a®P(x)EnE5 > NE|? for all € = (£1,...,&,) € R™ and almost all 2 € (A1)
with a constant A > 0, and
|a®?(z)| < K for almost all z € Q (A2)

with a constant K.

G(z, f,p) = (G',...,G™) is measurable in x and continuous in f and p. This
implies that G(z, f(x), Df(z)) is measurable in z for f € Hb!

loc *

Gz, f.p)l < co+erlpl® forall (z, f,p) € 2 x R" x R™" (G1)

with constants cq, ¢1.

Later on, a®® and G* will be assumed even differentiable, and so we may as well
assume here that they are continuous instead of just measurable.

If f is a continuous weakly harmonic map, then continuity allows us to localize
the situation not only on the domain, but also in the image, i.e. to write everything
down in fixed local coordinates. The preceding structural conditions then are satis-
fied, cf. Lemma 7.4.2.
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Some notational conventions:
We usually omit the indices in the image; thus e.g.

D.f-Dgyp:= DafiD/ggoi with the standard summation convention.

(Usually, also the dot “” will be omitted.) Also, we shall always integrate w.r.t. to
the Euclidean volume element dz on €2, and this will often be omitted.
We start with the following auxiliary result

Lemma 7.4.1. Suppose f € C° N HY2(Q,R") solves (7.4.1), where the coefficients
satisfy (A1), (A2), (G1).

Then for every € > 0, there exists p > 0, depending on €, m, the structural
constants \, K, cg, c1, and on the modulus of continuity of f, with

/ |Df1?0? () da < e/ |Dn|? dz (7.4.2)
B(z1,p)

B(z1,p)

whenever B(x1,p) C Q and ) € Hy*(B(x1, p), R).

Proof. We choose
p(z) = (f(z) = fz))n*(x)
in (7.4.1). We obtain

/B @Dyt S s s 1)~ f(w) Df P
Z1,p

z€B(21,p) B(z1,p)

ves sup |f() - fla) / i

z€B(x1,p)

+2/ a®P(2)DofDgn (f(z) — f(z1))n  because of (G1)
B(z1,p)
< caswp|f() ~ fa)l [ |DsP

B(z1,p)

+erswplf@) - fanl? [ DyP
B(xy,p)

1 «
b5 [ @ @DaDaf
B(z1,p)

L 8sup|f(z) — f(x1)]? / a3 () Dan Dy,

where we have used the Poincaré inequality (Corollary A.1.1) for the second term.

The claim follows with (A1), (A2) because we can make sup |f(x)— f(z1)| arbi-
B(z1,p)

trarily small by choosing p sufficiently small, since f is continuous. O
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In order to proceed, we have to make additional structural assumptions about
the system (7.4.1):
The coefficients a®”(z) are differentiable and

\Dvaaﬁ(a:)|§K1 forall o, 3,v=1,...,m,xz € Q (A3)

with a constant K.
G = (G',...,G") is differentiable with

|D.G(z, f,p)| <70 +7lp|?,
|DsG(z, f,p)| <72+ yslpl, (G2)
|DPG(x7f7p)‘ S Y4 +’Yr|p| .

In order to show the main idea of the subsequent regularity argument, we shall first
derive a so-called a priori estimate. This means that assuming that we already have
a regular solution, we can estimate its norms.

Lemma 7.4.2. Suppose
fec®nuYnH*?(B(zo,R),R")

is a solution of (7.4.1) with Q = B(xo, R), where the structural conditions (A1), (A2),
(A3), (G1), (G2) are satisfied. Then

1D £l Ban, ) + 1D 00,2y < CORF + CoIDS2(Bapryy . (T4:3)

where Cy and Cy depend on the structural constants in (A1) — (G2), on m, and the
modulus of continuity of f.

Proof. Since f € H>2, for p € Hy?,

/aaﬂDafDW = —/Dﬂ(aaﬁpafyp. (7.4.4)

We now put
Y= D'y(fQDwf)
with &€ € L N hy®(B(xo, R),R) to be determined later on.

From (7.4.1), (7.4.4)
/ Dv(aaﬂDaf)Dﬁ(gszf) = _/ aaBDaf'Dﬁ(D'y@QD'yf))
B(xzo,R) B(xzo,R)

. / Gz, f.Df)DL(EDyf)  (7.45)
B(xo,R)

= [ DGws DD €.
B(zo,R)
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Now
D, (a*’ Dy f)Dp(¢2D. f) = a®’ DDy f - DD, f - €2
+a*®’D,Dof - D, f - Dgé€?
+Dya® - Dof - DD, f - €2
+Dya*? - Dof - D, f - Dg€?,

(7.4.6)

and from (G2),
DGz, f, DD+ f] < es|Df| + co| Df|* + er| Df| - [D*f| + cs| DFP| D2 f|, (7.4.7)
and from (A1),
ID2f|? < %aaﬁDyDaf D, Dsf. (7.4.8)
From (7.4.5) — (7.4.8) we conclude, using also (A2), (A3),

/ D2 € < co / D2 F||DFIIEDE] + exo / D2 f||D ¢
B(zo,R) B(zo

R) B(zo,R

ten / IDFRIEDE| + e / =
B(xo,R) B(zo,R)

teo / DAYt / D f|| Dy %€
B(xzo,R) B(zo,R)

C
<qeo [ DRSS 4 |DfPIDEf?
B(zo,R) €1 JB(w,R)
+ esct0 / D2 et 4 S0 / DfP2e?
B(z0,R) 4¢2 JB(z0,R)
L DrPIDe + 9 [ pgpe?
2 JB(xo.R) 2 JB(zo.R)

+ s / DAt / ¢
B(zo,R) B(zo,R)

C.
+ eacs / D2 P 4 / IDf'E?  (7.4.9)
B(wxo,R) des B(wxo,R)

with arbitrary positive €1, €3, €3, where we have used the inequality
ab < ea® + ibQ for arbitrary ¢ > 0,a,b € R. (7.4.10)
We may choose €1, 2,3 > 0 so small that
€1Cy + €2¢10 + €3¢8 < %

and obtain

/ |DQf|2§2 < C12/ |Df|2|Df‘2 + 013/ 52 + C14/ |Df\4§2~
B(l‘()}R) B({L’o,R) B(mo,R) B(a}o,R)
(7.4.11)
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For € > 0, we now choose p > 0 as in Lemma 7.4.1.
We assume
B(xlv p) C B(x07 R)

and choose § € C§°(B(x1, p)) with 0 < ¢ <1,
— P
E=1 onB(zl,Q),

4
|DE| < —.
p

Thus, all preceding integrals need to be evaluated only on B(z1,p). We now write

[ pste= [ - iprpose e
B(z1,p) B(z1,p)
and apply Lemma 7.4.1 with n = |Df| - £ and obtain

/ Dt <« / ID(ID €)1
B(x1,p) B(x1,p)

(7.4.12)
<cf pepese [ prpig?
B(z1,p) B(z1,p)
We may choose € > 0 so small that
eciy < 1
-2
(7.4.11) and (7.4.12) give
[opPzas [ @wes [ prPIDE?
B(z1,5 B(z1,p) B(z1,p) (7.4.13)
<crp™+ CLS IDfI.
P” JB(a1,p)

Covering B(zo, &) by balls B(z1, £) with B(z1,p) C B(zo, R), we obtain the desired

estimate for
[ e
B(zo,%)

(7.4.12) and (7.4.13) and the same covering argument then also yield the estimate for

/ DfI*.
B(wzo, &)

O

However, we cannot apply Lemma 7.4.2 because we do not know yet that f €
H?32. The point, however, is that the conclusion does not depend on the H32-norm,
and a slight modification will give us the desired regularity result:
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Lemma 7.4.3. Suppose that
fec®nH"(B(zo,R),R")
is a solution of (7.4.1) with Q = B(xg, R) and the structural conditions (A1), (A2),
(A3), (G1), (G2). Then
feH*?2nHY (B (:co E) R")
) 2 ) )

and the same estimate as in Lemma 7.4.2 holds.

Proof. We just replace certain weak derivatives by difference quotients (cf. (A.2.1))
in the proof of Lemma 7.4.2. Namely, we put

p = ATMEANS)

with & as above.
Analogously to (7.4.11), we get with A" = (Al ... Al

[ p@pe <en [ jatspipgr
B(z0,R) B(zo,R) (7.4.14)

+013/ 52‘1‘014/ |Df‘2|Ahf‘2§2-
B(Io,R) B(wo,R)
But

/ AN FPIDE < / DfP|DeP?

(this is similar to Lemma A.2.1).
Using Lemma 7.4.1, we then obtain analogously to (7.4.13),

/ ID(A"f)P€? < ernp™ + |DfI. (7.4.15)
B(z1,%) P~ JB(21,p)

Lemma A.2.2 then shows that the weak derivative D?f exists and satisfies the same
estimate. Likewise, we get control over the L*-norm of Df. O

Lemma 7.4.4. Let f € C°N HY?(B(xo, R),R") be a solution of (7.4.1), with struc-
tural conditions (A1), (A2), (A8), (G1), (G2) satisfied. Then

Df e L”(B(azo, %)) for every p < oo,

and
/ |IDfIPID? f]* < . (7.4.16)
B(zo,§)
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Remark. Asin Lemma 7.4.2; one also gets a-priori estimates, with constants depend-
ing also on p.

Proof. By Lemma 7.4.3, we know already

Df € H'? mL4<B(:cO,§)).

We put
w = |Df|?.

We are going to show by induction that for every s € N, s > 2 and Ry < %,

/ (w® + w2 D2 f?) < . (E,)
B(a}o,Rl)

By Lemma 7.4.3, (E;) holds for s = 2. We assume (E;) for s and want to conclude
(Es) for s+ 1, ie. (Esy1).
We put
wr,(z) = min(w(z), L) for L > 0.

We observe

Dwy(z) =0 if w(z) > L, (7.4.17)
|Dw| < 2|D?f|w?, (7.4.18)

and )
|Dwy| < 2|D*flw} from (7.4.17), (7.4.18). (7.4.19)

Let n € LN H&’Q(B(xo, R1)). We compute, for z1 € B(zg, R1),

/ answL
B(xo,R1)

= / n?Df - Dfw* lw; by definition of w
B(zo,R1)

[ DU~ fen) D
B(zo,R1)

<Gman) swp (@)= fel [ PiDA et e
x%BS(‘:JL‘SﬁIZﬂ B(Q7OsR1)

+2 sup |f(z)— f(x1)|/ 77D7711125727110L7 (7.4.20)
z€B(x0,R1 B(xo,R1)

M suppn

integrating by parts and using (7.4.18), (7.4.19).
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‘We now write

)

o=

s—2 1 S
n?|D? flw* twy, = (n|D*flw™= w?) (nw3w

and

s—2

25—1 s 1 1
nDnw™ 2 wp = (nwfwf)(an 2 wi)
and obtain from (7.4.20) (with 2ab < a? + b?)
[ wtens s i) - )
B(m07R1)

z€B(xo,R1)
N suppn

{019/ nQ\D2f|2w3_2wL+020/ answL+021/ |Dn|2ws_
B(l’O,Rl) B(Io,Rl) B(Ig,Rl)

Here, the constants c1g9 and ¢y also depend on s.
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1wL}.

(7.4.21)

Since f is continuous, given £ > 0 there then exists R(¢) with the property that

for 0 < Ry < R(¢) and 1 € Hy*(B(z1, R2)) (B(z1, Ry) C B(xo, Ry)),

/ n2wswL SS/ 772|D2f‘2ws_2wL+5/ |D17|2w5_
B(z1,R2) B(z1,R2) B(z1,R2)

We now require for € Hy?(B(x1, Ry)),

R
n =1 onB(ﬂcl,?Q),
0<n<1,
2
Dn| < —.
1Dl < &

Since f € W*?2 by Lemma 7.4.3, the equation (7.4.1) yields for ¢ € HY?,
[ Pr@DDs =~ [ @D, D
—- [ Gle.1.01)Dy0
- [ DG sy,

The resulting equation

[ D@ Dappse = [ DG gD,

le .

(7.4.22)

(7.4.23)

(7.4.24)

then also holds for ¢ € Hé’Q (instead of H§’2), because we can approximate i €
Hé’Q by Hg 2_functions (actually, even by C§°-functions), and an easy application of
Lebesgue’s theorem on dominated convergence allows the passage to the limit.
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We apply (7.4.24) to
Y = n*wi 2w Dy f

and obtain

/ D’Y(aaﬂDaf)(Dﬁ(UQU)]sw_QwLDwf))

pe (7.4.25)

= / D(G(a, f, Df))n*wi; *wr D f
B(z1,R2)

and from this equation and the structural conditions (as in the derivation of (7.4.9)),

/ ao‘ﬁDvDaf - Dg(n*wi; *wr D, f)
B(.Tl,Rz)

SCQQ/ n2|D2f|w%wf\22wL +623/ 7’]D’I71U’UJ?\221UL
B(z1,R2) B(z1,R2)

+ 624/ an%w;;ZwL + 025/ n2w2wizzwL
B(xl,Rg) B(Il,R2)
+ co6 / 772|D2f|wwfw_2wL , (7.4.26)
B(z1,R2)
where coo again depends on s.
Now
[ flwus s < [P0l
1 (7.4.27)
S 5/n2|D2f|2w572wL + E772wswL7
and this is bounded because of (Fs) and since wy, is bounded.
Likewise
1
/772|D2f|w%w7\;2wL < 6/772|D2|2w5*2wL + o n*w lwy, . (7.4.28)

Therefore, all terms on the right hand side of (7.4.26) remain bounded as
M — co. The same then has to happen for the left hand side of (7.4.26). We may
hence replace wy; by w in (7.4.26), and conclude that

/ a*’ Do D, f - Dg(n*w 2w D, f) < cc. (7.4.29)
B(m17R2)
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But this expression equals
/ao‘[’)DaD,yf . D[;D.was_QwLn2
+(m—-2) / ao‘ﬁDaD.yfDwaS*SwLD,an2
(7.4.30)
- / a®? Do D, fDgww*=2D., fn?

+2 / ao‘ﬁDaDVf . nDﬁnws_QwLDWf.

Since Dgw = DgDsf - Dsf and Dwy, = 0 for w > wy,, we can rewrite the second and
the third integral in (7.4.30) as

mT—Q CLO‘BDOmJDgwwS*?’WwL772 + %/a“ﬁDawLDngwS*%z >0. (7.4.31)
The fourth integral in (7.4.30) is estimated by
5/ |D? 2w 2wrn® + C% w* ™ twy | Dn|?, (7.4.32)
for 6 > 0.

Choosing § > 0 small enough in (7.4.27), (7.4.28), (7.4.32), we obtain from
(7.4.26) — (7.4.32) (recalling 0 <75 < 1, |Dn| < &),
Ra

1
[ pPre e < g [ a®DuD, DD, fut Pun
B(z1,R2) B(z1,R2)

1
< 028/ wiwpn® + 029<1 + —2) / w® . (7.4.33)
B(z1,R2) RZ B(x1,R2)

We then choose € > 0 in (7.4.22) small enough (and thus determine R(¢)) to obtain
from (7.4.22) and (7.4.33)

1
/ (|D? f 2w 2wy, + wiwr) < ezo(1 + —2)/ w? . (7.4.34)
B(x1,"2) R3" JB(z1,Ra)

We may then let L — oo in (7.4.34).
A covering argument then gives for every Ry < Ry,

/ (w* T 4w D? f?) < 0. (Fs41)
B(zo,R1)

This concludes the induction. O

‘We obtain
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Lemma 7.4.5. Let f € C°nN Hll’ro(Q,R”) be a solution of (7.4.1), with structural
conditions (A1), (A2), (A3), (G1), (G2) satisfied, and furthermore a®® € C2(X) for
all o, (.
Then
feHY?(Q,RY).

loc
Proof. From (G2),

L G, (), Df())| = |G + G D + Gy D]

(7.4.35)
< ko + k1 |DfI> + ko D* f| + k3| Df[| D* f] ,
and this is in L? by Lemmas 7.4.4, 7.4.3.
Consequently, f is a weak solution of an equation
Dp(a®’ () Do f) = g(), (7.4.36)
with g € H'2,
The claim follows from Theorem A.2.1. O

We can now prove

Theorem 7.4.1. A continuous weakly harmonic map f : M — N between Rie-
mannian manifolds is smooth.

Proof. As explained before, by continuity, we may localize in domain and image, and
we thus treat a continuous weakly harmonic map as a weak solution of the elliptic
system

Da(1"*\ADaf") =~V Tl (2)) Daf Dy f* =: k(a). (7.4.37)

The structural conditions (A1) — (G2) then are satisfied.
Lemma 7.4.5 implies )
feH?.

loc

Now
|D? (A Th(f)Daf? D f*))
< ko Df)* + k1| Df|* + ka| D> fI|IDf* + k3| D> f|* + k4| Df||D? f| .

If m := dimM < 3 then Sobolev’s embedding theorem (Theorem A.1.7) already
implies that this is in L . Hence, the right hand side k of (7.4.37) is in H120’C2 and
by Theorem A.2.1,

feH”.
In this manner, inductively
feH? ke HY = fe HITY?, (7.4.38)
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and Corollary A.1.2 implies f € C*°.

If m = dim M is arbitrary, one either can apply more refined elliptic regularity
results, or alternatively observe that Df satisfies a system with similar (actually,
even better) structural conditions, and so the preceding results may be applied to D f
instead of f. Iteratively, the same is true for higher derivatives of f, and thus one
gets again

D'f e H}?
for all v, i.e.
f € Hyge
for all £, hence f € C* by Corollary A.1.2. O

Perspectives. The regularity results and proofs of this paragraph are due Ladyzhenskaya
and Ural’ceva[175] although this is usually not acknowledged in the western literature on
harmonic maps. Their proof has been adapted to harmonic maps into spheres in [26].

7.5 Harmonic Maps into Manifolds of Nonpositive
Sectional Curvature: Existence

Let M and N be compact Riemannian manifolds, N of nonpositive sectional cur-
vature. In this section, we wish to show that any continuous map ¢ : M — N is
homotopic to some — essentially unique — harmonic map. This result will be deduced
from convexity properties of the energy functional E that follow from the assump-
tion that the target manifold N has nonpositive sectional curvature. The relevant
geometric results have been collected in §4.8 already.

As an application in §7.7, we shall derive Preissmann’s theorem about the fun-
damental group of compact manifolds of negative sectional curvature. Further appli-
cations will be described in the Perspectives.

A continuous map
g:M— N
induces a homomorphism
p=gs:m(M,p) — m(N,g(p))

of fundamental groups (p any point in M). As described in Appendix B, we may then
find a lift . ~

g:M— N
to universal covers that is p-equivariant, i.e.

9(Az) = p(N)g(x)
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for all z € M, X € m (M, p) where the fundamental groups 7 (M, p) and 71 (N, g(p))
operate by deck transformations on M and N, resp.

:= N is a simply connected complete Riemannian manifold of nonpositive
sectional curvature. In particular, all the results derived in §4.8 for such manifolds
apply. We let

d:YxY —-R

be the distance function induced by the Riemannian metric, as always.

For p-equivariant maps

hi,ho: X :=M =Y,

)

we can define an L2-distance by

2

d(hy, hg) = </d2(h1(x),h2(x))dVol (M)) ,

where the integration is w.r.t. the volume form of the Riemannian metric on M and
over some fundamental domain of M in X = M. The p-equivariance of h; and ho
implies that this integral does not depend on the choice of fundamental domain.

We then put
72 L 3 . . . 2 ~
Z = L,(M,N):={h: X =Y p-equivariant with d*(h, §) < oo}.

7 = L,%(M ,N) then is a complete metric space; the completeness is shown as for the
standard spaces of L2-functions (that result is quoted in Theorem A.1.1), because Y
is complete.

Curves in Z are simply given by families

(ft)eelo.y

of p-equivariant maps f; : X — Y, depending continuously on t. We say that such a
curve is a shortest geodesic if

d(fo, f) = td(fo, f1)

for all ¢ € [0,1]. (It is not difficult to show that this property characterizes shortest
geodesics in Riemannian manifolds, and so it is natural to use this property also in
other metric spaces.) It is then easy to describe such geodesics:

Lemma 7.5.1. For every x € M, let v, : [0,1] — N be a shortest geodesic with
v:(0) = fo(x), (1) = fi(x), chosen equivariantly, i.e. p(A)ve = Yaz for all x, X
Then the family of maps

fi(z) ==7.(t), tel0,1]

defines a shortest geodesic in L2(M, N) between fo and fi.
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Proof.

P (fo. f1) = / @ (fo(z), fy(x)) dVol ()
- / 2 (fo(2), f(x)) dVol (2)

because 7, defines a shortest geodesic from fo(x) to fi(x)

= t2d2(f07 fl)
O
Thus, if fy and f; are p-equivariant maps, the geodesic in L,%(M ,N) from fj to

f1 is simply obtained by taking for each z € M the shortest geodesic from fo(z) to
f1(z) and defining maps f; through this family of geodesics.

Corollary 7.5.1. Let ¢1,¢q: [0,1] — Li(M, N) be shortest geodesics. Then

d*(cr(t), ea(t))

is a convex function of t.

Proof. We can use Lemma 7.5.1 to derive this property by integration from the
corresponding property of N that has been demonstrated in Theorem 4.8.2. Namely,
by Theorem 4.8.2, for each z € N, if ;.. (t) is the shortest geodesic from ¢;(0)(x) to
ci(1)(x), i =1,2, then

(1,0 (8), 12.0(1))

is a convex function of ¢. But then also
(e (t), ea(t)) = / & (Y1.0(1),72.0(£)) dVol (M) by Lemma 7.5.1
is a convex function of ¢. O

Similarly, if ¢ : [0,
(

1] — L2(M,N) is a shortest geodesic, and z € L3(M, N), we
have the analogue of .

.8.7)
d?(c(t), z) < td*(c(1),2) + (1 —t)d*(c(0), 2) — t(1 — t)d*(c(0), ¢(1)) (7.5.1)
for all ¢ € [0,1].

We now consider the functionals E. and E defined in §7.3, but this time, we
define them on the space LIQ,(M ,N), carrying out all corresponding integrals on a

fundamental domain for M in M.
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Corollary 7.5.2. E. and E are convez functionals on L%(M, N), in the sense that
for any shortest geodesic ¢ : [0,1] — L2(M,N),

E.(c(t)) and E(c(t))

are convex functions of t.

Proof. As explained in Lemma 7.5.1, such a shortest geodesic is given by a family of
p-equivariant maps B ~
fi: M — N

such that for each = € M, f;(z) is geodesic w.r.t. t.
Applying Theorem 4.8.2 to the geodesics fi(z) and fi(y), we obtain

& (fo(x), fi(y)) < td*(fr(@), f1(y) + (1= O)d*(fo(x), fo(y))-

Integrating this inequality w.r.t. = and y as in the definition of E.(f) (cf. (7.3.3))
yields the convexity of E., and the convexity of E follows by passing to the limit
€ — 0 as explained in §7.3. O

We are now ready to start our minimization scheme for the functionals E. and
E on the space Z = LI%(M ,N). In fact, we shall demonstrate a general result about
minimizing convex and lower semicontinuous functionals (recall Lemma 7.3.1 and
Theorem 7.3.2) on Z; in fact, the constructions will be valid for more general spaces
than Z as the only essential property that we shall use about Z is the convexity
property of Corollary 7.5.1.

Definition 7.5.1. Let F : Z — R U {oo} be a function. For A > 0, z € Z, the
Moreau-Yosida approximation F* of F is defined as

FMz) = inf (AF(y) + (5, 2),

Lemma 7.5.2. Let F : Z — R U {oo} be conver, lower semicontinuous, Z oo and
bounded from below. For every A > 0, z € Z, there exists a unique yy € Z with

FA(2) = AF(y») + d*(y, 2). (7.5.2)

Proof. We take a minimizing sequence (y,,)nen for F*(2). This means that

Jim (AF() + (9,2) = P> = imf W) + (,2). (75.3)

For ym,yn € Z, we take a shortest geodesic v : [0,1] — Z with
’Y(O) = Ym; 7(1) = Yn

and define the midpoint as
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The convexity of F' then implies
F* < AF(Ymn) + & (Ymom, 2)

1 1
< 5/\F(ym) + iAF(yn) + d*(Ym.n, 2) by convexity of F

1 1 1 1 1
< 5)‘F(ym) + 5)‘F(yn) + §d2(yrm z) + §d2(9n7 z) — ZdQ(ymayn) (7.5.4)
by (7.5.1).

Since, by (7.5.3) (AF(ym) + d?(ym, 2)) and (AF(y,) + d?(yn, z)) converge to F*, we
conclude that d?(ym,y,) has to tend to 0 as m,n — oo. Thus (y,)nen is a Cauchy
sequence in Z, and so it tends towards some limit y,. Because F' is lower semicontin-
uous, (7.5.2) then follows from (7.5.3). O

We can now state our abstract existence result:

Theorem 7.5.1. Let F: Z — R U {oo} be a convex, lower semicontinuous function
that is bounded from below and not identically +o0o. Let yy be as constructed in Lemma
7.5.2 for A > 0.

If (ya, Jnen is bounded for some sequence \,, — 00, then (yx)a>o converges to a
minimizer of F as A\ — oo.

Proof. Take any z € Z. By definition of y,,, yx, minimizes F(y) + ﬁdQ(y,z).
Since y,, is bounded and A, tends to 0o, (yx, )nen therefore constitutes a minimizing
sequence for F. We claim that d?(yy, 2) is a nondecreasing function of \. To see this,
let 0 < p < A

By definition of y,,,

1 1
F(y) + ;dQ(yx,Z) > F(y,) + ;dg(yﬂw).
This implies
1, 1, 11y, ., )
Floa) + 3803 2) 2 Fly) + 382 + (= 3) (@ 02) = £ (02,2))

This is compatible with the definition of y) only if

d*(Yu, 2) < d(yr, 2)

showing the claimed monotonicity property of d?(yy, z).
Since d?(yy, ) is bounded on the sequence (), ),en tending to oo and monotonic,
it has to be a bounded function of A > 0. It follows from the definition of y, that

F(yx) = inf{F(y) : d*(y,2) < d*(yx, 2)}-

Since d?(yy, 2) is nondecreasing, this implies that F(y,) is a nonincreasing function
of A, and as noted in the beginning, it tends to inf,cz F/(y) for A — oco. Let now
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€ > 0. By the preceding boundedness and monotonicity results, we may find A > 0
such that for A\, p > A

5
yn,2) ~ ()] < 5
If A < p <A we have F(y,) > F(yx) as F(y,) is nonincreasing. If y, » is the

midpoint of y, and y, as in the proof of Lemma 7.5.2, we obtain from the definition
of y,,

(7.5.5)

1 1
F(y.) + ;d2(ym z) < Fyau) + ;d2(y,\,w z)

1/, e 1,
< - - _Z
> F(y)\.,u) + 1 <d (ypwz) + 4 2d (y)\ay,u))

by (7.5.1) and (7.5.5).
Also, by convexity of F, and since F(y,) > F(yx), F(y,.) < F(y,). Therefore,

d(yr, yu) < €.

Thus, (ya)r>o is a Cauchy family for A — oo.
Since Z is complete, there then exists a unique Yo, = limy_oc yx. Since we have
already seen that
lim F = inf F
Aim F(yy) = inf F(y),
the lower semicontinuity of F' implies that

F(yoo) = inf F(y)

yeZ

O

In order to apply Theorem 7.5.1 to show the existence of a minimizer of E (or,
by the same argument, for the functionals E.), we need to verify that in our situation
the yy in the statement of Theorem 7.5.1 remain bounded. This is the content of the
proof of

Theorem 7.5.2. Let M and N be compact Riemannian manifolds, N of nonpositive
sectional curvature. Then every continuous map g : M — N is homotopic to a
minimizer f of the energy E, in the sense that E achieves its minimum in the class
LIQ)(M, N) of p-equivariant maps between the universal covers M and N, where P
m (M) — w1 (N) is the homeomorphism of fundamental groups induced by g. (We
shall verify subsequently that f is smooth, and so in particular continuous.)

Proof. We first consider the case where g(M) is simply connected. It is not difficult
to verify that in that case, g is homotopic to a constant map (and a constant map
obviously minimizes the energy). Since that verification is instructive for the general
strategy, we proceed to perform it. Let yo € g(M). For each y € g(M), we choose a
curve v, from yo to y. Let ¢, : [0,1] — N be the geodesic from yy to y homotopic to
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vy- It is unique because N has nonpositive sectional curvature (Theorem 4.8.1), and
it does not depend on the choice of 7,, because any two curves in g(M) from yo to y
are homotopic to each other as g(M) is simply connected. We put

ge(x) = cq(a)(t).
g¢(x) is continuous w.r.t. ¢, and also w.r.t. z, because
d?(cy, (1), ¢y (1)) < td*(cy, (1),¢,,(1)) by Corollary 4.8.3.

Since go = yo, g1 = g, g: provides a homotopy between a constant map and g, as
desired.

If g(M) is not simply connected, we choose some closed curve v in g(M) that
is not homotopically trivial. Let ¢ be a closed geodesic in N that is homotopic to
(Theorem 1.5.1). Let g € L2(M, N) be the lift of g to universal covers. In order to
apply Theorem 7.5.1, we have to exclude that the L?)(M , N)-maps y, constructed for
z = ¢ in Lemma 7.5.2 become unbounded, i.e. that the Lf,—distance between ¢ and
yx becomes unbounded for A — oco. yy projects to a map gy : M — N homotopic
to g. Let 5 be a closed curve in g)(M) that is homotopic to 7. Let x € M with
g(x) € v, and yp € ¢. Let ¢y : [0,1] — N be the geodesic from yg to gx(z) in the
homotopy class determined by a homotopy between g and g). Let by be the geodesic
loop (which exists by Theorem 1.5.1) from gy (z) to itself that is homotopic to cyecy '
Thus, b;lcxcc;\l is homotopic to a constant curve. Likewise, let by ; be the geodesic
loop based at ¢y (t) homotopic to CAHOJ]C(C,\HO’t])’l. By lifting to the universal cover
N, we see that the energy E(bx,+) becomes the squared distance between two different
lifts of ¢y, i.e. two geodesics, and so it is convex by Theorem 4.8.2. Since ¢ = by o
is a shortest geodesic, E(by ) is minimal at ¢ = 0. Thus, assuming d?(g,gy) — o0
for A — oo, E(by ) either tends to a constant function, or E(by 1) goes to co. In the
latter case, however, the lengths of all curves in gy (M) homotopic in N to ¢ would
also go to oo, and that would let the energy of gy tend to oo as well, in contradiction
to g being a minimizing family for A — oo by the proof of Theorem 7.5.1.

If the lengths are constant, i.e. by is asymptotically of the same length as
bx,0 = ¢, we either find another homotopy class of curves for which the length goes
to oo — which is impossible as already argued — or the length remains constant for
all homotopy classes. In that case, however, the construction of the Moreau-Yosida
approximation implies that d?(g,gx) cannot tend to oo, because E is not changed,
while d?(g, g») is decreased if we move the image of M closer to ¢ along the curves
¢x (“closer” here refers to the lifts to the universal cover N), i.e. replacing « by cx(t)
for t < 1.

Thus, in any case, d*(g, g») stays bounded, and Theorem 7.5.1 yields the result
after all. 0

Perspectives. See the Perspectives on §7.7.
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7.6 Harmonic Maps into Manifolds of Nonpositive
Sectional Curvature: Regularity

In the preceding section, we have shown the existence of a minimizer of the energy
functional F in a given homotopy class, or more precisely, in the class of L*-maps
that induce the same action by deck transformations on the universal covers as some
given continuous map g. It is the purpose of this section to show the regularity, i.e.
the smoothness of such a minimizer. In fact, we shall present different regularity
proofs with the purpose of showing a more representative sample of techniques from
geometric analysis.

It is clear that a minimizer f of FE is a critical point of F in the sense of Definition
7.2.1. Namely, in §7.1, we have computed that for a compactly supported vector field

Y along f and fi(x) = expy(,) t¥(z),

SE(emo = [ (a0},

Thus, in particular, E(f;) is a differentiable function of ¢, and since f = fy minimizes
E, this derivative at ¢ = 0 has to vanish, for all such 1.

If k£ is some smooth function on the image of f, and if ¢ is a smooth function
on M with compact support, we may consider the test vector

(dk) o f(z) - ¢(x).
We obtain (referring to §7.1 for the notation)

0= /(df, dy)y = /(dﬁd(dk)ga(x» with dk being evaluated at f(z)
= [V g (@) @ da) + [ (ap(o),dko £)0)
— [vvara@rdne + [@ela)dee i) (761)

recalling (7.1.11) and (3.3.48).

We now take 1

k(z) = §d2(z,p),

lifting to universal covers as always.

By Lemma 4.8.2,
Vdk(df,df) > ||df||*.

Inserting this into (7.6.1) yields

/ (dp(z). d(k o f)(z)) < - / (@) df ()] (76.2)
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(7.6.2) means that ko f is a weak subsolution of
_A(ko f) > |df I (7.63)

(Cf. Corollary 7.2.5 for the corresponding result in the case where f is a smooth
harmonic map.)

We shall now use this differential inequality to derive the Holder continuity of
our minimizer f. Theorem 7.4.1 will then imply that f is smooth.

The same argument actually shows that for any smooth convex function k on
the image of f, we have
—A(ko f) > 0. (7.6.4)

In the sequel, however, the functions k(z) = %dQ(z,p), for various choices of p, will
entirely suffice.

We shall need a version of the Poincaré inequality

Lemma 7.6.1. Let M be a compact Riemannian manifold, Y the universal covering
of a Riemannian manifold of nonpositive curvature. Then there exist ro > 0 and a
constant co < oo such that for any ball B(xg,7) C M, 0 < r < ro, and any L*-map
with finite energy,

f: B(xg,r) = Y,

the following inequality holds
[ @< [ gl (7.6.5)
B(zo,r) B(zo,r)

where fp € Y is the center of mass of f, i.e. fp minimizes

/ d*(f(x),p)dVol (z) w.r.t.peY.
B(zo,r)

Proof. The factor 72 on the right hand side of (7.6.5) comes from a simple scaling
argument; such a scaling argument is possible because for sufficiently small » > 0, the
geometry of the ball deviates to an arbitrary little degree from the one of a Euclidean
ball of the same radius. Thus, we neglect the factor 72 in the sequel.

If the inequality (7.6.5) then is not valid, we can find a sequence (f,)nen of
maps from some such ball B(zg,r) into Y for which

/ &(fn(), fup) = n / ldf ()2 (7.6.6)

Since Y has a compact quotient, we may compose f, with deck transformations, i.e.
isometries of Y, which leave both sides of (7.6.6) invariant, such that f, p always
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stays in some compact region of Y. Thus, we may assume that the f,, g converge to
some p € Y. If the left hand side of (7.6.6) happens to be smaller than one, we may
rescale Y, i.e. we consider the chart

exp, : I,Y — Y

and replace the Riemannian metric g;;(z) of ¥ in this chart by the metric g;;(pz)
for a suitable p > 1. This multiplies the distance function d and the norm || - || by
a factor p which we can thus adjust to make the left hand side of (7.6.6) equal to 1.
The curvature of Y gets multiplied by /%’ and as p — o0, the rescaled Riemannian
manifold (Y, g;;(pz)) becomes Euclidean, and the Poincaré inequality reduces to the
Euclidean one.

We now turn to the case where the left hand side of (7.6.6) is bigger than 1.

For any map ¢ : B(xg,7) — Y, we may perform the following construction:
ge(z) := expt(exp;B1 g(z)) for0<t<1.

Thus, for any x,
d(g(), g5) = td(g9(x), 9B), (7.6.7)
and since gp is characterized by the property that

/exp;;(g(x)) dvVol (z) =0,

we see that
9B = 9t,B),

i.e. gp remains the center of mass for the maps g;.

Since Y has nonpositive curvature

d(ge(x), 9:(y)) < td(g(x),g(y)) for all z,y,0 <t <1, (7.6.8)

by (4.8.8). Therefore also
dge(2)||* < £2||dg()|1?, (7.6.9)

whenever this expression is well defined.
For each n € N for which the left hand side of (7.6.6) should happen to be bigger
than one, we choose t =t,,, 0 <t <1, such that

/dz(fn,t(x)vfn,t,B) =1

Because of (7.6.7) and (7.6.9), we may then replace f,, by f,; without making (7.6.6)
invalid, and so, we may assume w.l.0.g.

/d2(fn(a:),fn,3) =1 forallneN. (7.6.10)
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Then
/||dfn(ac)H2 — 0 for n — oo,

and therefore f, has to converge to a constant map fy = p for some p € Y. By
Rellich’s theorem (see Theorem A.1.8; the standard proof for functions, see, e.g.
J. Jost, Postmodern Analysis, Springer, 1998, p. 265 fI., carries over to maps with
values in Y, because we have constructed in §4.8 the mollifiers on which that proof
depends)

[ @) fon)
converges to
[ &) fom) = [ @) =0
This, however, contradicts (7.6.10). This concludes the proof. O

Let us also present an alternative proof of the Poincaré inequality that does
not use Rellich’s theorem, but rather employs the constructions of §4.8 directly:

Proof. By (4.8.21),
d(f(z), f5) < /B @), )y

We may work with the Euclidean volume form on dy on B(zp,r) induced by the
exponential map exp, : Ty, M — M, rather than with the Riemannian one. Since
the two are uniformly equivalent, this will only affect the constant ¢y in the estimate.
In other words, we assume that B(xg,r) is a Euclidean ball

{y e R™ 1 d(xo,y) = |zo —y| <r}.

We may also assume that f is differentiable, because a general f may be approxi-
mated by the differentiable mollified maps f;, as explained in §4.8.

Then -
@t < [ gt (o et =) far

(the meaning of % should be obvious), and so

[t s < = [ el dv

for m = dim M, w,, = volume of the m-dimensional unit sphere.
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Therefore,

[ e soyan < | ( / d(f(w),f(y))dy)zdx
< mzwz = |m W dy) o
< oo /(/ e ) Qdy) (/| — )d

by Holder’s inequality (Theorem A.1.2),

— a1 ( [ o ldmfdy

by Fubini’s theorem.

Since

1
/ T dv <mwy,r for all y € B(wo,7),
B(xq,r) ‘x_y|

we obtain

[ eG@mds < [ )

B(zo,r) B(zo,r)

and the constant ¢y arises from estimating the Euclidean volume dx against the Rie-
mannian volume dVol (x). In fact, employing Riemannian normal coordinates at xg,
we see that this yields a factor of magnitude (1 + ¢;72). O

In the sequel, we shall assume that the radii R of all balls B(xq, R),zo € M, are
smaller than the injectivity radius of M. We then do not need to distinguish between
such a ball and its lift to the universal cover M. Also, on such a ball, the negative
Laplace-Beltrami operator in local coordinates,

—A = \f Fes <\f b ) (notations as in Section 7.1)

is of the type considered in §A.2, and therefore on such a ball, the Harnack inequalities
stated in Theorem A.2.2 hold.

By the Harnack inequality (Theorem A.2.2 (i)), we have for 2o € M, p € N,
m = dim M,

sup (7)) < o 7 [ | 2)d2q<f<w>,p>dv(ﬂ<w>)“ forg>1, (7.6.1)

B(zo,r)
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because of the inequality

~Ad*(f(z),p) >0 (7.6.12)
that follows from (7.6.3).

In order to control the right hand side of (7.6.11), we observe that we can control

d(p, fB)

where fp is the center of mass of f on B(xg,2r), because f is in L2. We therefore
need to estimate

/ @9(f(z), f5)dVol (z).
B(xo,2r)

As in the second proof of the Poincaré inequality, we have (replacing again dVol (x)
by the Euclidean volume element dz)

/qu(f(x)afB)dx < /(/d(f(x),f(y))dy>2qu
S mw / ([ i ldy) o

= %
m2‘1w

/(/an( >||2dy>(/| ylfnl)l i) ( flarts ||2dy) o

by Holder’s inequality (Theorem A.1.2) with exponents p; = 2, pa = 2q, p3 = %

and writing

g 1]

yl

~{ (=) " H mme) e o]
-/ - T )" [1arrar)

by Fubini’s theorem as in the second proof the Poincaré inequality.

Now 1 )
. q m
/I’ |(m 1)12q y<oo ! 1+q<m—1’

and if we choose ¢ > 1 satisfying that condition, we can bound d?(f(z),p) by d*(p, f5)

and
/ ldf () |2y
B(z0,2r)
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(The first proof of the Poincaré inequality given above can also be strengthened to
yield the present stronger conclusion, by making use of Kondrachov’s extension of
Rellich’s theorem, see Theorem A.1.8.)

In particular, d?(f(x),p) is bounded on B(zq,r), since f has finite energy. We
record this as

Lemma 7.6.2. Let f : B(xg,4r) — Y (complete, simply connected, nonpositive
sectional curvature) be a map of finite energy, satisfying

—Ad*(f(x),p) >0 weakly for allp €Y.

Then f is bounded on B(xq,r). O

Lemma 7.6.3. Let f : B(xg,4r) — Y satisfy —Ad*(f(x),p) > 0 weakly for every
p €Y, where B(xg,4r) is a ball in some Riemannian manifold M, 0 < 2r < i(M) and
Y is a manifold of nonpositive sectional curvature, the universal cover of a compact
manifold N. Let 0 < k1 < k < Ko, and suppose that

diam f(B(z0,2r) == sup  d(f(z1), f(x2)) = k.

T1,22€
B(wo,2r)

There exists € > 0 depending on the geometry of M and N and on kg and k1 with
the property that if 0 < ¢ < g9 and

f(B(wo, 2r))

is covered by k balls By, ..., By of radius €, then

f(B(zo, 7))

can be covered already by k — 1 of those balls.

Proof. Since we may obviously assume that each ball B; contains some point f(x;)
we have

B; C B(pi,2¢e), with p; = f(z;),i=1,... k. (7.6.13)

If we assume € < gp < %, the balls

B(phg)v Z.:]-w"aK/a

cover f(B(xp,2r)). Since its diameter is x, f(B(xo,2r)) is contained in some ball of
radius at most 2x. Because the geometry of Y is uniformly controlled as Y admits a
compact quotient,? there is some integer k; such that any such ball of radius < 2x <

3Actually, what is needed at this point is solely a lower bound on the Ricci curvature of Y,
combined with the assumption that Y has nonpositive sectional curvature, but we do not pursue
this issue here.
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2k contains at most k1 points whose mutual distance is always at least §. Therefore,
already k1 of the balls B(p;, ) cover f(B(xo,2r)), say for i =1,... k;.
Therefore, for at least one of those p;, say for pq,
1
meas (ffl (B(pl,g» ﬁB(xo,r)) 7, meas (B(x0,7))

1 7.6.14
n ( )

k—l’l"

%

>
for some constant 1 > 0 depending on the geometry of M.*

We consider the auxiliary function

o) = (1, £(2).

We put

pi= s gl 5 (diam (f(B(zo, 1) < 1. (7.6.15)

By the triangle inequality, and since diam (f(B(xo,2r))) = k, there also has to exist
some y € B(xg,2r) with

K
A W)p) > 5,
hence
> L
=g
On f_l(B(pl, %))7 we have
() < 1
9(@) < 16
We consider the auxiliary function
hz):=p—g(x) >0 on B(xg,?2r), (7.6.16)
and
1 K
h@) > 5 on f‘l(B (pl, Z))' (7.6.17)

By (7.6.12) and the definition of g and h, we also have
—Ah(z) <0 weakly in B(xzg,2r).

Because of (7.6.17), we may apply the Harnack inequality Theorem A.2.2 (ii) to obtain

1
inf h(zr) > 50—/ h(xz)dx for some dp > 0
B(zo,r)

B(zo,T) rm

>§  for some & >0, by (7.6.17), (7.6.14). (7.6.18)

49 is controlled from below by an upper bound for the sectional curvature of M, but again this is
not pursued here.
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This inequality now implies that for sufficiently small £, we cannot have
f(B(zo, 7)) N B(p;,2e) A0 foralli=1,... k. (7.6.19)
Namely, the balls B(p;, 2¢) cover f(B(zg,2r)), and thus, if the supremum is realized
in (7.6.15) for y € B(xo, 2r), i.e.
Lo

we can find some p; with

So, if (7.6.19) held, we would have d(f(z1), f(y)) < 4e for some z, € B(zg,r), and
thus

inf h(z) < h(z)) = p— %dz(pl»f($1))

B(zo,r)
<162/,
K
which contradicts (7.6.18) for
< (5,‘/{,1
16

Thus, for such an ¢, f(B(zo,r)) is disjoint to one of the balls B(p;,2¢), hence also
to one of the balls B;, because of (7.6.13). Thus, it can be covered by the remaining
ones. O

Equipped with the preceding Lemma, we may now prove

Theorem 7.6.1. Let B(x1,12r) be a ball in some Riemannian manifold, 0 < 12r <
(M), Y the universal cover of a compact Riemannian manifold of nonpositive sec-
tional curvature (and thus complete, simply connected, and nonpositively curved it-
self), and let

f:B(x1,12r) = Y
satisfy

E(f) < o

and

~Ad*(f(x),p) 20

weakly for every p e Y.
Then f is continuous on B(xq,r).
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Here, with the notation of §7.1 for the metric on the domain M, A is the
Laplace-Beltrami operator

1 0

e (V)

Proof. By Lemma 7.6.2, f is bounded on B(z1,3r), hence on B(xg,2r) for every

xo € B(xy,7).
Thus,
diam f(B(xo,2r)) < Ko (7.6.20)
for some ko < 0o0. Let now 0 < k1 < Kkg. We want to find some p > 0 with
diam f(B(xg,p)) < k1. (7.6.21)

Let g9 = €o(ko, k1) be as in Lemma 7.6.3.

Because of (7.6.20), we can bound the number kg of balls By, ..., By, of radius
€o in Y that are needed to cover f(B(xg,2r)). By Lemma 7.6.3, f(B(zg,r)) can be
covered by at most kg — 1 of them. If

diam f(B(xg,7)) > K1,

we may apply Lemma 7.6.3 again with 5 in place of r and & = kg — 1 and cover
J(B(zo, 5)) by at most kg — 2 balls. We can repeat this construction until, for some
v e R,

f(B(xo,27"r))

is covered by so few balls of radius ¢y that we must have
diam f(B(x,27"r)) < K1.

Since this holds for every xg € B(x1,7) and every k1 > 0, we see that f is continuous
on B(xzy,r). O

We shall now present an alternative (and more general) derivation of Theorem
7.6.1 not based on Lemma 7.6.3. Of course, the Harnack inequality will again be
used in a crucial manner. The geometry of the domain M will only enter through the
Poincaré inequality (Lemma 7.6.1) (which implies the Harnack inequality) and the
following ball doubling property for the volume form:

Vol (B(z,2r)) < ¢oVol (B(x,r)) (7.6.22)

for some constant cg, all x € M, and all sufficiently small radii » > 0.
We shall make use of the following abbreviations:
For v € L>®(B(zo, R)):

Uy, R = Sup v,
B(a?o,R)
v_g:= inf w,
B(zo,R)

VR = ][ vp(dr)
B(zo,R)
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(as always, sup and inf are the essential supremum and infimum).

Lemma 7.6.4. Let v be a bounded weak subsolution (—Av > 0) on B(xo,4R). There
exists a constant g, independent of v and R, with

vy.r < (1= 00)v4 4r + OoVR.
Proof.

Ut 4R — VR = ][ (V4,4r — V)
B(Eo,R)

1
P
< <][ |v+,4R—vp) since p > 1
B(zo,R)

< ( ][ o4 ar — U|P) " by (7.6.22)
B(z0,2R)

< c3(vyar — V1 R)

by Theorem A.2.2 (ii), since vy 4g — v is a nonnegative supersolution on B(zg, 4R).
Consequently,

63—1

Ui 4R + —UR.
€3

vy R <
From Lemma 7.6.4, we derive

Lemma 7.6.5. Let v satisfy the assumptions of Lemma 7.6.4, and suppose 0 < & < %1.
There exists m € N (independent of v and €) such that

U4 emR < 62’U+7R + (1 - 52)’11317

for some R’ with e™"R < R' < % (R' may depend on v and ).
Proof. Tterating the estimate of Lemma 7.6.4, we get for v € N
viavr < (1=60)"vsm+ (1= (1-060)") > Tivs-si,
i=1

with )
_ Go(1 —do)""
=

1—(1-=46o)"

We choose v so large that

(1—dp)” < &%,
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and choose R’ = 477 R with j € {1,...,v} such that vy, is largest.
Noting that

47V > em
if
—(log 4)
~ log(1 —6p)’
the result follows. O

Lemma 7.6.6. Under the assumptions of Lemma 7.6.4,

li =1 .
R VR T RE U
Proof. This follows directly from Lemma 7.6.4. O

Lemma 7.6.7. Let [ : B(xg,4R) — Y satisfy (7.6.3). Let p € Y. Then, with

v(z) = d&*(f(),p),
| B(xo, R)| := Vol (B(zo, R)),
_R
‘B(J“07R)| B(zo,R)

In particular,

df (x)|[*dVol () < e5(v+ar = v+.R)- (7.6.23)

i, e o Vo) - (6.24)

Proof. v(x) = d?(f(x),p) satisfies (7.6.3), that is,
—Av > 2||df||*.

Let G (z,y) be the mollified Green function on B(zg, R) relative to B(wzg,2R),
ie. Gf(zo, ) € HY2 N CY(B(x0,2R)),

/ (dp(z),dG" (0, x)) dVol (z) 2][ o(x) dVol ()
B(w0,2R) B(z0,R)
for all ¢ € HY? with supp ¢ € B(xg,2R).
We put
2
wh(z) == |(x;z—’R)|GR(x ).

We then have .
[ @t @) = [ ) (7.6.25)
B(CEQ,ZR) B(Z‘()}R)
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for all ¢ € HY? with supp ¢ € B(zo,2R).
Furthermore, from the estimates for G® of Corollary A.2.1, we have

0 <wf <4 in B(z,2R), (7.6.26)
wf >~ >0 in B(zo, R) (7.6.27)

for constants 71, 72 that do not depend on R.
We then have with z :=v — vy 4R

R\2 R\2(
A /B A /B o W)

= f/ (d(w™)?,dz) since w® € H“*(B(z¢,2R))
B(mo,QR)

= —2/<dwR,d(sz)> —|—2/z(dwR,dwR>
< —2/(dwR,d(sz)> since z < 0.

From (7.6.25), (7.6.26), (7.6.27), we get

[ [ ean-v)
B(zo,R) B(zo,R)

B(zg, R
< C4|(R+)|(U+,4R — UR)
B
< C5M(v+,43 —wv4 r) by Lemma 7.6.4

R2
O
We are now ready to prove the Holder continuity of f. For a point xg in the
domain and a radius R > 0, let
fr := mean value of f on B(zg, R),

(that is, as in Lemma 7.6.1, the minimizer of fB(xoﬁR) d*(f(z),p)dVol (z) w.r.t. p),
and
vp(x) :=d(f(z),p), with p €Y chosen subsequently.

We apply Lemma 7.6.5 to -
vr, = P(f(2), fz)
4

and choose € = %. em < % and e"R < R' < %, where m € N does not depend on ¢
or R < Ry. We therefore obtain

VR :][ dQ(f(I), 7§)dV01 (a:)
B(zo,R’) 4

< 00][ . d*(f(z), é)dVol (z) for some Cy independent of R
B(xOxZ)
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using the ball doubling property (7.6.22),

C1R?

< o ldf|[*dVol (x)
|B(wo, R)| B(zo, %)

by the Poincaré inequality Lemma 7.6.1,

< Co(vp,+.r — Upﬂr,%)

by Lemma 7.6.7, also using the ball doubling property (7.6.22) once more.

Combining this estimate with Lemma 7.6.5, we get for p in the convex hull of
f(B(zo,e™R))

sup  d*(f,p) <4 sup d*(f,

)

R
B(z0,e™R) B(zo,e™R) 4
<4e® sup d*(f, fu)+ C3(vp4,r — v, 4 1)
B(wo,R) 4 B

<16® sup d*(f,p) + C3(vp4,R — Vp,+ emp) since e™ <
B(zo,R)

| =

We put, for 0 < p,
w(p) == sup d*(f(x),p) =vp+,
B(zo,p)
and obtain

(1+ Cs)w(e™R) < (61—4 + Gy )w(R).

Here, €™ is considered as a constant. By iteration, we obtain

4 )O‘
<cl—= R
wl(p) < e ) w(o)
for some ¢ > 0 and some 0 < a < 1.
This holds for any p in the convex hull of f(B(zg,p)). In particular, we may
choose
b= fp-
Since ) )
w(p)?2 < osc <2w(p)z,
(p)7 = pose f<2w(p)
this implies the Hélder continuity of f. Thus, we have obtained another proof of
Theorem 7.6.1.

Corollary 7.6.1. Let f : M — N be a weakly harmonic map between compact
Riemannian manifolds M and N, with N of nonpositive sectional curvature.
Then f is smooth.
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Proof. Let B(x1,6r) be a ball in M with 0 < 6r < i(M). Since such a ball is simply
connected (being the diffeomorphic image of a ball in T,, M under the exponential
map exp,, ), we may lift f to a map

f:B(x1,6r) =Y

into the universal cover Y of N. Therefore, we may apply Theorem 7.6.1 to get the
continuity of f. The smoothness then follows from Theorem 7.4.1. O

In the preceding, we have seen how to use the weak version of the differential
inequality
—Ad(f(z),p) > 2|ldf (x)|*  (see (7.6.3)

to derive the continuity of a weakly harmonic map f with values in a manifold of
nonpositive sectional curvature.

There is another differential inequality for such a harmonic map that can be
used to obtain estimates, namely

—Alldf (@)II* = —olldf ()], (7.6.28)

where —o is a lower bound for the Ricci curvature of M. This inequality follows from
(7.2.13).

We shall now display an alternative approach to the regularity result of Corol-
lary 7.6.1 that is based on some weak analogue of (7.6.28). Our construction will
exploit the center of mass properties of the approximating functionals E. (cf. Lemma
7.3.1) and constructions from §4.8.

Let f = f. be a minimizer of E.. (Of course, the existence of a minimizer for
E. follows by the same method as the one for E, see the proofs of Theorems 7.5.1
and 7.5.2.) By Lemma 7.3.1, for almost every « € M, f(x) is the center of mass of f
on the ball B(z,¢). (As before, we lift f to a map f: B(x,¢) — Y into the universal
cover of Y where the center of mass then exists by Theorem 4.8.4.)

Let now 1,29 € M with d(x1,x2) < i(M). We define a diffeomorphism

¢: B(x1,e) = B(as,¢)

as follows: Let
YTy M — T, M

be the linear map that maps an orthonormal frame at x; into that orthonormal frame
at xo that is obtained by parallel transport along the shortest geodesic from x1 to .
1) then is a Euclidean isometry.
We put
¢ = exp,, oY o exp, !,

and ¢ is almost an isometry in the following sense:
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If dvy and dv, are the volume forms on B(z1,¢) and B(xz,¢€), resp., then
|dvy — pudin| < ce? - Euclidean volume form,

for some constant c¢. This is easily seen by writing the volume forms in normal
coordinates and using Theorem 1.4.4.
Also, if V; is the volume of B(x;,¢), then®

Vi — wme™| < ce?.

We then apply Corollary 4.8.7 to get

d(f (1), f(2)) < Vi / d(f (). 1 (o(y))dVol (y)

("El 75)

(7.6.29)
+ / d(F(y), f(2))
B(Iz, )

dVol(y)  ¢«dVol (y)
Vs 1 '

We note that
d(y, o(y)) < d(z1,x2) cosh(v—Ae), forall y € B(xy,¢)

if A < 0 is a lower curvature bound for M; this follows e.g. from Theorem 4.5.2.
Again, at this point, it is only needed that

d(y, (y)) < d(z1,22)(1 + ce?)

for some constant c.

We now iterate (7.6.29), i.e. we estimate the quantities d(f(y), f(¢(y)) and
d(f(y), f(xz2)) in the integrals on the right hand side by applying (7.6.29) again.
Repeating this a finite number of times, depending on €, and using the fact that all
errors, i.e. deviations from the Euclidean situation, are quadratic in ¢, we obtain for

d(zy,22) <€
d(f(21), f(w2) <c/ / AW L) 1y (4)avol ()
M J B(x,e)

€
for some constant ¢ depending on the geometry of M,

<dE.(f )% by Holder’s inequality,
for some other constant ¢'.
This was for d(z1,z2) <e. If d(z1,22) < ve for some v € N, we use the triangle

inequality to obtain
d(f(z1), f(x2)) < E(f)ve. (7.6.30)

¢ can be controlled by a lower bound on the Ricci curvature of M and an upper bound for its
sectional curvature, but we do not verify this here.

5



456 Chapter 7 Harmonic Maps between Riemannian Manifolds

This was for a minimizer f = f. of E.. As for example in the proof of the Arzela-
Ascoli theorem (see e.g. J. Jost, Postmodern Analysis, Springer, 3rd ed., 2005, p. 55
— 56), one uses (7.6.30) to find a sequence &,, — 0 for which the maps f., converge
uniformly and hence also in L? towards some f. By Lemma 7.3.5, f minimizes F,
and it satisfies the limit of the above estimates, i.e.

d(f(z1), f(z2)) < CE(f)d(x1,22)

for all 21,29 € M. By the uniqueness theorem proved below (see Theorem 7.7.2),
this estimate then holds for any minimizer of E. We have thus shown

Theorem 7.6.2. Let M and N be compact Riemannian manifolds N of nonpositive
sectional curvature, and let f : M — N minimize the energy in its homotopy class.
Then f is Lipschitz continuous. U

Corollary 7.6.2. Under the assumption of Theorem 7.6.2, any minimizer [ of the
enerqgy is smooth.

Proof. By Lemma 7.2.2; f is a weak solution of

L OfT ofF
(f ap 9 ) — ,ng(f)aiaa%. (7.6.31)

f Oz

By Theorem 7.6.2, the right hand side of (7.6.31) is bounded. By Theorem A.2.3 of
Appendix A, therefore f € C%®, for some 0 < a < 1. But then the right hand side of
(7.6.31) is of class C“. Applying Theorem A.2.3 once more, yields f € C%“. Tterating
this argument shows that f is smooth. O

Before concluding this section, we want to show how to use (7.6.28) directly to
get a-priori estimates for harmonic maps. Since we have not been very precise about
the geometric quantities on which the previous estimates derived in our regularity
proof depend, we can also use those a-priori estimates to remedy that point. These
estimates will use the assumption that f is a smooth harmonic map, and so, they
cannot be used to show regularity. Such estimates, however, can be employed in
various existence schemes (as for example in previous editions of this book).

Theorem 7.6.3. Let f: M — N be a harmonic mapping between Riemannian man-
ifolds, where N is complete, simply connected, and of nonpositive sectional curvature.

Ifz e M, p>0, and B(z,p) C M, then

1 ) 1 )
(D)) = Gl < o1+ 75) max & (5(2), ), (7.6.32)

yEB(z,p)

where co depends only on m = dim M, on Ap?, where A is a bound for the absolute

value of the sectional curvature of M, and on a lower bound for the Ricci curvature
of M.
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Proof. We put

and assume for simplicity m = dim M > 3. (The proof for m = 2 is similar.) We use
Lemma 4.7.2 with m instead of n, x instead of p, and h(y) = d?(f(y),q). We obtain

1 1 )
/B(z,p) (T(y)m—2 o pm—2)(_A)d (f(y)ap)
< —(m = 2Qwnd*(f(2),9)

m—2 E(f(y),q) , m—2 , (7.6.33)
+ 2 A/B(:c 2 T(y)m_Q + pm_l /83($7p)d (f(y%q)

<¢ max d? ,q),
Sa max (f(),a)

with ¢; depending on m and Ap?.
We next let n € C§°(B(z, 5)) be a cut-off function,

0<n<1 0115’(30,%)7
n(z) =1,
Co C3
Vil < =, |Anl < =
P P

We then apply Lemma 4.7.2 to h(y) = n?(y)e(f)(y) and obtain

m =2 )@ < [ (i = s )AGPEN)W)

(n°e(f)(v)
oA L(:c p) T(y)m_Q .

(7.6.34)

Now
|ARPle(f) + 4n|V || Vdf | - [|df|| + n?Ae(f)
< %e(f) + 2| Vdf|)? + ;—ée(f) — p?IVdf|I + ese(f)

A(n*e(f))

IN

A

by (7.2.13), since N has nonpositive curvature, where —cs is a lower bound for the
Ricci curvature of M,

< 06(1 n %)e(f). (7.6.35)

From (7.6.34), (7.6.35),

W@ a(ivg) [ () O (7.6.36)
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noting —>— < const - (- o pm%), if r < %p, where the constant depends only on

m, as Well as n(y) = 0if r(y) > 5.
We now recall (7.6.3), i.e

—Ad*(f(y),p) = de(f)(y)- (7.6.37)

Then (7.6.32) follows from (7.6.36), (7.6.37), (7.6.33). O

From the proof, we also obtain

Theorem 7.6.4. Under the assumptions of Theorem 7.6.2,

()@ <1+ =) [

B(z,p)

(1)) =0 (14 7) Eiate.)

where vo depends on the same quantities as co in Theorem 7.6.2.

Proof. From (7.6.36), with p’ instead of p and also assuming B(x, p’) C M, we obtain

1 2—m
()@ < er (14 ) /B 42 (2, y)e(f)(y) dy- (7.6.38)

(@,p")

We put
gl(ya Z) = d2 m(ya Z)

gr(y, 2) == / gr—1(y, w)g1(z,w) dw.
B(z,p")

We observe that
gk(y7 Z) < Cmko_m(ya Z)

For example, for k = 2,
)= [ ) ) do,
B(z,p')

We split this integral into integrals over the regions

I:=A{w:d(y,w) < %d(y,z)},
Il = {U) : d(Z 'UJ) < ld(yvz)}v
IIT := B(z, ) )\ UII.

IR

< cpd' "y, 2),

Then
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m

as desired. In particular, g(y, z) is bounded for & > F. We now iterate (7.6.38);
this means that we estimate e(f)(y) in the integral on the right hand side of (7.6.38)
by using (7.6.38) for z instead of y. We need then B(y, p’) C M, and so we choose
p' = £ to guarantee this condition also for the subsequent steps.

After at most 7 steps, we obtain the desired estimate. O

Perspectives. The literature on the regularity of harmonic maps has become too numer-
ous and extensive to be reviewed here. (See, however, the Perspectives on §7.7 for some
references.)

Therefore, in this section, I have rather tried to present a representative sample of tech-
niques from geometric analysis. The proof of Theorem 7.6.1 given here is due to Lin[179].
I have selected that proof because it employs a fundamental tool, namely Moser’s Harnack
inequalities, in a particularly elegant and geometrically instructive manner. The alternative
proof is taken from Jost[141]; it is the most general and powerful regularity proof presently
known; in particular, in contrast to the preceding proof, it does not utilize a compactness
argument in the target. (The telescoping argument Lemma 7.6.7 is originally due to [94];
the Harnack inequalities for the mollified Green function can be replaced by a more elemen-
tary geometric argument, see [132].) The proof of Theorem 7.6.2 given here is taken from
Jost[140]. T have selected that proof because it elucidates the interplay between the geomet-
ric meaning of the energy functional and its approximations and the geometric features of
nonpositively curved manifolds. Finally, the proofs of Theorems 7.6.3 and 7.6.4 (variants
of results of Eells and Sampson[75]) have been developed here because of their elementary
nature, depending only on the geometry of the distance function as described in §4.7.

7.7 Harmonic Maps into Manifolds of Nonpositive
Curvature: Uniqueness and Other Properties

The results of §§7.5, 7.6 can be summarized as

Theorem 7.7.1. Let M and N be compact Riemannian manifolds, N of nonpositive
sectional curvature.

Let g : M — N be a continuous map. Then g is homotopic to a smooth harmonic
map f, and f can be obtained by minimizing the energy among maps homotopic to g.

The existence result was deduced from a convexity property of the energy func-
tional E. That convexity also suggests a uniqueness result for minimizers of . Here,
we shall present a variant of such a reasoning that applies to all harmonic maps and
shows that they are in fact all minimizers of E.

Theorem 7.7.2. Let M be a compact, N a complete Riemannian manifold. We
assume that N has nonpositive curvature. Let fo, f1 : M — N be homotopic harmonic



460 Chapter 7 Harmonic Maps between Riemannian Manifolds

maps. Then there exists a family f, : M — N, t € [0,1], of harmonic maps connecting
them, for which the energy E(f;) is independent of t, and for which every curve
V2(t) == fi(z) is geodesic, and || &7, (t)|| is independent of x and t. If N has negative
curvature, then fo and fi either are both constant maps, or they both map M onto
the same closed geodesic, or they coincide.

If M is a compact manifold with boundary, and if foornr = fijanm- then again

fo=fi1.

Proof. We let
H:Mx[0,1] - N

be a homotopy between fq and f1, with fixed boundary values if 9M # (). In particular
H(z,0) = fo(x), H(z,1) = fi(x). We let 7, (t) be the geodesic arc homotopic to the
arc H(z,t). By Lemma 4.8.1, v,.(¢) is unique. Again, ¢t € [0, 1], and of course 7, () is
parametrized proportionally to arc length, and we put fi(z) := v.(t).

By Corollary 7.2.1, since N has nonpositive curvature,

d? 0 2 0 0
ap P = /M(HVWWH = trace s (BN (s 5200 ge®:dhe)) o
> 0.
Since %E(ft)”zo =0= %E(ft)‘tzl, we obtain
E(f) = const. (7.7.2)

From (7.7.1) then V%%(t) = 0; hence %%(t) is also constant in z. If OM # (),
hence %'ym(t) = 0 for all x, since this is true for z € OM; hence fy = f1 in this case.

One also sees that fo and f; and hence by (7.7.2) all maps f; are energy mini-
mizing in their homotopy class, hence all harmonic. We also get from (7.7.1), 7.7.2,
by the nonpositivity of the curvature of N

(R (df 5relt)) o), di) =0.

If N has negative sectional curvature, then either %'yz(t) = 0 in which case again
fo = f1, or Rankrdfi(z) < 1 for every z, so that f; is constant or maps M onto the
geodesic v, (t). If M = (), the image of M under fp and f in this case has to be a
closed geodesic. O

From Theorem 7.7.1 and Corollary 7.2.3, we obtain

Corollary 7.7.1. Let N be a compact manifold of nonpositive sectional curvature.
Then every map from a compact manifold with positive Ricci curvature into N is
homotopic to a constant map. Every map from a compact manifold with nonnegative
Ricci curvature, in particular from a flat manifold into N is homotopic to a totally
geodesic map. If the sectional curvature of N is even negative, then any such map is
homotopic to a constant map or a map onto a closed geodesic. O
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An implication of Corollary 7.7.1 is that manifolds of positive Ricci curvature
are topologically very different from those of nonpositive sectional curvature.
We shall now prove Preissmann’s Theorem.

Corollary 7.7.2. Let N be a compact Riemannian manifold of negative sectional
curvature. Then every abelian subgroup of the fundamental group is infinite cyclic,
i.e. isomorphic to 7.

Proof. Let «, 8 € m1(N,zg). Thus a and [ are represented by closed loops with base
point zg. If @ and 8 commute, the homotopy between af and (o induces a map
g:T? — N, where T? is a two-dimensional torus, i.e.

g:[0,1] x [0,1] — N,
BT Tﬂ with  ¢(s,0) = g(s,1) = «(s), for all s, ¢,
g(ovt) = g(lvt) = ﬂ(t),

—
@

and in particular g(0,0) = ¢(1,0) = ¢(0,1) = g(1,1) = g, since a, 3 have base
point xg.
By Theorem 7.7.1, g is homotopic to a harmonic map

f:T?> = N.

During the homotopy between g and f, the base point may change, but of course the
two loops corresponding to o and 3 will always have the same base point at each step
of the homotopy.

Since N has negative sectional curvature, by Corollary 7.2.1, f(T?) is contained
in a closed geodesic 7, with base point z; = f(0,0). Therefore, our two loops in
m1(N,x1) (the ones obtained from « and S through the homotopy from g to f, i.e.
the curves f(0,-) and f(-,0)) are both multiples of v. Thus they are contained in
a cyclic subgroup of 71 (N, z1). This cyclic subgroup has to be infinite as otherwise
7" for some k& € N would be homotopic to a constant loop (representing the trivial
element of 71 (N, 1)), contradicting uniqueness of geodesics (Lemma 4.8.1), as v* is
a geodesic since 7 is, and of course a constant loop is also geodesic.

Thus, the subgroup of 71 (N, zg) generated by « and f is isomorphic to an infi-
nite cyclic subgroup. This is true for any two commuting elements in 1 (N, ), and
the conclusion follows. O

Perspectives. While the concept of harmonic maps had been introduced earlier by Bochner
[24], the insight that led to the existence theorem 7.7.1, namely that nonpositive target
curvature leads to a useful differential inequality via a Bochner formula was obtained by
Al'ber[4, 5] and Eells and Sampson|[75]. Once this had been noted, one could essentially
apply the linear argument of [188] to obtain regularity and existence of harmonic maps
with values in manifolds of nonpositive curvature. In fact, Al’ber[5] also showed uniqueness
(Theorem 7.7.2) and already conceived the general scheme of applying harmonic maps to
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the investigation of the topology of manifolds of nonpositive curvature; in particular, he was
the first to derive Preismann’s theorem from a harmonic map identity. Thus, his work is
one of the several instances encountered in this book when mathematicians in the former
Soviet Union obtained results that were not given credit in the Western countries, sometimes
from ignorance, but sometimes also deliberately. Hartman[119] also obtained the uniqueness
result for harmonic maps into manifolds of nonpositive curvature. For the case of manifolds
with boundary, such results were obtained by Hamilton[115]. These authors used a parabolic
method. They considered the so-called heat flow, i.e. the problem

f:M x[0,00) — N,

g—{(m, t) = 7(f(x,t)) where the tension field 7 is taken w.r.t. the xz-variable on M,
f(x,0) = g(x).

They showed that a solution exists for all ¢ > 0, and as ¢ — oo, f(z,t) converges to a
harmonic map homotopic to g. This needs parabolic analogues of the estimates of Theorem
7.6.3, Theorem 7.6.4. A detailed and simplified presentation of this approach is given in
[132]. Elliptic methods were first introduced into harmonic map theory by Hildebrandst,
Kaul, and Widman[124, 125].

Hildebrandt-Kaul-Widman[125] were also able to handle positive image curvature.
They solved the Dirichlet boundary problem for harmonic maps with values in a ball B(p, p)
in some Riemannian manifold N, with p < min (i(p), ﬁ), where k > 0 is an upper bound
on the sectional curvature of V.

The proof allows an important simplification by a result of Kendall[163]. He con-
structed suitable convex functions on such a ball. Such geometric constructions adapted
to positive curvature had earlier allowed Jager, Kaul[131] to show that the solution for the
harmonic Dirichlet problem in such a ball is unique. See also [132] for a presentation of these
results.

Hildebrandt-Kaul-Widman[125] also discovered that without that convexity condition
on the target ball, critical points of the energy can be discontinuous, and they found the
basic example of a singularity, namely the map

f:B(0,1)(CR") — 5",

x
T —.
|z

For n > 3, it has finite energy and is a critical point for the energy.

Schoen and Uhlenbeck[224, 225] and in a somewhat different context also Giaquinta
and Giusti[94, 95] then developed a regularity theory for energy minimizing maps. They
discovered that the above example is the prototype of a singularity, that energy minimizing
maps are regular except possibly on set of Hausdorff dimension at most dimension M —3 and
that singularities can be precluded if there are no nontrivial energy minimizing harmonic
maps from a sphere S* (k > 2) into the target. Note that in the above example, for r > 1,
f(%) defines a harmonic map from the sphere S™ 1 into S™~!. In the general case of a
singularity, the same has to happen at least in the limit » — oco. For a detailed account of
the theory and its subsequent developments, we recommend Steffen[239)].

Returning to nonpositive image curvature, as mentioned above, Al’ber[5] was the first
to observe that harmonic maps can be used to prove Preissmann’s theorem. Extensions
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of Preissmann’s theorem, i.e. further restrictions on fundamental groups of compact mani-
folds of nonpositive curvature, were found by Yau[270], Gromoll and Wolf[104], Lawson and
Yau[177]. The harmonic map approach to these results is presented in [145]. Recently, a
general theory of harmonic maps between metric spaces has been developed. A systematic
description, together with the appropriate references, can be found in Jost[142].

We now want to discuss some further results about harmonic maps and their applica-
tions.

The first topic are so-called harmonic coordinates. Let M be an n-dimensional Rie-
mannian manifold. Local coordinates are diffeomorphisms from an open subset U of M onto
an open subset of RY. They are called harmonic if the coordinate functions are harmonic.
Harmonic coordinates have been employed in general relativity. They were introduced into
Riemannian geometry by Sabitov and Shefel’[217] and by de Turck and Kazdan[59] by show-
ing that the metric tensor when written in harmonic coordinates has the best possible reg-
ularity properties. (In particular, the regularity properties are better than those of normal
coordinates.) Explicit estimates were developed parallely and independently by Jost and
Karcher[148] and Nikolaev[202]. The precise result of Jost-Karcher is

Theorem. Let p € M. There exists Ry > 0, depending only on the injectivity radius of p,
the dimension n of M, and a bound A for the absolute value of the sectional curvature on
B(p, Ro) with the property that for any R < Ry, there exist harmonic coordinates on B(p, R)
the metric tensor g = (gi;) of which satisfies on each ball B(p, (1 —0)R) for every 0 < a < 1

c¢(ARg,n,
plone < AR 2

(Here, the norm is the usual one of the Holder space C**.) In particular the a-Hélder norms
of the Christoffel-symbols are bounded in terms of ARy and n.

(See also the presentation in [132].) It is easy to construct harmonic functions on balls
B(p, Ro). A difficult point, however, is to construct n harmonic functions that furnish an
injective map of maximal rank into R™. This is the main achievement of the preceding re-
sult. As an application, one obtains C* estimates for harmonic maps between Riemannian
manifolds, depending only on the dimensions, injectivity radii and curvature bounds of the
manifolds involved provided one knows an estimate for the modulus of continuity of the
maps already. (Otherwise, no estimate can hold, see Theorem 8.1.2). These estimates were
also the crucial tool for the proofs of the Gromov compactness theorem (see Short survey on
curvature and topology, above).

We already described in the Perspectives on §4.8 how to define a notion of a metric
space of nonpositive curvature. Now, by an extension of the construction presented in §7.3,
one may define an energy integral for maps between metric spaces as a generalization of the
energy integral in the Riemannian case considered here. Again, it turns out to be expedient
not to work with maps between compact spaces as we did in this section, but rather to
lift to their universal covers and consider equivariant maps. Thus, let X and Y be metric
spaces with isometry groups I(X) and I(Y), resp., I' a (typically discrete) subgroup of
I(X),p:T' = I(Y) a homomorphism. We then call f: X — Y p-equivariant if

fyz) =p(y)f(z) forallz e X,veTl.
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Of course, if M and N are compact Riemannian manifolds with fundamental groups 71 (M)
and 7 (N ) resp., then these groups operate by deck transformations on the universal covers
X :=M,Y := N, and a homotopy class of maps from M to N defines a homoporphism

prmi(M) — m(N) CI(Y),

and the lift of any map in that homotopy class to the universal covers then has to be p-
equivariant. In fact, if N is a so-called k(m,1)-space, meaning that all higher homotopy
groups mr(N),k > 2, are trivial (such an N is also called aspherical, because that means
that every continuous map ¢ : S¥ — N, k > 2, is homotopic to a constant map), then
conversely the push down of any p-equivariant map lies in the homotopy class defining p.
This device, namely to work with p-equivariant maps, among other things, has the important
advantage that it also naturally applies in situations where some of the elements v and p(7)
have nontrivial fixed points, i.e. where the spaces X/I" and/or Y/p(I') may have singularities.
The energy of a p-equivariant map then is simply defined by integration over a fundamental
region of I' in X. Minimizers are called generalized harmonic maps. The key feature of
the assumption of nonpositive curvature then is that it makes the energy integral a convex
functional on spaces of p-equivarant, square integrable maps as in §7.5.

As already indicated, this works in considerable generality, and in fact, such generality
is useful for example in the context of superrigidity discussed below where certain metric
spaces of nonpositive curvature that are quite far from being manifolds naturally occur.
Some of those spaces even are not locally compact anymore.

A theory of such generalized harmonic mappings has been developed by J. Jost[138,
139, 140, 142] and independently (but under more restrictive assumptions, like local com-
pactness) by Korevaar and Schoen[171]. In fact, a key point of the approach of Jost is that
the convexity of the functional can compensate the lack of local compactness of the target in
existence proofs. (Subsequently, Korevaar and Schoen[172] reproved a special case of those
existence results by a variant of the method of Jost.) Actually, still more generality can
be achieved, and new light can be shed on why nonpositive curvature is the fundamental
assumption for harmonic maps. Namely, a space of p-equivariant, square integrable maps
into a space of nonpositive curvature is itself a space of nonpositive curvature (of course,
not locally compact anymore even if the original target had been locally compact), and the
existence of generalized harmonic maps can then be deduced from an existence theorem for
minima of convex functionals on spaces of nonpositive curvature. In fact, we have displayed
this existence method in §7.5 in the setting of a Riemannian target. For a comprehensive
treatment, we refer to [142].

We finally want to discuss the applications of harmonic maps to superrigidity results
(see the Perspectives on §5.5).

As explained in the Perspectives on §7.2, Siu derived a Bochner type identity for
harmonic maps between Ké&hler manifolds. If the image has nonpositive curvature in a
suitable sense, it implies that the product of the Hessian of the map with the Kéahler form
of the domain vanishes, or in other words, that the map is pluriharmonic. A detailed
study of the curvature tensors of Hermitian symmetric spaces (i.e. those that are Kéhler)
of noncompact type then allowed him to conclude that a harmonic homotopy equivalence
between compact quotients of such spaces is holomorphic or antiholomorphic. It then also
is a diffeomorphism. If the domain is also a quotient of a Hermitian symmetric space, one
can then show that the map is an isometry, proving Mostow’s theorem in the Hermitian
case. It is interesting to note that the curvature terms to be investigated here come from
the image and not from the domain. Sampson|[222] found a different formula that applies
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to harmonic maps from Kéhlerian to Riemannian manifolds. Corlette[57] showed that the
product of the Hessian of a harmonic map with any parallel form on the domain vanishes if
the image has nonpositive curvature. For quotients of quaternionic hyperbolic space and the
hyperbolic Cayley plane this allowed him to conclude that the Hessian itself vanishes, i.e.
that a harmonic map from such a quotient into a nonpositively curved manifold is totally
geodesic. This again implies a rigidity theorem.

If one wants to derive so-called nonarchimedean superrigidity and arithmeticity of lat-
tices (see Perspectives on §5.5), one has to study homomorphisms of lattices into Sl(n,Q,)
(Qp = p-adic numbers). It turns out that this group operates on a so-called Tits build-
ing, a certain simplicial metric space with nonpositive curvature in the sense of Alexandrov.
Gromov and Schoen[111] then developed a theory of harmonic maps from Riemannian man-
ifolds into such spaces. In particular, they could extend Corlette’s results to the p-adic case
and obtain arithmeticity of the corresponding lattices.

The most general superrigidity results for harmonic maps were obtained by Jost and
Yau[156] and Mok, Siu and Yeung[195]. Since the image of a lattice need not be a lattice
anymore, once more, one has to work with p-equivariant maps.

The result then is that any such harmonic map is totally geodesic, i.e. we have

Theorem. Let M = G/K be an irreducible symmetric space of noncompact type, other than
SOo(p, 1)/SO(p) x SO(1),SU(p,1)/S(U(p) x U(1)). )

Let T be a discrete cocompact subgroup of G (i.e. a cocompact lattice). Let N be
a complete simply connected Riemannian manifold of nonpositive curvature operator with
isometry group I(N). Let p: T — I(N) be a homomorphism for which p(T') either does not
have a fizpoint on the sphere at oo of N or if it does, it centralizes a totally geodesic flat
subspace. Then there exists a totally geodesic p-equivariant map,

(Wlth the method of Mok-Siu-Yeung, the curvature assumption on N can be weak-
ened; if M = G/K is of rank > 2 then it suffices that N has nonpositive sectional curvature.)

The proof follows from a careful choice of the parameter A in the Bochner formula of
the Perspectives on §7.2 and a detailed study of the curvature tensors of symmetric spaces.

The corresponding result for SOg(p, 1)/SO(p) x SO(1) and SU(p,1)/S(U(p) x U(1))
is false, because it would imply that compact quotients have vanishing first Betti number
and there are examples of compact quotients of these spaces for which this is not the case.
In the case of SU(p,1)/S(U(p) x U(1)), one gets, however the existence of a pluriharmonic
p-equivariant map, essentially a special case of the result of Siu quoted above.

For Sp(p,1)/Sp(p) x Sp(1) and the hyperbolic Cayley plane, the result is Corlette’s
theorem quoted above. For Hermitian symmetric spaces, the result is due to Mok[194, 193].

Corollary. Let M= G/K andT be as above. Let H be a semisimple noncompact Lie group
with trivial center, p : I' — H a homomorphism with Zariski dense image. Then p extends
to a homomorphism from G onto H.

As explained above, this result is due to Margulis for rank (G/K) > 2 and to Corlette
for Sp(p,1)/Sp(p) x Sp(1) and the hyperbolic Cayley plane.
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Using the constructions of Gromov and Schoen, the result extends to the nonar-
chimedean case to show

Theorem. Let M = G/K and T be as above.
Let p: T' — Sl(n,Qp) be a homomorphism, for some n € N and some prime p. Then
p(T) is contained in a compact subgroup of Sl(n, Q).

As explained above, the result is again due to Margulis for rank (G/K) > 2, and to
Gromov-Schoen for quaternionic hyperbolic space and the hyperbolic Cayley plane.

The harmonic map approach to rigidity is still not complete:

First of all, so far it has been unable to derive Mostow’s rigidity theorem for quotients
of real hyperbolic space. Secondly, the results for spaces that are of finite volume but not
compact (i.e. for nonuniform lattices) are still not complete. Margulis’ results, for exam-
ple, also hold in the noncompact case. (For rank 1, rigidity results were shown earlier by
G. Prasad.) In the Hermitian symmetric case, however, this problem was solved by Jost and
Zuo[157].

A new and very interesting approach to rigidity that applies particularly well in the
case of real hyperbolic spaces has been developed by Besson, Courtois and Gallot[20, 21].

One open problem that is quite easy to formulate but as yet unsolved is the follow-
ing one of H. Hopf: Let M>™ be a compact manifold of even dimension 2m that admits a
Riemannian metric of nonpositive sectional curvature. Is it then true that the Euler charac-
teristic of M satisfies

(=1)"x(M*™) >0

(with strict inequality in the case of negative sectional curvature)? So far, this has only been
demonstrated under additional conditions, e.g. that the curvature is pinched between two
negative constants, see for example Donnelly, Xavier[67], Bourguignon, Karcher[28], Jost,
Xin[153]. If the manifold carries a Kéahler metric, then this conjecture has been verified by
Gromov[107], in the case of negative sectional curvature, and by Jost, Zuo[158] and Cao,
Xavier[40] in the nonpositive case.

Exercises for Chapter 7

1. Determine all harmonic maps between tori.

(Hint: Use the uniqueness theorem and the fact that affine linear maps between
Euclidean spaces are harmonic.)

2. a: We call a closed subset A of a Riemannian manifold N convex if any
two points in A can be connected by a geodesic arc in A. We call A
strictly convex if this geodesic arc is contained in the interior of A with
the possible exception of its endpoints. We call A strongly convex, if its
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3.

4.

boundary 9A is a smooth submanifold (of codimension 1) in N and if all
its principal curvatures w.r.t. the normal vector pointing to the interior of
A are positive. Show that a strongly convex set is strictly convex.

b: Show that a strongly convex subset A of a complete Riemannian man-
ifold N has a neighborhood whose closure By and By := A satisfy the
conclusions of Lemma 8.2.2.

c: Show that Theorem 8.2.1 continues to hold if N is only complete, but not
necessarily compact, again with 7o(N) = 0, provided ¢(X) is contained
in a compact, strongly convex subset A of N. In that case, the harmonic
f X — N also satisfies f(X) C A.

In this exercise, still another definition of the Sobolev space H':2(M, N) will be
given. The embedding theorem of Nash (see the Perspectives on §1.4) implies
that there exists an isometric embedding

i: N —RF

into some Euclidean space.

We then define
H!*(M,N):={e H"*(M,R¥) : f(x) € i(N) for almost all z € M}.

Show that
HY“2(M,N) = H}*(M,N).

(Hint: Theorem 7.2.1 implies that HY2(M,R¥) = H}**(M,R*) since every map
into R¥ is localizable.)

a: For 1 <p<ooand f € LP(M,N), we define

1 P
Bpel) = oy [ [, U@ 5 aVol (vl )

(with the same notation as in (7.2.1)), and
Ey(f) = lim B, .(f) € RU {oc}

(show that this limit exists). We say that f € LP(M,N) belongs to the
Sobolev space H'?(M,N) if E,(f) < oo. Characterize the localizable
maps belonging to HYP(M, N).

b: Show lower semicontinuity of E, w.r.t. LP-convergence, i.e. if (f,),en
converges to f in LP(M, N), then

E,(f) < lim inf E,(fv).
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c: Derive the Euler-Lagrange equations for critical points of E,. (The smooth
critical points are called p-harmonic maps. The regularity theory for p-
harmonic maps, however, is not as good as the one for harmonic maps. In
general, one only obtains weakly p-harmonic maps of regularity class C'*®
for some o > 0.)

d: Show the existence of a continuous weakly p-harmonic map (minimizing
E,) under the assumptions of Theorem 8.2.1.

e: Extend the existence theory of §7.5 to E,.

Derive formula (7.2.13) in an invariant fashion, i.e. without using local coordi-
nates.

Prove the following result that is analogous to Corollary 7.2.4. A smooth map
f + M — N between Riemannian manifolds is totally geodesic if and only if
whenever V is openin N, U = f~1(V), h: V — R is convex, then hof : U — R
is convex.

Let M be a compact Riemannian manifold with boundary, N a Riemannian
manifold, f : M — N harmonic with f(0M) = p for some point p in N. Show
that if there exists a strictly convex function h on f(M) with a minimum at p,
then f is constant itself.

State and prove a version of the uniqueness theorem 7.7.2 for minimizers of the
functionals E.. Show that, as for the energy functional E, any critical point of
E. (with values in a space of non-positive sectional curvature, as always) is a
minimizer.



Chapter 8

Harmonic maps from
Riemann surfaces

8.1 Twodimensional Harmonic Mappings
and Holomorphic Quadratic Differentials

Definition 8.1.1. A Riemann surface is a complex manifold (cf. Definition 1.1.5) of
complex dimension 1.

Thus, coordinate charts on a Riemann surface ¥ are given by maps
v; :U; — C,
U, open in %, for which the transition functions
piow; !t piUiNU;) — ¢;(U; NU;)

are holomorphic maps between open subsets of C.
We write coordinates in C as

z=x+1y.

For a coordinate transformation w = w(z), w = u + iv, we thus have the Cauchy-
Riemann equations

Uy = Uy,

Uy = —Vy,
and in particular

Ug Uy + VgUp = Uyly + Vyy,

Ug Uy + VyVy = 0,
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and we see that a Riemann surface has a conformal structure in the sense of Definition
3.6.6.

We call z = ¢(p) for a local chart ¢ a local conformal parameter at p € ¥ and
define operators (cf. §6.1)

o 179 .9
&ZE(%_Z@)’
0 1,0 .0
£':§(%+Za_y)’

and 1-forms
dz = dx +idy, dzZ =dx —idy.

These satisfy

i=(5z) =1~ 3(zz).

0 0
() =0-(2)
“\oz 0 “\ oz
A map between Riemann surfaces is called holomorphic or antiholomorphic if it has

this property in local coordinates. This does not depend on the choice of local coor-
dinates because all coordinate changes are holomorphic.

Definition 8.1.2. A Riemannian metric (-,-) on a Riemann surface ¥ is called con-
formal if in local coordinates it can be written as

p*(2)dz ® dz (8.1.1)

(p(z) a positive, real valued function).
This means

<%,%> = p%(2). (8.1.3)

If we want to express this in real coordinates, we compute
dz ® dz = dx ® dz + dy ® dy, (8.1.4)

hence
(72 am) =0 = (5 a5
o 0
(52 7y, ="

In the same manner as Theorem 1.4.1 is proved, a partition of unity argument gives

(8.1.5)
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Lemma 8.1.1. FEvery Riemann surface admits a conformal metric. O

Of course, every conformal metric is Hermitian in the sense of Definition 5.1.2,
and conversely.

Definition 8.1.3. Let ¥ be a Riemann surface, N a Riemannian manifold with
metric (-,-)n, or g;;df* ® df’ in local coordinates. A C'-map f : ¥ — N is called
conformal, if

of of\ _ ,Of of of 9f\  _
Gooen =Gy o Goagn =" (8.1.6)
In local coordinates this is of course expressed as
8]” aff aft 8]’7
9i(f(2)) 5 = 9i;(f(2))
afz af dy 9y’ (8.1.7)
9012 5 50 =

For the sequel, it will also be instructive to write this condition in complex notation,
namely

= (Lo
0z’ 0z

ofi oft  Ofi o i ot
:gjk<f<z>>(a—f;a—ifa—ia—f;fz o aj; ). (8.1.8)

Lemma 8.1.2. Holomorphic or antiholomorphic maps between Riemann surfaces are
conformal, if the image is equipped with a conformal metric.

Proof. Obvious. O

Lemma 8.1.3. Let ¥ be a Riemann surface with a conformal metric \*(z). Then
the Laplace-Beltrami operator is

4 9?
A—*AQ_(Z)%. (8.1.9)

Proof. Direct computation. O

Lemma 8.1.4. Let ¥ be a Riemann surface with conformal metric A\2(2), N a Rie-
mannian manifold with metric tensor (gi;). Then a map f : ¥ — N of class C? is
harmonic iff

a2fi 6f3 8fk
R (A A

It is a parametric minimal surface iff it is harmonic and conformal.

=0 fori=1,...,dimN. (8.1.10)
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Proof. One checks directly that (8.1.10) is equivalent to (7.1.7). The second claim
directly follows from the Definition 3.6.7 of a parametric minimal surface. O

Corollary 8.1.1. If ¥ is a Riemann surface, N a Riemannian manifold, the har-
monic map equation for maps f : X — N is independent of the choice of conformal
metric on X. Thus, whether a map is harmonic depends only on the Riemann surface
structure of X3, but does not need any conformal metric.

Proof. The metric of ¥ does not appear in (8.1.10). O

Corollary 8.1.2. Holomorphic or antiholomorphic maps between Riemann surfaces
are harmonic.

Proof. Such maps obviously satisfy (8.1.10). O

More generally

Corollary 8.1.3. If k: X1 — Xg is a holomorphic or antiholomorphic map between
Riemann surfaces, and f : X9 — N is harmonic, then so is f o k.

Proof. Let w be a local conformal parameter on ;. Then, if for example k is
holomorphic, and in local coordinates k = z(w), we have

0z
ow
hence
8fok_g% 8fok_g§
ow 0z 0w’ ow 0z 0w
and _ ) _
%fiok ri Ofi ok dftok B (821’1 ri ofl 8fe) 0z 0z
dwdw ' dw  dw  \9207 | ' 9z 9z ) owow’
and this vanishes if f is harmonic. O

Let ¥, N be as before, \2(z) dz ® dz a conformal metric on .
The energy of a map f : ¥ — N is written as
/ 4 Aftafi \/—

. 1
() 95, o7 3 M (2)dz ANdZ  since dx/\dyzédz/\dz

oftafi
/”8 a_\/ ldzAdz.

E(f) =

(8.1.11)
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Corollary 8.1.4. The energy of a map from a Riemann surface ¥ into a Riemannian
manifold is conformally invariant in the sense that it does mot depend on the choice
of a metric on X, but only on the Riemann surface structure. Also, if k: X1 — Yo is

a bijective holomorphic or antiholomorphic map between Riemann surfaces then for
any f : Yo — N (of class C1)

E(f ok) = B().
O

Remark. FEven if the image is also a Riemann surface, the energy of f does depend
on the image metric.

Theorem 8.1.1. Let ¥ be a Riemann surface, N a Riemannian manifold with metric
()N or (Gij)ij=1,..dim N in local coordinates. If f: X — N is harmonic, then

o12) 7 = (51, 51 ) =

is a holomorphic quadratic differential. (Here, we use the abbreviation

dz? =dz®dz

(8.1.12)

, and p(2)dz? is a holomorphic quadratic differential, if (2) is a holomorphic func-
tion. dz? just expresses the transformation behavior. Thus

o(z)dz?

is a section of TEX @ TEY, with TEY :=T*Y ® C.)
Furthermore,
©(2)dz* =0 <= [ conformal.

Proof. In local coordinates

aftofi
= gL Laz,

of o
o(z) dz? = <6—£, 6—£>Nd22

and we have to show for a harmonic f,

D (aaren 920 -

oft E)fJ) 02 fofI ofk aftof

Now

=gz 92 Y 5z 9s s

O2fi Ofi affortofi
= 291‘;‘%5 + (9ol + 9er,j — gjk,e)gag
B of 1 O*f . offFoft
=205 (5205 * Tz 07)
=0, if f is harmonic.

(gm (f(z))
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Finally, ¢(z) dz? = 0 is equivalent to the conformality of f, see (8.1.8). O

In intrinsic notation, the proof of Theorem 8.1.1 goes as follows

of of of of
a—<az 8z> _2<Vaz 9z’ 8z>
Bfl o of
O, OfiaftN 0 of
2<(%+ijga>8_ﬂ’$>zv

2(v

0,

since f is harmonic.
We also note from this computation

7(f) =4V.o == . (8.1.13)

In real notation, we have of course

o) = (5 57) ~ (5775 ) ~ 25 ) 0" = + i)

afiafk  afiafk o ofr
= 4 (f(z ))(a_";a_";fa_ia_gfz aj; g;)(dachdyQJrZidxdy).

(8.1.14)

The easiest example of a compact Riemann surface is S? = {(z1,z2,73) € R® :
2?2 + 23 + 2% = 1} with the following two coordinate charts:

fl 52\{(07071)}_>(C7 fl(xlax27x3):

1 .
T (x1 + iz2),

f2 : Sz\{(0707 _1)} - (C> f2(l’1,.’ﬂ271’3) =

T (z1 — ixa).

We compute
1

fl(IthaxS)

so that foo f; '(z) = 1 and the coordinate transformation foo f; ' : C\{0} — C\{0}
is holomorphic as required.

= fQ(fL'l,IQ,Ig)

Lemma 8.1.5. Every holomorphic quadratic differential on S? vanishes identically.

Proof. We put z = f;(z) and write a holomorphic quadratic differential in the chart

f1as
1 ¢(2)dz?, with ¢ : C(= f1(S*\{(0,0)})) — C holomorphic.
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Then with fo(z) =w =1 for z # 0,

0z

p(z) 42 = p(a(w)) (5 ) v = p(a(w) 1y du?.

Since we have a holomorphic quadratic differential on S?, this has to be bounded as
w — 0. We conclude that ¢ is a holomorphic function on C with

p(z) = 0 as z — oo,

hence ¢ = 0 by Liouville’s theorem. (One may also apply Lemma 8.2.7 below) O

Another Proof. In the preceding notations, for A € C\{0},
Z— Az

induces a holomorphic map hy : S? — S2, fixing (0,0,1) and (0,0, —1). Since hy also
depends holomorphically on A € C\{0},

Ohx(z)
N =1

represents a holomorphic vector field V' (z) on S2.
Now if ¢ is a holomorphic quadratic differential and V;, V5 are holomorphic
vector fields on a Riemann surface ¥, then

q(V1,V2)
is a holomorphic function on ¥. Thus
1(2) = p(2) dz*(V(2),V(2)) = p(2)2°

represents a holomorphic function on the compact Riemann surface S? and therefore
is constant (for example by Corollary 2.1.2 and Corollary 8.1.3 or by an easy appli-
cation of the maximum principle), hence n = 0, since n(0) = 0, hence ¢ = 0. O

Corollary 8.1.5. For any Riemannian manifold N, every harmonic map
h:8%—= N
is conformal, i.e. a parametric minimal surface.
Proof. From Theorem 8.1.1 and Lemma 8.1.4. O
We look again at the family hy = S? — S? of holomorphic selfmaps of S, given

in the chart f; by
Z Az,
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We equip the image S? with any conformal metric and compute the energy E w.r.t.

this metric. We observe for A € C\{0}
E(hy) = const # 0.

Namely, we write hy = id o hy and apply Corollary 8.1.4 with f =id (= hy), k = hy,
hence

E(hy) = E(hy) for all X € C\{0},

and since hy # const for A € C\{0}, this energy cannot vanish. Now if A\ — 0, hy
converges pointwise on S#\{(0,0,—1)} to the constant map ho(z) = 0 (again in the
chart f1), and

E(hg) = 0.

We thus have found a sequence of holomorphic, hence harmonic (Corollary 8.1.2)
maps, hence critical points of F, i.e.

DE(hy) =0 forall A € C\{0}

with
E(hy) = const # 0

with the property that this sequence converges for A — 0 pointwise almost everywhere
to a map hg with
E(ho) # )1\111% E(hy). (8.1.15)

We conclude

Theorem 8.1.2. The energy functional for maps from S? to S? (the image equipped
with any conformal metric) cannot satisfy any kind of Palais-Smale condition. O

The statement is somewhat vague because we have not yet given a precise defin-
ition of the Palais-Smale condition in the present context. Any meaningful definition,
however, should require that a sequence of critical points (f,)nen of E contains a
subsequence converging in some sense to be specified towards a map f with

E(f) = lim E(f,).

n—oo

Definition 8.1.4. A Riemann surface ¥ with (smooth) boundary 0% is a differentiable
manifold with boundary and charts with values in C and C; :={z =z +iy € C,y >
0}, resp., and holomorphic coordinate changes.

o]
Again, in this case ¥= X\0X is a Riemann surface in the sense of Definition
8.1.1. Also, 9% is a differentiable manifold of real dimension 1.

Example. D :={z=x+iy € C:|z| <1}, with 9D = {|z]| = 1}.
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Definition 8.1.5. A holomorphic quadratic differential ¢ on a Riemann surface X
with boundary 0% is called real on 0% if for all zp € 9% and vy,ve € T,,0%, i.e.
vectors tangent to the boundary

q(vi,v2) € R.

Let zg € 0%, f : U — C4 a chart defined on a neighborhood of zy, z =z + iy € C,..
In this chart, we write a holomorphic quadratic differential as

©(2)(dz + idy)* = (u + iv)(dz? — dy* + 2idzdy)

o B (8.1.16)
= u(dz® — dy*) — 2vdzdy + i(v(dz® — dy*) + 2iudxdy),

with u = Re @, v = Im ¢.
When applied to a vector tangent to 0C. = {y = 0}, dy vanishes. Thus, the
holomorphic quadratic differential is real on 9% if

v=Imp =0
for all such boundary charts.

Lemma 8.1.6. Any holomorphic quadratic differential on D which is real on 0D
vanishes identically.

Proof. A holomorphic function h on an open subset € of C, which takes real values
on OC can be reflected as a holomorphic function to Q := {x + iy :  — iy € Q} via
h(x +iy) := h(z — iy). This is the Schwarz reflection principle. In the same manner,
a holomorphic quadratic differential on an open subset of C, which is real on 9C
can be reflected across dC. Thus, a holomorphic quadratic differential on D which
is real on OD can be reflected to a holomorphic quadratic differential on S2. Namely,
since f1(S%\{(0,0,1)}) = C in our above notation, we may consider D as a subset of
52, and we reflect (2)dz? across 0D as

1

o(w) dw?® = B(2) dz* forw:;
IN D,
=o(5) gru®

The result now follows from Lemma 8.1.4. O

Theorem 8.1.3. Let h : D — N be a harmonic map into a Riemannian manifold
with
hlop = const.
Then
h = const.
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Proof. We denote the metric of N by (g;x). In local coordinates defined on an open
subset of C4, the holomorphic quadratic differential associated to h (Theorem 8.1.1)
is

OhJ OR* ORI ORF Oh? ahk
dz* = g1 (h —_——— —— = 2i— d id

since hlpp = const, % =0 on JC4. Thus

Oh? Oh¥
Imo = 2g,,—— or 0y =0 ondCy,
and ¢ dz? is real on the boundary. Lemma 8.1.6 implies ¢ d2? = 0. Therefore h is
conformal. Since gh =0 on 0C,, then also ‘9;‘ =0on 8(C+ Since h is harmonic and

gmh =0 on C,, the harmonic map equation gives also 2 ay2 =0 on 0C,. Iteratively,

all derivatives of h vanish on dC;. Hence we can reflect h smoothly as a harmonic
and conformal map across OC via h(z) = h(Z) for z = 44y with y < 0. This means
that we can reflect h to a harmonic and conformal map

h:S8?>—= N

mapping 0D = {|z| = 1} (considering D as a subset of S? as above) onto a single
point.

In the sequel, we shall use the abbreviation

-5+

even for functions u : C — R?, i.e. with real values, with componentwise differentia-
tion. Thus, for every zq,

<
¥

u,(z9) € C.

‘We now need

Lemma 8.1.7 (Hartman-Wintner). Suppose Q is a neighborhood of 0 in C, u € C?
(2, RY) satisfies

[uyz] < Klu| (8.1.17)
for some constant K in €.
If
lin%) u(2)z"" M =0 (assume the limit exists) (8.1.18)

for some n € N, then
lim u,(2)z™"
z—0
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exists. If (8.1.18) holds for all n € N, then

u=0. (8.1.19)

Proof. For a compact subregion B of £ with smooth boundary and g € C*(B, C), we
have the integration by parts formula

dz Ndz
?{ gu.dmn = / (u,g7 + u:z9) i - i , (8.1.20)
dB B 24
where 7 is the exterior normal of B.
‘We assume now
lir%uzzl_k =0 for some k € N. (8.1.21)
We choose
B:={ze€C:e<|z|<R,|z—w|>¢€}
with )
0<3:<R< min(dist (0,00), @),
we N2 < |w <R-—c¢,
and
g(2) = 27 F(z —w)" L.
Then

gz=0 in B.
(8.1.20) yields

% w2 P (2 —w) 7t dz| —?{ w2 (2 — w) "t de|
|z|=R

|z|=¢
—7{ w2z (2 — w) 7Y dz| (8.1.22)
|z—w|=¢
dz Ndz
:/ Uz F (2 — w)_lz—,z.
B 21

We now let ¢ — 0. Because of (8.1.21), the second integral on the left hand side of
(8.1.22) then tends to 0. The third one tends to

2w, (w)w "

by Cauchy’s integral formula. Consequently for 0 < |w| < R

dz Ndz
2mu, (w)w ™k = 7{ w2z (2 — w) 7Y dz| —/ Uzz F(z—w) ! ZL0E
|z|=R |z|<R 27
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and (8.1.17) implies for 0 < |w| < R

27r|uz(w)w_k| S]{ |uzz_k(z — w)_1||dz|
|z|=R

» dzndz (8.1.23)
+ K luzllz] "z — w 5
|z|<R ¢
Two auxiliary points:
/ P 1dw/\d_ / 7w|71dw/\dw
lw|<R |o— w|<2R 2
1

<A4rR

Z—ww — 2
1 1 1
- =)
Z—zZo\z—w wW-— 2

We then multiply (8.1.23) by |w — 20| ™! (20| < R) and integrate w.r.t. w:

dw A dw
277/ o ||| |w — 20| P2 < 8 Rjaf lusz ™" (2 — 20) 1| dz|
|lw|<R

2 2=
dz A dz
+8TRK s 2] 78|z — 20|t E
|2I<R 2i
(8.1.24)
Hence, renaming some of the variables
dz A dz
(1- 4RK)/ s |2 7F |z — w| P ELLE < 437{ luzz % (2 — w)"Y|dz] .
l21< 2 |z|=R

(8.1.25)

The right hand side of (8.1.25) remains bounded as w — 0 and consequently so does
the left hand side. Then the right hand side of (8.1.23) remains bounded as w — 0,
and consequently also the left hand side. Therefore

linb u,(2)z7" (8.1.26)

exists.

If k < n, this limit then has to vanish because of (8.1.18), and hence (8.1.21)
holds for k£ + 1 instead of k.

The first assertion now follows by induction on k:

It is trivial for n = 0. For n > 1, (8.1.18) implies (8.1.21) for k¥ = 1. By
induction, we get (8.1.21) for k = n, and hence the limit in (8.1.26) exists which is
the first assertion of the lemma.

For the second assertion, k =n — 1 and w — 0 in (8.1.25) gives

dz A dz
(1- 4RK)/ |2 BLEE < 4374 s ||| 7"|dz] (8.1.27)
|2I<R 2 2]



8.1 Twodimensional Harmonic Mappings 481

for all n.
If w # 0, there exists zyp with |zg| < R and

‘uz(z())‘ =c#0.

Then the left hand side of (8.1.27) would grow in w at least like c¢|zo|™", the right
hand side at most like ¢/ R™", with ¢’ = 4Rsup,|_g [u|. Since [20| < R, (8.1.27) then
could not hold for all n This contradiction proves the second assertion. O

We can now easily conclude the

Proof of Theorem 8.1.3. We may assume of course that in local coordinates
h(0D) = 0.

In the same local coordinates as in the beginning of the proof, we have noted above
that all derivatives of h vanish on dC 4 Thus, if e.g. 0 is in the image of our coordinate
chart,

liH(l) h(z)z™" =0 forallneN.
Since h is harmonic

|h=z| < colhzl|h-|
< Klhz],

in a neighborhood of 0 since h is smooth.
Lemma 8.1.7 then yields h = 0 (= h(0D)). O

More generally, Lemma 8.1.7 implies

Corollary 8.1.6. Let X be a Riemann surface, N a Riemannian manifold of dimen-
ston d, h : X — N harmonic.

Then for each zog € X there exists m € N with the property that in any local
coordinates around h(z), there exists a € C with

h.(z) = a(z — 20)™ + 0(|z — z0|™) (8.1.28)

for z near zg.

If h,(20) = 0, m > 1. In particular, the zeroes of h, are isolated, unless h is
constant.

If h is conformal, i.e.

gikhihk =0,

then
gix(h(20))a’a® = 0.
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Proof. We apply Lemma 8.1.7 with u = h — h(zp). As above, since h is harmonic and
smooth

|hoz| < colhzl[h.|
< Klh.l,

so that (8.1.17) holds. All claims follow easily. O

We want to discuss a consequence of Theorem 8.1.3.
We look at (continuous) maps

f:D—S?

with
f(OD)  a point, say the north pole.

It is an elementary topological result that the homotopy classes of such maps can be
parametrized by their degree, namely up to a constant factor, with w := dVol (5?),
the volume form of S? for some Riemannian metric, by

/ f*(w), in case f is smooth.
D

That [ p J*(w), for smooth f, depends only on the homotopy class of f is a conse-
quence of Stokes’ theorem. Also, one easily constructs f : D — S? for which this
invariant is not zero. Consequently, not every map f : D — S? with f(0D) a point
is homotopic to a constant map.

Corollary 8.1.7. There exist smooth maps f : D — S% mapping 0D onto a point
which are not homotopic to a harmonic map.

Proof. By Theorem 8.1.3, any such harmonic map is constant, while not every smooth
map as in the statement is homotopic to a constant map. O

Perspectives. In quantum field theory, harmonic maps occur as solutions to the nonlinear
o-problem. The supersymmetric version of this problem recently inspired an extension of the
concept of harmonic maps, the so-called Dirac-harmonic maps[49, 50] that couple the map
with a nonlinear spinor field while preserving the essential structural properties of harmonic
maps. This will be presented in the next chapter.

The method of holomorphic quadratic differentials associated to two-dimensional geo-
metric variational problems was introduced by H. Hopf. He considered the case of closed
surfaces of constant mean curvature in R® (cf. Exercise 4 of this chapter).

The applicability of the Hartman-Wintner Lemma to two-dimensional geometric vari-
ational problems was first discovered by E. Heinz.
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8.2 The Existence of Harmonic Maps in Two
Dimensions

We start with some simple topological preliminaries.
Let N be a manifold.

Definition 8.2.1. m5(N) = 0 means that every continuous map
0:8% =N
is homotopic to a constant map.

Lemma 8.2.1. m(N) =0
<= Any ho,hy € C°(D, N) with hy,,, = hi,,, are homotopic.

Proof.
“«<": Take : D — S? bijective on D with n(dD) = po. For ¢ : S? — N define
ho = @ on,h1 = p(po).
“=": Given hg, h; we define ¢ : S2 — N by
o(p) :==ho(fr(p)) i [fi(p) <1,
o(p) :==hi(f2(p)) i [f2(p) <1,
where f1, fo are the coordinate charts of §1.1.
¢ is continuous since ho, (. _,, = h1.,_,,- If m2(N) = 0, there exists a continu-
ous map
L:S?x[0,1] - N
with
Lis2x {0y = s
L5251y = const.

We now define a homotopy

H:DxI—N
by
. 1 1
H(z,t) := L(f] "(22),2t) for |z| < 5,0 <t< 3
11
H(z,t) == L(f; *(22),2(1 — t)) for |z] < 33 <t<1,
1 1
H(z 1) = L(ff1<ﬁ),4t(1 - |z|)) for <2 <1,0<t<,
z
-1 z 1 1
H(z,t) = L(f2 <ﬁ)’4(1 —1)(1 - |z|)) for 3 <|e| <15 <t<L
z
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Then H is continuous, H|{|;|=1}x {1} = homz‘:l} = hl\{|z|:1} for all ¢, and

H\px oy is homotopic to ho, H|px {1y to hi.

Remark. While the proof is formal, the claim of Lemma 8.2.1 should be geometrically
obvious.

The first aim of this section is the proof of

Theorem 8.2.1. Let ¥ be a compact Riemann surface, N a compact Riemannian
manifold with

7T2(N) =0.

Then any smooth ¢ : ¥ — N is homotopic to a harmonic map f : X — N. f can be
constructed as a map which minimizes energy in its homotopy class.

We need to establish some auxiliary results before we can start the proof of
Theorem 8.2.1.
We say that a continuous map

h:M— N

between differentiable manifolds is of Sobolev class Hllf)cp if it is of this class w.r.t.
any coordinate charts on M and N. If M is compact, we can then also define Sobolev
classes H"P for continuous maps. For a better discussion of Sobolev spaces, see §7.3
below.

Lemma 8.2.2. Let N be a Riemannian manifold, By C By C N, By, By closed. Let
7 : By — By be of class C",
W\BU = id|B0 (8.2.1)

and
|[Dm(v)|| < |lv||  for every x € B1\By,v € TN, v # 0. (8.2.2)

Let M be a Riemannian manifold with boundary OM, and let

h e C°nNHY*(M, By),

(8.2.3)

h((‘?M) C By

be energy minimizing in the class of all maps from M into By with the same boundary
values as h.
Then

h(M) C By. (8.2.4)
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Proof. Let us assume that
Q= hil(Bl\Bo) 7é @

Since h is continuous, € is open, and since h(OM) C By, h cannot be constant on .
Thus
E(hm) > 0.

But then by (8.2.2), since o h € H%? as 7 € C1,
E(moh) < E(h)

contradicting the minimizing property of h. (Note that (7o h)anr = hjaar by (8.2.1)
and (8.2.3).)
Therefore € is empty. O

Lemma 8.2.3. Let N be a Riemannian manifold, By C By C N, By, By compact.
Suppose that every point in B1\Bgy can be joined inside B1\By to 0By by a unique
geodesic normal to OBy. Also assume that for any two such geodesics v1(t), Y2(t),
parametrized by arc length (t > 0) with v;(0) € 0By, i = 1,2, we have

d(y1(8),72(t)) > d(71(0),72(0)) fort > 0. (8.2.5)

Then the conclusion of Lemma 8.2.2 holds.

Proof. We define 7 : By — By as the identity on By and the projection along normal
geodesics onto OBy on Bi\By, i.e. if v(t),t > 0, is a geodesic normal to 0By inside
B\ By, with v(0) € 0By, then m(~(t)) = v(0). This map satisfies all the hypotheses of
Lemma 8.2.2, except that it is only Lipschitz, but not C*. It is not difficult, however,
to approximate 7 by maps of class C! satisfying the same hypothesis, and the result
then easily follows from Lemma 8.2.2. O

Lemma 8.2.4. Let N be a Riemannian manifold, p € N, i(p) the injectivity radius
of p, and suppose that the sectional curvature of N is bounded from above by K, and
let

0<p< émin(i(p), %) (8.2.6)

Let M be a Riemannian manifold with boundary OM, and let h € C° N HY2(M, N)
with
h(OM) C B(p,p) ={q € N :d(p,q) < p}. (82.7)

If h minimizes the energy among all maps with the same boundary values, then

h(M) C B(p, p). (8.2.8)
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Proof. By (8.2.6), we can introduce geodesic polar coordinates (r,¢) on B(p,3p)
(0 <r < 3p). We now define a map 7 : N — B(p, p), given in these coordinates by

m(r, ) = (r,¢) if r < p,
n(r,) = (5p— g, 9) if p <7 <3p,
m(q) =p if ¢ € N\B(p, 3p).

Thus, m maps concentric spheres of radius < 3p onto concentric spheres of possibly
smaller radius. It is clear that on B(p,3p)\B(p,p), 7 is length decreasing in the
r-direction. In order to see that 7 is also length decreasing in the (-directions, let
~v(s) be a curve given in our coordinates by (r,(s)), i.e. a curve in the distance
sphere dB(p,r). For each fixed s, cs(t) := (¢, ¢(s)) is a radial geodesic with ¢s(0) = p,
¢s(r) = ~v(s). Thus

Js(t) == %cs(t)

is a Jacobi field, and

A(s) = Js(r),0 = J5(0) (8.2.9)

and
Dr(¥(s)) = Js(r'), where (17, p) = n(r, ¢), (8.2.10)
- < p<r<3p. (8.2.11)

The Rauch comparison theorem (Theorem 4.5.1) implies that (assume 5(s) # 0)
)] sin(yr)
7)) = Sin(yr)
Consequently by (8.2.9), (8.2.10), (8.2.12)

[Dr((s) < [¥(s)l, i 4(s)) # 0. (8.2.13)

Therefore, 7 is also length decreasing in the (-directions.

7 is not C', but only Lipschitz. It can, however, be approximated by C'-maps
with the same length decreasing properties, and Lemma 8.2.2 then again gives the
result. O

>1, sincer <r<3p< T (8.2.12)

2Vk

We shall also need the Courant-Lebesgue-Lemma.
Lemma 8.2.5. Let N be a Riemannian manifold with distance function d(-,-),
u € H"(D,N)

with
E(u) < K. (8.2.14)

Then

Vxg € D,§€(0,1)3pe€ (5,\/3)Vx1,x2 € D with |z; —xo| =p (i =1,2) :
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(87K)

du(xy), u(xrs)) < ———
(u(an),ufaz)) < (2

(8.2.15)

Nl =

Proof. We first recall the following property of an H? function u:
For almost all 7 > 0, 4|9p(a,,r) is absolutely continuous. (See Lemma A.1.2)
Then for any such r and x1, 29 € D with |z; — x| =7, i = 1,2, we have

ﬂM%%MuDSA

in polar coordinates (r,¢) with center zg, w.l.o.g. B(xzo,r) C D; otherwise, the
integration in (8.2.16) is only over those values of ¢ which correspond to 9 B(zg, r)ND.

By Holder’s inequality
Hdg@ < (2m) é( /
0

L5
1 27 T au 2
E(uB(zy,r) = 5/0 /0 ( o

The energy of u on B(xg,r) is
Consequently, there exists p € (6,v/9) with

aur@Hd

(8.2.16)

H > (8.2.17)

e DR

2m
0 2E o 2K 4K
[ gy < PEla) (KK gy
0 \[ 1 d -3 10g 1) 10g 5
The claim follows from (8.2.16), (8.2.17), (8.2.18). O

As an intermediate result for the proof of Theorem 8.2.1, we now show

Theorem 8.2.2. Let N be a complete Riemannian manifold with sectional curvature
<k and injectivity radius ig >0, p € N. Let

™
0<r< ( ) 8.2.19
r < min RN ( )
Suppose g : 0D — B(p,r) C N is continuous and admits an extensiong: D — B(p,r)
of finite energy.

Then there exists a harmonic map

h:D — B(p,r) C N
with
h\aD =9,
and h minimizes energy among all such maps.
The modulus of continuity of h is controlled by r, k, E(g), and the modulus of
continuity of g, i.e. given € > 0, there exists § > 0 depending on r, k, g such that

|z1 — x2| < 0 implies d(h(z1), h(x2)) < €. Finally, for any o > 0, the modulus of
continuity of h on {z :|z| <1 — o} is controlled by o, r, k, and E(g).
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Proof. We choose r’ with
b Ty
272K

Using the Rauch comparison theorem as in the proof of Lemma 8.2.4, one sees that

r <1’ < min( (8.2.20)

m: B(p,r') — B(p,r),

with 7,y = id, and projecting B(p, ")\ B(p,r) onto dB(p, r) along radial geodesics
satisfies the assumptions of Lemma 8.2.3.

As a first and preliminary application we show that any two points pi,ps €
B(p,r) can be joined inside B(p,r) (and not just in N) by a unique shortest geodesic.
For this purpose, we minimize

E(c)
in
{c:[0,1] = B(p,r') : ¢(0) = p1,¢(1) = pa}.

As in §1.4, the infimum is realized by some curve ¢y with image in B(p,r’). Because
of the distance decreasing properties of m, Lemma 8.2.3 (with By = B(p,r), B1 =
(B(p,r’")) implies that the image of ¢y is actually contained in the smaller ball B(p,r).
Therefore, we may perform arbitrarily small variations of ¢y without leaving B(p,r’).
Therefore, ¢q is a critical point of E, hence geodesic by Lemma 9.2.1. Since p1,ps €
B(p, ), they can be joined inside B(p,r) by a curve of length < 2r < ig. Therefore, ¢
is the unique shortest geodesic between p; and py by the definition of the injectivity
radius 7g. This proves the claim about geodesic arcs. We note that ¢q is free from
conjugate points, again by Rauch’s comparison theorem (Theorem 4.5.1).

In order to find the harmonic map, we now minimize the energy in

V= {ve H"*(D,B(p,r")),v— g € Hy*(D, B(p,7"))}

(the latter is the weak formulation of the boundary condition). Since B(p,r’) is
covered by a single coordinate system, namely normal coordinates, the H*2-property
can be defined with the help of these coordinates.

A minimizing sequence has a subsequence converging in L? by Theorem A.1.8.
We shall see below (Theorem 7.3.2), in order not to interrupt the present reasoning,
that E is lower semicontinuous w.r.t. to L? convergence. Therefore, the limit h min-
imizes energy in V. By Lemma 8.2.3 again, h(D) is contained in the smaller ball
B(p,r), hence a critical point of E because we may again perform arbitrarily small
variations of h without leaving the class V.

We now want to show that h is continuous and control its modulus of continuity.

Let ¢ € B(p,r),v1,v2 € TyN with ||v;]| =1, i = 1,2,

ci(t) = exp,(tv;).

By Rauch’s comparison theorem (Theorem 4.5.1) again, as in the proof of Lemma
8.2.4,

d(c1(t), ca(t)) > d(er(e), ea(e)) (8.2.21)
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for
e<t< = ¢
— _\/E .
With
o= —= —2r
0 - \/E )

for any 0 < ¢ < &g,

BO = B(q7 8) N B(pa 7‘)7
By :=B(p,r)

satisfy the assumptions of Lemma 8.2.3, as any geodesic
c(t) :==exp, tv,[[v]| =1 (v e T,N,q € B(p,r))

leaves B(p,r) for t > 2r (i.e. ¢(t) € B(p,r) = t < 2r; this is a consequence of (8.2.19)
and the resulting uniqueness of geodesics in B(p,)).
We now apply the Courant-Lebesgue Lemma (Lemma 8.2.5). Since h is energy
minimizing,
E(h) < B(@).

For 0 < & < g, we compute ¢ € (0,1) with

(_815(?)5 <e (8.2.22)

For any zg € D, by Lemma 8.2.5 there exists p, § < p < /3, with the property that
for any x1,x9 € D with |x; — 20| = p (i = 1,2),
d(h(z1), h(ze)) < e, (8.2.23)

hence
h(0B(xg,p) N D) C B(g,e) for some g € N. (8.2.24)

Since ¢ is continuous, there also exists ¢’ > 0 with

d(g(y1),9(y2)) <€, (8.2.25)

whenever yi,y2 € 0D satisly |y1 — ya| < ¢'.
We now require in addition to (8.2.22) that also

V<&

Since hjgp = g, with p as above we then have

h(O(B(xo,p) N D)) C B(g,e) for some g € N,

(0(B(z0,p) N D) = (0B(x0,p) N D) U (0D N B(xg, p)). (8.2.26)
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Lemma 8.2.3 then implies
h(B(xo,p) N D) C B(q,¢). (8.2.27)

Likewise, |zo| + p < 1, then 9(B(xo,p) N D) = 0B(z0, p) N D, and so in this case, we
do not need g to control h on 9(B(xg, p) N D).
In particular,
h(B(xg,0) N D) C B(q,e) (8.2.28)

for any xg € D and some ¢ € N (depending, of course, on xg). (8.2.28) is the desired
estimate of the modulus of continuity. The proof of smoothness of h is postponed
until after the proof of Theorem 8.2.2 — see Theorem 8.3.1. O

Remark. We actually shall only need the weaker result that there exists r9 > 0
with the property that for any » € (0,79), the conclusion of Theorem 8.2.2 holds.
As an exercise, the reader should simplify the preceding proof in order to show this
weaker statement. On the other hand, the injectivity radius iy in (8.2.19) can easily
be replaced by ig(r) := min{i(q) : ¢ € B(p,r)}, where i(q) is the injectivity radius
of ¢, without affecting the validity of the above proof. This remark is interesting for
complete, but non compact manifolds /N. In this case, one may have ig = 0, but one
always has ig(r) > 0 for any r > 0 as N is complete.

Finally, D may be replaced in Theorem 8.2.2 by any compact Riemann surface
>} with boundary 9%, with only trivial modifications of the proof.

Proof of Theorem 8.2.1.  We put
[¢] == {veC’*NH"3(Z,N) : v is homotopic to ¢}.
We choose

3

where ig(N) is the injectivity radius of N, and £ > 0 is an upper bound for the
sectional curvature of N. We choose dy < 1 to satisfy

pi= 1min(io(J\f), ﬁ) (8.2.29)

1
8 E 2
( T (f)> <2 (8.2.30)
log 5 2
For every ¢ € (0,00), there exists a finite number of points z; € ¥, i =1,...,m =

m(d), for which the disks B(z;, 3) cover . Here, we may define the disks B(z;, 2)
w.r.t. any conformal metric on 3. We may also arrange things so that around each
x;, there exists a coordinate chart f; with image containing

{zeC:|f(x;) — 2| <1}

and put
B(x;,0) :={z€C:|f(x;) — 2| < d}.
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We let (un)nen be an energy minimizing sequence in [p]. By definition of [¢], all u,
then are continuous. Also, w.l.o.g.,

E(u,) < E(p) for all n. (8.2.31)

Lemma 8.2.5 implies, recalling (8.2.30), that for every n € N, there exists r, 1 €
(6,/) and p, 1 € N with

Un(0B(x1,70.1)) C B(pn,1,p)- (8.2.32)

On the other hand, if u,(0B(x,r)) C B(p,p) for some x € ¥, r > 0, p € N, then
Theorem 8.2.2 (replacing D by B(xz,r)) yields a solution of the Dirichlet problem

h:B(x,r) — B(p,p) harmonic and energy minimizing
with

hoB(,r) = Un|aB(z,r) - (8.2.33)

We replace u,, on B(z1,7,,1) by the solution of the Dirichlet problem (8.2.33) for
T =1, 7 =1ry1. Outside B(x1,7y,1), we leave u, unaltered.

We denote the new map by ul. Since mo(N) = 0, by Lemma 8.2.1, ul is
homotopic to u,, hence to ¢. Thus

uy, € (g

After selection of a subsequence, (ry1)nen converges to some 1y € [0, \/3] By the
interior modulus of continuity estimate of Theorem 8.2.2, the maps (u)) are uniformly
continuous on B(z1,—n) for any n € (0,). Moreover, by Lemma 8.2.4, u}, minimizes
the energy not only among maps into B(p, p), but among all maps into N with the
same boundary values.
Thus
E(ul) < E(uy). (8.2.34)

Repeating the above argument, we find radii r,, o € (4, V/6) with
u'}z (8B($2’ rnﬂ)) c B(pn,27 P)

for points p, 2 € N. We replace u} on B(z2,7,2) by the solution of the Dirichlet
problem (8.2.33) for © = za, r = 7, 2. Again by selecting a subsequence, (7, 2)nen
converges to some 19 € [0, \/S] The new maps u2 are again homotopic to ¢, i.e.

u € [g],

because 72 (N) = 0.
Since the maps u} are equicontinuous on B(zy,d — #) whenever 0 <7 < 4, the
boundary values for our second replacement are equicontinuous on

83(.1'2,7“”72) n B($1,6 — g)



492 Chapter 8 Harmonic maps from Riemann surfaces

Therefore, using the estimates of the modulus of continuity in the proof of Theorem
8.2.2, the maps u?2 are equicontinuous on B(x1,8 — 1) U B(z2,d — n) for any n with
0<n<d.

By Lemma 8.2.4 and (8.2.34)

E(u2) < E(u}) < E(uy) (8.2.35)

as before.

We repeat the replacement argument on disks centered at x3, ..., ZTp,.

We obtain a sequence v, := ul" € [¢] with

E(vy,) < E(up) < E(p), (8.2.36)

which is equicontinuous on every disk B(z;, g), i = 1,...,m, hence on ¥ because
these disks cover ..

After selection of a subsequence, (v, )nen converges uniformly to some map u
which then also is homotopic to ¢. (v, )nen then also converges in L? to u.

By Theorem 7.3.2 we have the lower semicontinuity

E(u) < hnnilng(vn) (8.2.37)
Since u € [p] and (uy,), hence also (v,) by (8.2.36) was a minimizing sequence for
the energy in [p], (8.2.37) implies that v minimizes energy in [p]. In particular, u
is energy minimizing when restricted to small balls. Either from this observation
and Lemma 8.2.4 and Theorem 8.2.2 or alternatively directly from the construction
of u, the modulus of continuity of u is controlled by the geometry of N, more pre-
cisely by ig(IN) and k, and by E(¢). Smoothness of u follows from Theorem 8.3.1. [

With the same argument, one also shows:

Theorem 8.2.3. Let 3 be a compact Riemann surface with boundary 0%, N a com-
pact Riemannian manifold with mo(N) =0, ¢ € C°N HY2(X, N). Then there exists
a harmonic map

u:y — N
homotopic to ¢ with

U)ps = Plo%,
and u can be chosen to minimize energy among all such maps. O
Remark. 1If one does not assume mo(N) = 0, one still obtains a harmonic map

u : X — N with ups = ¢|pz by our reasoning. In that case, however, u need
not be homotopic to ¢ any more. u can be chosen to minimize the energy among all
maps with boundary values given by .

In the sequel, we shall need the following covering lemma:
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Lemma 8.2.6. For any compact Riemannian manifold M, there exists A € N with
the following property: whenever we have points x1,...,x, € M and p > 0 with

X C U B(z4,p)

i=1

and
v & B(wj,p) fori#j,

then {1,...,m} is the disjoint union of A sets I, ..., I so that for all £ € {1,...,A}
and i1,19 € Iy, 11 # io,
B(l‘7172p) N B($i272p) =0.

Proof. We construct I;: We first put z} := x; and iteratively seek points z} €
{z1,... 2} with

4p < d(.%']l,l‘ll) for all ¢ < 7,

until no such point can be found anymore. I is the set of points selected so far. If
x ¢ I, there exists acjl € I; with

d(zg, x]l) < 4p.

We construct Iy iteratively for ¢ > 2: We select any zy, ¢ Uf\;ll Iy, put z{ := x5, and
iteratively seek points xﬁ e{xy,. .., xm\ U§;11 I\ with

4p < d(xf,xf) for alli < j

until no such point can be found anymore.
If xy ¢ Iy, then for each A < ¢, we can find some xj()\) € I, with

d(zy, 7)) < 4p.

All these points x;‘( \) are distinct, and their mutual distance is bounded from below
by p by our assumptions. Therefore, there exists some Ag € N such that there exists
at most Ay points ac;.‘( N satisfying the preceding inequality. The reader should by now
have acquired enough familiarity with the local geometry of Riemannian manifolds
to verify the existence of such a Ag with the required properties. The claim follows
with A := Ag + 1. O

Remark. 1t is easy to see that one may always construct coverings satisfying the
assumption z; ¢ B(xj, p) for i # j.

We now come to the important phenomenon of splitting off of minimal 2-spheres.
Before giving a general theorem below, we first want to isolate the phenomenon in a
simpler situation:
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Theorem 8.2.4. Let ¥ be a compact Riemann surface, N a compact Riemannian
manifold
Up 2 20— N

a sequence of harmonic maps with
E(u,) < K for some constant K.

Then either the maps u,, are equicontinuous, and hence a subsequence converges uni-
formly to a harmonic map w : X — N, or there exists a nonconstant conformal
harmonic map

v:S%— N,

i.e. a (parametric) minimal 2-sphere in N.

Proof. Let
Ap i=sup ||dun (2)]).

zEX
We distinguish two cases.
1) sup A, < o0.
neN

Then (uy,)nen is equicontinuous, because the derivatives are uniformly bounded.
A priori estimates (see §8.3) imply that also higher derivatives of (u,) are
equibounded. By the Arzela-Ascoli theorem, a subsequence converges uni-
formly, and by these regularity results the limit is also harmonic. Alternatively,
the limit is continuous and weakly harmonic, hence smooth and harmonic by
Theorem 8.3.1.

2) sup A, = 0.

After selection of a subsequence, A\, tends monotonically to co, and a sequence

[dun (zn)[| = sup [[dun(2)[| (= An)
zEX

has a limit point zg.
We choose suitable local coordinates for which
{z:|z— 20| <2}

is contained in a coordinate chart. All local expressions will be evaluated in this chart.
We put
D, :={weC:|w <A}

and define
Up: D, — N
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by

vp (W) = up (zo + )\_u;)

By definition of A,

sup ||dv,(w)|| = 1.
weD,

By conformal invariance of F
E(v,) < K.

As n — o0, D,, exhausts all of C. By regularity results for harmonic maps (see §8.3)
after selection of a subsequence, (v,)nen converges uniformly on compact subsets of
C to a harmonic map

v:C— N.

Actually, the convergence takes place even in C?, by a priori estimates for harmonic
maps, see §8.3 and therefore
[dv(0)]] = 1,

and v is not constant. Also, E(v) < K.
The holomorphic quadratic differential defined by v,

i (v(2))vivldz?,

((gij) being the metric of N in local coordinates) therefore yields a holomorphic
function

Y(z) = gij(v(z))v,izvg

/«: 1] < E(v).

By a variant of Liouville’s theorem, see Lemma 8.2.7 below,

of class L, since

P =0

and it follows that v is conformal (see §8.1). It remains to show that v extends as a
harmonic and conformal map
v:S8? = N

where we consider S? as C U {oco}. Thus, one has to show that co is a removable
singularity. In §7.3, it will be shown more generally that conformal harmonic maps
of finite energy on a Riemann surface cannot have isolated singularities. O

Theorem 8.2.5. Let X be a compact Riemann surface, possibly with boundary 0%, N
a compact Riemannian manifold, p € C°NHY2(X, N). Then there exists a harmonic
map

u:Y— N



496 Chapter 8 Harmonic maps from Riemann surfaces

homotopic to ¢, with ujps; = Yjax in case 0% # 0, or there exists a nontrivial confor-
mal harmonic map
v:S% = N.

i.e. a (parametric) minimal 2-sphere in N.

Proof. We only treat the case 9X = (). The case 9¥ # ) is handled with easy
modifications of the argument for 9% = ().

We let

1 T
= ~min(i(N —) 8.2.38
pi= g min(i(V), 57 (8.2.38)
where i(N) is the injectivity radius of N, and x > 0 is an upper curvature bound.

We choose a conformal metric on X. All distances on ¥ will be computed w.r.t.
this metric.

We let
ro:=sup{R>0:Va € X3pe N:p(B(x,2R)) C B(p,37*p)}, (8.2.39)

where A is the integer of Lemma 8.2.6 for M = X.
According to Lemma 8.2.6, there exist finite sets I1,...,I5 and points z; € &
with
A
> =J U Bi,ro) (8.2.40)
t=1iel,

and
B(w;y,2r0) N B(xy,,2r0) =0, whenever 41,1y € Iy, i1 # ig, for some £.  (8.2.41)

We then replace ¢ on every disk B(x;,2rg) for i € I; by the solution of the Dirichlet
problem (8.2.33) for x = x;, r = 2rg. This is possible by Theorem 8.2.1. Since the
disks B(x;,2rp) for i € I are disjoint by (8.2.41), we can carry out these replacements
simultaneously. We obtain a map

u(l) X — N
with
B(u}) < B(g) (8.2.42)
as in the proof of Theorem 8.2.1.
Since
ug(B(zi,2r0)) C B(pi, 37 %p) (8.2.43)

for every ¢ € I; and some p; € N by the maximum principle Lemma 8.2.4, we obtain
from the definition of rg and the triangle inequality

up(B(z,2r9)) € B(p,37p) (8.2.44)

for every z € ¥ and some p € N (depending on z).
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Having constructed uf for 1 < ¢ < A — 1, we construct ug+1 by replacing u§ on
every disk B(x;,2r9), i € Ip41, by the solution of (8.2.33) for x = x;, r = 2ro. We
obtain

E(uy™) < E(uf) (8.2.45)

and
ugt (B(,2r0)) € B(p, 3741 p) (8.2.46)

for every € ¥ and some p € N (depending on z).
We thus arrive at a map

up =uh Y - N
with
E(u1) < E(p) (8.2.47)

and
uy (B(z,2r9)) C B(p,p)

for every x € ¥ and some p = p(z) € N.
Having iteratively constructed u,, : ¥ — N, we construct w,4; by replacing ¢
by u,, and rg by

r =sup{R>0: Ve € X3Ipec N :u,(B(z,2R)) C B(p,3"p)}.
The maps (uy)nen satisty
E(un) < B(un_1) < E(p). (8.2.48)
We now distinguish two cases.

1) s:=infpenrn > 0.

We claim that in this case (u,)nen converges to a harmonic map u : ¥ — N
homotopic to ¢.

We shall first show that the u,, are equicontinuous. We note that for every n,
there exist finite sets I,..., 15 and points z; € X (everything depending on n,
except for A) with

A
2 =J U Bwi.r), (8.2.49)

(=1i€l,
B(wi,,2rn) N B(wiy, 2ry) = 0, (8.2.50)
whenever i1 # i9, 41,42 € Iy for some ¢, by Lemma 8.2.6 again.

By (8.2.49), for every x € ¥, there exists some i € U2\=1 I, with
B(z,s) C B(x;,2ry,). (8.2.51)
There exists £,1 < ¢ < A, with i € I,. Therefore

l
Un|B(z,s)
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is harmonic, since it is even harmonic on the larger disk B(z;,2r,) (u’ is con-
structed in the manner as u§ with u,, instead of .)

Given e with 0 < & < p we consider § with

0 <& < min(1, s) (8.2.52)
and )
8TE B
< T (f) <370 (8.2.53)
IOg 52

For every x € ¥, and n € N there exists Ry (z) with
62 < Ri(z) <o
and some p; € N with
ul (0B(z, Ri(2))) C B(py,3 e) (8.2.54)

by Lemma 8.2.5. Here ¢ is chosen as in (8.2.51), i.e. so that i € I, for the ¢
occuring in (8.2.51).

Since
¢
Up|B(z,R1 (z))

is harmonic and energy minimizing from Lemma 8.2.4 and (8.2.54),
ul (B(z, Ri(z))) C B(p1,3 ™¢). (8.2.55)
We likewise find Ro(z) with
5% < Ry(x) < 62

and
uy (OB (x, Ry(x))) C B(p2,3™"e)

for some py € N. u‘! need no longer be harmonic on B(z, Ry(z)). It is only
piecewise harmonic in case

v := B(x, Ra(z)) N U OB(x;,2ry,) # 0.

i€Ip41
Since
u(7) = 1y () € B(pr,37 )
and
™ (y N OB(x, Ra(x))) C B(pa,37e),
we obtain

uffl('y UdB(x, Ra(x))) C B(pa, 3*A+1€).
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Therefore, the image of the boundary of every subregion of B(z, Ra(x)) on which
u’*! is harmonic is contained in B(pg, 37**1¢), and since of course all maps are
energy minimizing on these subregions, Lemma 8.2.4 gives as usually

ul™ (B(z, Ry(z))) C B(pa, 37 e). (8.2.56)
Iterating, we obtain
R(z) > & (8.2.57)
and p = p(z) € N with

Unt1(B(z, R(z))) C B(p,e) (8.2.58)

(note w1 = ub).

This proves equicontinuity, since § and A are independent of v and x.

Therefore, after selection of a subsequence, (uy,)nen converges to some map u
homotopic to ¢, and by (8.2.48) and lower semicontinuity of F (cf. Theorem
7.3.2),

E(u) < lim E(u,) < E(p). (8.2.59)

n—oo

We want to show that u is harmonic.

Replacing r, by s, we may assume that the points z;, ¢ € Ul are independent of
n. (One may assume, by selecting a subsequence, that the points x;(n) converge
to points x;, and also r, — s as n — 00.)

We first claim that with (u,)nen also (ul)nen converges to u, and that w is
harmonic on every disk B(z;,s) for i € Iy.

Since
E(tuny1) = E(ud) < B(ul) < E(u,), (8.2.60)
Jim (E(un) - E(ul)) = 0. (8.2.61)

Therefore, on each disk B(z;,s),i € I, for sufficiently large n the energy of
uy, deviates only by an arbitrarily small amount from the energy of the energy
minimizing map
1
un\B(aci,s)’
Consequently, considering the gradient DFE of the energy as in Section 6.11, we
obtain
DE(un\B(mi,s)) —0 foriely
Since the maps u,, converge uniformly, the same argument as in the proof of
Theorem 6.11.1 shows that

U|B(x;,s) = nlgrolo Un|B(x;,s)
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is harmonic (and energy minimizing), and then also

U B(a,,s) = WM Uy pe,. o fori € I (8.2.62)

n—oo

Having iteratively shown that (u’),en for some ¢, 1 < ¢ < A — 1, converges to
u and that u is harmonic on every disk B(xz;, s) for i € Iy, we show in the same
manner that (u51),cy likewise converges to u and that u is harmonic on every
disk B(xi,s), i€ Ipqq.

We conclude that w is harmonic on B(xz;,s) for every i € I, and every ¢ €
{1,...,A}, hence on all of 3.
The second case is

inf r,, = 0.

neN "
By selecting a subsequence, we may assume that (r,),en is monotonically de-
creasing and converges to 0.

By definition of 7, for every u, there exist points yg,y1 € 3 with

d(yo, y1) = 2rn, (8.2.63)
d(un(yo), un(y1)) = 37'p =t po. (8.2.64)
We choose local coordinates around yo and denote the coordinate representa-
tions of yo and y; again by yo and y; resp.
For z € C, we put
kn(2) :=yo + rnz

whenever this defines a point in our coordinate chart, and

We thus have maps
Uy Qy — N

with Q,, € C and ©,, — C as n — oo (i.e., in the limit, the domain of definition
of k,, becomes the whole complex plane C, since 7, — 0). Since k,, is conformal,
the maps u,, are piecewise harmonic in the same manner the maps u,, are (see
Corollary 8.1.3).

The maps %, now are equicontinuous by the same argument as in case 1 for
s =1 because for every wg € Q,, (with B(wq,2) C €,,) there exists p € N with

Ty (B(wo,2)) € B(p,371p), (8.2.65)

by definition of r,, because k,(B(wp,2)) is a ball of radius 2r, (w.l.o.g., we
may assume that the chosen metric on 3 coincides with the Euclidean one on
our coordinate chart around yg, as a different metric would only introduce some
fixed factor in our estimates for the ball radii on ¥ and ,,).
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Likewise, as in case 1, after selection of a subsequence the maps (@) converge
uniformly on compact subsets to a harmonic map

v:C— N.
Moreover, by Corollary 8.1.4
E(tine,) = E(tnk, ©,))

< E(up)
< E(p),

hence by lower semicontinuity of E (Theorem 7.3.2)

E(v) <liminf E(u,) < E(p).

n—oo

The holomorphic quadratic differential associated to v,
giw(v(2))vlvida?

((gjx) being the metric of N in local coordinates), therefore defines a holomor-
phic function ‘

¥(2) = gju(v(2))vlvt
of class L', because

/ | < 2B(v).
C

Since every holomorphic function on C of class L! vanishes identically (this
follows by applying Lemma 8.2.7 below to the real and imaginary parts of 1),
we get ¢ = 0, and consequently v is conformal (see the discussion in §8.1).

It remains to show that v extends as a harmonic (and then also conformal) map
v:8% = N,
i.e. that the singularity at oo is removable. This will be achieved in §8.3.

O

Corollary 8.2.1. Let N be a Riemannian manifold with mo(N) # 0. Then there
exists a monconstant conformal harmonic v : S* — N, i.e. a (parametric) minimal
2-sphere in N.

Proof. Since m2(N) # 0, there exists ¢ : S? — N which is not homotopic to a constant
map. By Theorem 8.2.5 either ¢ is homotopic to a harmonic map v : S? — N which
then is also conformal by Corollary 8.1.5, or if the second alternative of Theorem 8.2.5
holds, there also exists a conformal harmonic v : S — N. O
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Lemma 8.2.7. Any harmonic function h defined on all R™ and of class L*(R") is
identically zero.

Proof. By the mean value property of harmonic functions on R",

Ih(zo)| = /B )

, (8.2.66)

1
Vol (B(zo, R))
for any R > 0, zg € R™.

Since
/ h(x) dz| < / (h(@)|dz < [|A] 11 en)
B(zo,R) B(xo,R)

the r.h.s. of (8.2.66) tends to 0 as R — oo. Thus h(zp) = 0. This holds for any
xo € R™. O

Perspectives. Theorem 8.2.1 is due to Lemaire[178] and Sacks and Uhlenbeck[219]. Theo-
rem 8.2.5 is again due to Sacks and Uhlenbeck[219]. Other approaches to these results were
found by Struwe[242], Chang[41] and Jost, see [136]. A detailed proof of Theorem 8.2.1 is
given in [144].

The method of M. Struwe and K.C. Chang consists in studying the associated parabolic
problem. Thus, given ¢ : ¥ — N, one studies solutions of

f:3x[0,00) = N,
f(2,0) = (1),

of _
E('%t) - T(f(Z,t)),

where the tension field is computed w.r.t. the z variable. One can then show that a solu-
tion can develop at most finitely many singularities. These singularities correspond to the
splitting off of minimal 2-spheres. In the limit ¢ — oo, one obtains a harmonic map f.

The construction presented here is refined in [136]. There, also various existence
results for unstable harmonic maps are presented. Any type of critical point theory, e.g.
Morse theory, for harmonic maps in two dimensions has to take the splitting off of minimal
2-spheres into account. In certain instances, however, one may show that this phenomenon
can be excluded. A prototype of such a result is the following

Theorem. Let ¥ be a compact Riemann surface with boundary, N a Riemannian manifold
diffeomorphic to S* (thus, the condition m2(N) = 0 is not satisfied). Let g : % — N
nonconstant. Then there exist at least two harmonic maps fi, fa : X — N with f;jo5 = g.

This result is due to Brézis and Coron[32] and Jost[133].

In order to prove this theorem, one first minimizes the energy over all maps f: ¥ — N
with flos; = g and obtains a harmonic u (see the remark after Theorem 8.2.3). By careful
comparison constructions one then exhibits another homotopy class a of maps from ¥ to N
(not containing u) with

inf{E(f) : f € a} < B(u) + Area ().
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One then shows that if minimizing energy in some homotopy class leads to the splitting off of
a minimal 2-sphere, the energy would be lowered by an amount of at least the energy of that
minimal sphere. Since N is diffeomorphic to S?, the energy of such a minimal sphere would
be at least the area of N. Since, however, u realizes the absolute minimum of energy among
all maps with the prescribed boundary values, the above inequality excludes the splitting off
of a minimal 2-sphere during the minimization of the energy in the class «.

We have described the preceding argument in some detail because it forms a paradigm
for other conformally invariant variational problems (Yang-Mills equations in four dimen-
sions, constant mean curvature surfaces, Yamabe problem, etc.). Some further discussion of
such limit cases of the Palais-Smale condition may be found in [243] and in the references
given there.

Returning to the critical point theory for two dimensional harmonic maps, we also
mention Ding[61] and the survey article [137] where many further references can be found.

In this context, we should also discuss the Plateau problem for minimal surfaces. In
its simplest form, we consider a smooth (or, more generally, a rectifiable) closed Jordan
curve 7 in R® and seek a minimal surface with boundary «. In the parametric version of the
problem, we look for a harmonic and conformal f : D — R® (D = unit disk) mapping 6D
monotonically onto v (a monotonic map between curves is defined to be a uniform limit of
homeomorphisms). In this form, the problem was solved by J. Douglas and T. Rad4. The
problem was then extended by Douglas to configurations of more than one disjoint curves
Y1, -..,vk and/or minimal surfaces of other topological type. He found a condition (the so-
called Douglas condition) guaranteeing the existence of minimal surfaces of some prescribed
topological type. It was also asked whether one may find unstable minimal surfaces with
prescribed boundary. The most comprehensive critical point theory for minimal surfaces in
R® was developed in Jost and Struwe[151] where also references to earlier contributions are
given.

The Plateau problem in Riemannian manifolds (instead of just R*) was solved by
C. Morrey[199]. Results pointing into the direction of a general Morse theory for minimal
surfaces in Riemannian manifolds may be found in Jost[136].

There also exists the geometric measure theory approach to minimal surfaces. Here,
one tries to represent a minimal surface not as the image of a map of a Riemann surface, but
directly as a submanifold of the given ambient space. In the parametric approach, one had to
generalize the space of smooth maps to a Sobolev space, in order to guarantee the existence
of limits of minimizing sequences. For the same reason, in the measure theoretic approach,
the space of submanifolds has to be generalized to the one of currents. A submanifold
of dimension k yields a linear functional on the space of differential forms of degree k by
integration, and so the space of k-currents is defined as a space dual to the one of k-forms.
One may then minimize a generalized version of area, the so-called mass, on the space
of currents. This approach is valid in any dimension and codimension, in contrast to the
parametric one that is restricted to 2 dimensions. If the codimension is 1 and the dimension
at most 7, then such a mass minimizing current is regular in the sense that it represents a
smooth submanifold. Otherwise, singularities may occur. In particular, any smooth Jordan
curve in R* bounds an embedded minimal surface, see Hardt and Simon[118]. For a general
treatment of the concepts and the approach of geometric measure theory, we recommend
Federer[80] and Almgren[6].

Minimal surfaces in Riemannian manifolds have found important geometric applica-
tions. Let us mention a few selected ones.

In the proof of the Bonnet-Myers Theorem (Corollary 4.3.1), we have seen how
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information about geodesics and their stability can be used to reach topological consequences
for manifolds of positive Ricci curvature. This suggests that information about the stability
of minimal surfaces may likewise be used to obtain restrictions on the topology of positively
curved manifolds. The first instance of an important application of minimal 2-spheres in
the presence of positive curvature is Siu and Yau[236]. Micallef and Moore[187] showed that
minimal 2-spheres can be used to prove that any compact Riemannian manifold with positive
curvature operator (i.e. R(-,-) = Q*(M) — Q3?(M) is a positive operator; this in particular
implies positive sectional curvature) is diffeomorphic to a sphere. Also, the sphere theorem
(see Short survey on curvature and topology, above) was proved under the assumption of
pointwise pinching only (i.e. at each point, the maximal ratio between sectional curvatures
is less than 4).

There are also important applications of minimal surfaces in three-dimensional topol-
ogy. The so-called Dehn Lemma, whose first complete proof was given by Papkyriakopoulos,
asserts that if S is a differentiably embedded surface in a compact differentiable three-
manifold M and if v is an embedded curve on S that is homotopically trivial in M (i.e.
[v] =0 € m1(M)) then v bounds an embedded disk. Meeks and Yau[186] showed that in this
case, if we equip M with a Riemannian metric in such a way that S is convex, the solution
of the parametric Plateau problem with boundary = is embedded. Thus, one obtains an em-
bedded minimal disk bounded by «. This represents an analytical proof of Dehn’s Lemma.
The important fact is that we have found a canonical solution of the problem. Assume for
example that some compact group G acts on M, leaving v invariant. One may then average
the metric of M under the action of G and obtain a new Riemannian metric on M for which
G acts by isometries. Since 7 is G-invariant, one may then also find a G-invariant minimal
disk bounded by 7. If one chooses this disk to be area minimizing in its class, one may then
show again that it is embedded. This equivariant version of Dehn’s Lemma of Meeks-Yau
then has applications to the classification of discrete group actions on 3-manifolds, see [14].

8.3 Regularity Results

Regularity results are usually local in the domain (but the distinctive feature of geo-
metric analysis in contrast to standard PDE theory is that regularity is a global
question in the target). Thus, we consider regularity questions for harmonic maps
from Riemann surfaces on the unit disk D. Since we shall see that the regularity
question for harmonic maps on Riemann surfaces can essentially be reduced to the
consideration of isolated singularities, we shall also use the punctured unit disk

D* = D\{0}

Lemma 8.3.1. Suppose f € HY2(D*,R") satisfies

DI dz = [ gle (), DFG)p(e) ds (331)

D*
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for all
¢ € Hy* N L=(D*,R")

where g fulfills
l9(z, f,p)| < co+ rlpl®

with constants co, ¢y for all (z, f,p) € D* x R™ x R*™. Then also

/Df(z)Da(z)dz:/ g(z, f(2),Df(2))o(z)dz
D D

for all o € Hy* N L>®(D,R™).
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(8.3.2)

(8.3.3)

The lemma says that weak solutions of (8.3.1) with finite Dirichlet integral
extend as weak solutions through isolated singularities. Easy examples show that the

assumption of finite Dirichlet integral is essential.

Proof. For k € N, k > 2, we put

1 for r < (3)%
Ak(r) = qlog(3)/logk for (1) <r <4,
0 for r > %,

and for o € Hy® N L>®°(D,R"™),
op(z) = (1 = M(|2]))o(2) € Hy® 0 L= (D*,R™).

‘We now observe that

FordA2 2
/ ‘DAk(|Z|)|2dz=27r/k (—k) rdr=-—""""—50 ask — oo.
D (%)2 dr logk

y (8.3.1),
DIE&Deu(z)dz = [ glz (), DIG)onz) d
D~ D~
Because of f € H? and (8.3.2),

g(z, f(2),Df(z)) € L*.

(8.3.4)

(8.3.5)

Since |pg| < |o| € L and since ¢ converges to o almost everywhere, Lebesgue’s
theorem on dominated convergence therefore implies that for k — oo, the right hand

of (8.3.5) tends to
/D 9(z, f(2),Df(2))o(z)dz.

By (8.3.4), 0 € L*°, f € HY? and by Holder’s inequality, for k — oo,

/ Df(z)D(Ai(2))o(z)dz — 0.
D
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Therefore, the left hand side of (8.3.5) tends to

/ Df(z)Do(z)dz
D

for k — oo, and (8.3.3) follows. O

Corollary 8.3.1. Suppose that ¥ is a Riemann surface, p € ¥, N a Riemannian
manifold, f € H*2(X\{p}, N).
If f is weakly harmonic on X\{p}, then [ extends as a weakly harmonic map to 2.

Proof. A consequence of Lemmas 7.1.3, 8.3.1. O

Remark. Suppose that f: X\{p} — N is localizable and of finite energy

E(f,5\{p}) = / laf|? < oo.

Z\{r}

Then we can define the energy of f on X as

E(f;X) = E(f; E\{p}).
The proof of Lemma 8.3.1 shows that this is meaningful.

Our first aim is to prove the extension result needed in the proofs of Theorems
8.2.4 and 8.2.5, namely that a conformal harmonic map C — N of finite energy
extends to a conformal harmonic map on S? = C U {cc}. While the following results
are correct even without the assumption of conformality, that assumption considerably
simplifies the proofs. We divide the proof into two steps, first continuity and then
smoothness. In order to explain the basic idea of the continuity proof, we first consider
an easy special case, namely N = R"™. We are thus investigating weak minimal surfaces
in Euclidean space:

Definition 8.3.1. A map h € H"2(%,R") from a Riemann surface ¥ is called a weak
minimal surface if h is weakly harmonic and conformal, i.e.

(i)
/(hl.%. + hypy,) drdy =0 (8.3.6)

for all p € Hy? N L®(2,R") (z =  + iy being a conformal parameter on ),

and
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(i)
(8.3.7)

almost everywhere.
We now show

Proposition 8.3.1. Any weak minimal surface h € Hllof (3,R™) is continuous.

Proof. Since the result is local, we may assume X = D, that the point where h has
finite Dirichlet integral (energy) on D.
We consider r € (0,1) and

20 €D, :={z€C:|z] <r},

p = h(zo).
We assume that for almost all z € D, = {|z| = r},
|h(z) —pl > P (8.3.8)

(this means that the minimal surface h(D,.) has no boundary inside the ball B(p,7)).
The plan is to show that if » — 0 then also p — 0 for p satisfying (8.3.8). We
shall then apply the Courant-Lebesgue lemma to the extent that for suitable r, if
|h(z) — p| is small for one z € 9D, then this is so for all z € dD,. Continuity will
then follow from the triangle inequality.
We first consider a general compact Riemann surface S with boundary 0.5 and
a weak minimal surface h € H1?(S,R") with

|h(z) —p| >p forall z € dS. (8.3.9)
We let n € C°(R) satisty

nt)=0 for t>1,
n'(t) <0 forallt

and choose as a test vector

for 0 < p <7p.
Because of (8.3.9), ¢ has compact support in the interior of S. Therefore, ¢ is
an admissible test vector in (8.3.6), and thus

/(hmgpx + hypy)dedy =0 (2 =a+iy). (8.3.10)
S
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We now define . h |
R 2 —Pp
Ay(p) = 5 [ 1DaEn (222,

If 7 is the characteristic function x(_ 1) of (=00, 1), A;(p) is the area of the minimal
surface h(S) inside the ball B(p, p). We compute

A%(P):*%/S\Dhﬂh*p\n’(@) (8.3.11)
and
he@r + hypy =
|h—p‘ 2 ,(|h—pl 1 9 5
i P JIDAE o ( 5 )p‘h_ﬂ{((h—p)-hm) +((h—p) hy)?}. (83.12)

Since the vectors h, and h, are orthogonal and of equal length by the weak confor-
mality of h, we estimate
((h=p) - ha)® + ((h = p) - hy)* < S (B3 + hy)|h — pf?

|Dh|?|h — p|?. (8.3.13)

N — DN —

The factor % will be essential, cf. (8.3.14) below and its consequences. Since 7’ < 0,

(8.3.12) and (8.3.13) imply
|h*P|) 2, (lh=pl\[h—Dp| 2
x¥x 1 Z —)|D (— —|D N
hapa + hypy 77( o)\ (— ) 5, 1PN
(8.3.10) and (8.3.11) then yield

24,(p) — pA5(p) <0,

hence

An(p) !
> 0.
( o ) >0, (8.3.14)
and thus for 0 < p; < py <P,
Aﬂ(pl) < An(pQ) . (83.15)

2mpt T 2mp3
0

We choose a sequence (1, )nen of smooth functions with the above properties
and tending to X(—,1)- By Lebesgue’s theorem on dominated convergence, we obtain
in the limit with

A(p) := Area (h(S) N B(p, p))

the fundamental monotonicity formula for minimal surfaces which we record as
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Theorem 8.3.1. Let S be a compact Riemann surface with boundary 0S and let
h € HY2(S,R™) be a weak minimal surface, and suppose

h(0S)N B(p,p) = 0. (8.3.16)

Then 2“77(;2 is a nondecreasing function of p for 0 < p < p.
The result also holds for 0 < p < oo if S is a (noncompact) Riemann surface
and h € HIIOC2 (S,R™) is a proper weak minimal surface. Here, “proper” means that

the preimage of each compact set in R™ is compact in S.

Proof. The compact case has just been described. The claim for noncompact S
follows by exhausting S by compact subsets. The properness of h guarantees that
(8.3.16) is satisfied for sufficiently large compact subsets. O

We want to determine whether A(Z ; has a limit as p — 0.

2T

Definition 8.3.2. Let T be a surface in a Riemannian manifold N, pe N, A(T, p, p) :=
Area (T N B(p,p)). If

=:d(T
= (T.p)

exists, then this limit is called the density of T at p.
We observe that if T is closed and p ¢ T, then
d(T,p) = 0.

If h is a smooth minimal surface, then as a consequence of the Hartman-Wintner-
Lemma 8.1.7, we have an asymptotic expansion

h.(z0) = a(z — 29)"

with some a € C" (a? = 0 since h defines a minimal surface) at every zy with some
non-negative integer m, cf. Corollary 8.1.6, and

m=0

for almost all zp, because h, has only isolated zeroes.
This easily implies
d(h(S), h(z0)) = m + 1
and
d(h(S),h(z0)) =1 for almost all z.

We now return to the case of a weak minimal surface h : S — R".
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Lemma 8.3.2. Let h: S — R"™ be a weak minimal surface. Then the (lower) density
of h(S) at h(z) is at least 1 whenever

2z €8y :={y €S : his approzimately differentiable at y,
y is a Lebesque point for |Dh|?, and |Dh(y)|* # 0}.
Consequently, for z € Sp,
Area (h(S) N B(h(2),0)) > 2mo®
whenever

h(S) N B(h(2), 0) = 0.

Proof. By the monotonicity formula (Theorem 8.3.1), we need to show that with
K,:={x € S:|h(z) — h(z)| <o},

. 2 >
iy [ 0o e 1,
KQ
Now, with Kj := {z € D, : |h(z) — h(z) — Vh(z)(x — 2)| < e|lr — 2[}
/ dh(z)? > / dh(z)? = / Vh()P,
D, K£NSo K£NSo

where Vh denotes the approximate derivative (see §A.1), and we shall control the
latter quantity from below.

The domain of integration here is controlled by a radius in the image. In order
to estimate the integral, however, we shall need to convert that radius into a radius
in the domain.

We put

1 —
Te 1= Q(E|Vh(z)| + 6)
Then, for

x € B(z,1.) :=={y € B(z,7¢) : |h(z) — h(z) — Vh(2)(z — 2)| < ez — 2|},
[h(x) — h(z)

| <IVh(z)(z = 2)| +ele — 2.
The conformality relations (8.3.7)) now imply
1
[Vh(2)(@ = 2)]* < 5IVA(z)Plz — 2%,

Thus, we obtain

@) = h(2)| < (S5 IVRE) + <)l =2l < o
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for € B¢(z,7.). This implies
B (z,1:) C K,
and so, since K73 \ (K M Sp) is a null set,

1

2772
h 2> £ h 2
m | IVREP 2 TS VAGE,

KZOSO

up to an error term (arising from having B¢(z, r.) in place of B(z, r.)) which, however,
goes to 0 as p, and hence also r. tends to 0, because h is approximately differentiable
at z.

Inserting the value of r., and letting first o and then ¢ tend to 0, we obtain

The integrand, here, however, is |Vh(z)|?, i.e. the value at the center z, and not
|Vh(x)|?. Thus, in order to complete the proof, we need to estimate

1
21 02

/ [[Vh(z)]> — |Vh(z)]?| da.

KEOSO

Again, we need to translate the radius in the image into one in the domain, but this
time with an inequality in the opposite direction.
W.lo.g. € < |Vh(2)|, and so for z € K3 N S,

|z — 2| < o(|Vh(z)] — 5)_1 =: R.,
ie.
K; NSy C B(z Re).
Therefore,

1
w [ VG - VAP de
K5NSo
1 1

= (VR =2 2n 2

/ |[Vh(z)]> — |Vh(z)]?| dz.

B(z,R:)NSo

If we then let p, and hence R, tend to 0, the last integral also goes to 0 because z is
a Lebesgue point for |dh(z)|?. Thus, the proof is complete. O

In order to also include points where h is not approximately differentiable, or
that are not Lebesgue points for |dh(z)|?, we now claim that the lower density

L AGS). Bz, p)
p—0 27Tp2
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is an upper semicontinuous function of z.
Let p, — 0 for n — oo.
By the above, we find sequences (z5,)nen C S, (€n)neny C R, €, — 0 as n — o0,

|h(2) = h(zn)| = €npn-
Then, since B(h(zy), (1 —en)pn) C B(h(z), pn),
A(h‘(S)7 h(Z), pn) > A(h(S), h(zn)v (1 — 5n)pn)
2mp - 2mp;,
_ A(h(S), h(zn), (1 — €n)pn) (1-e,)
27((1 — €n)pn)? "
> d(h(S),h(z,))(1 —€,)* by monotonicity at h(z,),

and upper semicontinuity follows. O
We now return to the

Proof of Proposition 8.3.1. Put S = D,. The preceding argument, Lemma 8.3.2
and Theorem 8.3.1 say

Alp)
1< —= 8.3.17
S g ( )
for 0 < p < p, unless Vh = 0 locally, which, however, represents a trivial case.
Since .
Ap <5 [ DA (8.3.18)
2 D,
and
lin% |Dh|?> =0 monotonically
r—=0JD.,

(it follows by applying Lebesgue’s theorem on dominated convergence to fxp, that
lim, o [, f =0 for any integrable f), we conclude from (8.3.17) that

p—0 asr—0.
This means, by definition of p,

zelngr |h(z) — h(zo)] — 0. (8.3.19)

On the other hand, the Courant-Lebesgue-Lemma 8.2.5 says that for any ro < 1,
there exists r with rg < r < \/rg such that for all 2,2’ € dD,.,

[h(z) = h(z)] < (I:ng) </D

”

1

|Dh|2> , (8.3.20)

70

and the right hand side goes to 0 when ry — 0, hence r — 0.



8.3 Regularity Results 513

Let now € > 0 be given. We then find sufficiently small » > 0 so that first
the right hand side of (8.3.20) is smaller than £ and that for every zp € D,, the

3
infimum in (8.3.19) is also smaller than . For zq,2) € D,, let then z and 2’ resp.,
be points in 9D, where the infimum in (8.3.19) is attained. The triangle inequality
gives |h(z0) — h(z()| < &, hence continuity. O

We now want to prove continuity of weak minimal surfaces in Riemannian man-

ifolds.

Definition 8.3.3. A map h € H}-? (X, N) from a Riemann surface ¥ into a Rie-

loc
mannian manifold N is called a weak minimal surface if it is weakly harmonic and

conformal, i.e.
(i)
/(dh7dgp> =0, (8.3.21)
b

for all compactly supported bounded H? sections ¢ of h~*T'N ({-,-) here is
the scalar product in T*X @ h='TN),

(i)

(h )= éhyv hy), (8.3.22)

amhw
{has hy)

almost everywhere ({-,-) here is the scalar product in h=!TN).
For (i), cf. Definition 7.1.3 and Lemma 7.1.2.

In contrast to the existence theory, for regularity results we do not need the
compactness of the ambient manifold N. It suffices to have a uniform control on the
geometry of N:

Definition 8.3.4. We say that a Riemannian manifold N is of bounded geometry if

(i)
i(N) := inf i(p) >0
i(N) = inf i(p) >0,
where i denotes the injectivity radius,
(i)

A = sup|K| < oo,
N

where K denotes the sectional curvature.

Theorem 8.3.2. A weak minimal surface H € H-? (3, N) (X a Riemann surface)

loc
in a Riemannian manifold N of bounded geometry is continuous.
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Proof. We shall translate the argument of the above Proposition from the Euclidean
case into a Riemannian context. Thus, the strategy of proof will be the same as
before.

Again, it suffices to treat the case ¥ = D, h € H“?(D, N), and to prove continuity
at 0.

We let
1 s
0< <—min(—,iN),
0<r<i,

z0 € D, ={|z| <7}, p:=h(z).
We assume that for almost all z € 9D, = {|z| = r},
d(h(z),p) >p (8.3.23)
with
0 <p < po,

where d(-,-) denotes the distance function of the metric of N. As before, we let
n € C(R) satisfy
1
n(t) =1 for t§§,
n(t) =0 for ¢>1,
n'(t) <0 for all ¢,

and again, we later on let 7 increase to the characteristic function X (oo, 1)-
We now choose as test vector

ole) = o A2

¢ is bounded, of class H"?, namely

/(d(p,dga> < const/(dh,dh) < 00,

for example by (8.3.26) below, or directly from the chain rule, and by (8.3.23), it has
compact support in D,.. Therefore, ¢ is an admissible test vector, and by (8.3.21)

/ (dh, dip) = 0. (8.3.24)
b

)(— cxpg(lz) p) € T()N.

In order to evaluate (8.3.24), we compute

(dp,dh) = (Vaggodac + V.o pdy, hydx + hydy)

= ﬁ(@) (<V% (—exp, ' p), ha) + <V% (—exp, ' p), hy)) (8.3.25)

+1 (d(f;p)) pd(,lhp) (((=expy, ' p), ha)® + ((— exp,, ' p), hy)?)
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(cf. (4.6.6)).
We have to estimate the covariant derivatives of (—exp; ' p).
For this purpose, let h(s) be asmooth curvein N. Inorder to control V 2 exp;(ls) D,

we consider the family of geodesics
c(t, s) 1= exppq)(t exp;(ls) D).

Then
8 t o _1
ac( 75)\t=0 = XPpsy P
and thus
0
\Y 2 exph(s)p \Y 25 c(t, s)i=o
0
= V% ac(t, 5)\t=0 .
For fixed s, J,(t) := %c(t, s) is a Jacobi field along the geodesic c(-, s) with

, oh
J(0) = W(s) =2
Jo(1) =0 € T,N,
. _ 9]
Js(0) = V% exph(ls)p EJS(O)

From Corollary 4.5.1, we have the Jacobi field estimate
. 1
17:(0) + Jo(0)l < 5 Ad*(h(s), p)||T5(0)]],

hence

IV 2. expy iy p+ 1 (s)]| < Ad?( (5), p) I (3)]]- (8.3.26)

We shall use (8.3.26) to compare Vai exp; p with hy.
The conformality relations

(hg, hg) = (hy, hy), (hy, hy) =0 almost everywhere,
imply

(expy, ' o) + (expy, " p, hy)? < S (1hall® + [lhy %)l expy,* pll?

>—l\DI>—~

(8.3.27)
= 5|ldh|* - &*(h, p).

The factor % will be crucial.

We define ) d(h.p)
I 2 P
Al)i= [ anin(FE2).
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Then, because of (8.3.23) and p < 7,

M) = =5z [ NaniPacn oy (F52)

From (8.3.25), we get, since <0, n > 0,
d(h,p _ _
2(di, dh) Zn(%) ((V . (= exp, h), ha) + (V o (—exp, b))

(d(f; )) A p) a2 by (8.3.27)

>y (1 )||dh||2 o (AL L) 2

- %”(d(h ))dQ(hm)llthIZ by (8.3.26)

+

=_

and then from (8.3.24),
24,(p) — pA(p) < Ap*A,(p). (8.3.28)

This implies

hence

Ag(pr) 850 An(p2) a2 (8.3.29)

whenever
0<p1 <p2<P.

We again let n approach the characteristic function x(_,1) and obtain with
Alp) = Area (h(D,) N B(p, p))

the following monotonicity formula

A 2 A 2
(p12) 407 < (sz) R (8.3.30)
27 py 2mp5

whenever 0 < p; < p2 < p.
Again, if py — 0, the left hand side of (8.3.30) tends to the density of the
minimal surface h(D,) at p = h(z), and this density again is a positive integer.
Therefore, choosing ps = p in (8.3.30),

7 <o [ an)?
P=3

Yi§ D,

1

P?)/ |dh|>  since B < po.

T

(8.3.31)
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This is impossible, if r < ry and rg is chosen so small that

/ |dh]|? < 2me™
D

0

A2
2

Pop?. (8.3.32)

Therefore, for such r, (8.3.23) cannot hold. Thus, for 0 < r < rq,

i <. ..
ess inf d(h(2), h(z0)) <7 (8.3.33)

Also, by the intermediate value theorem, we can find r with %7“0 <r <rgand

/ 2m 2 %
d(h(z), h(#)) < M(/D \|dh|| ) (8.3.34)

for all z, 2" € 0D, (this is an alternative to the use of the Courant-Lebesgue lemma
8.2.5, the proof is similar).
We then choose rg so small that in addition to (8.3.32)

log 2
/ ldn||> < =225 (8.3.35)
D 47
0
For zy, 2, € D, %ro < r < rg, r satisfying (8.3.24), we find z, 2’ € 9D,. for which the
infimum is attained in (8.3.33) for zy and z{), resp. Then from (8.3.33) and (8.3.34)
and the triangle inequality

d(h(z0), h(z)) < 3p.

Since this holds for all zp, 2, € D,, where r is estimated in terms of p, continuity at
0 follows. O

Perspectives. In Theorem 8.3.2, we have shown that weakly harmonic and conformal maps
of finite energy from a Riemann surface into a Riemannian manifold (of bounded geometry)
are continuous. The conformality of the map is not needed for this regularity result as was
shown by Hélein[121]. A systematic treatment is given in [122]. The removability of isolated
singularities of weakly harmonic maps was already obtained by Sacks and Uhlenbeck[219].
The proof of the continuity of weak minimal surface given here partly uses some arguments
of Griiter[112].

Exercises for Chapter 8

1. Show that every two-dimensional torus carries the structure of a Riemann sur-
face.
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2. Determine all holomorphic quadratic differentials on a two-dimensional torus,

and all holomorphic quadratic differentials on an annular region {z € C: ry <
|z| <72} (0 < ry <rg) that are real on the boundary.

Show that the conclusions of the Hartman-Wintner-Lemma 8.1.7 continue to
hold if (8.1.17) is replaced by

|Uz2| < K(‘Uz| + |u\)

We let ¥ be a Riemann surface and H : R3 — R be a smooth function. For a
map f: ¥ — R3 we consider the equation
( 02 02

= a_yQ)f =2H(f(2))fs A fy

where z = Kk + iy is a conformal parameter on ¥ and A denotes the standard
vector product in R3.

a: Show that, if f is conformal, H(f(z)) is the mean curvature of the surface
f(X) at the point f(z).
b: If ¥ = S2, show that every solution is conformal.

c: If ¥ is the unit disk D and f is a solution which is constant on 0D, show
that it is constant on all of D.

d: Show that for a nonconstant solution, f, and f, have only isolated zeroes.

e: At those points where f, and f, do not vanish, we define

T fe A fyl
e fo A
M= Al
e Fe A )
Ne== T

(using the Euclidean metric of R3).

Show that for a solution with H = const. ¢dz? := (L — N — 2iM)dz? is a
holomorphic quadratic differential.
Conclude that ¢, since holomorphic and bounded, extends to all of ¥ as a
holomorphic quadratic differential.

f: If H = const and ¥ = S?, show that every solution f(¥) has constant and
equal principal curvatures at each point. Conclude that it is a standard
sphere of radius \/Lﬁ ie. f(X)={z€eR®:|z—ao|> =%} for some .

(Hint: Use a), b), e) and Lemma 8.1.4.)
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Remark: By the uniformization theorem, every two dimensional Riemannian
manifold M diffeomorphic to S? admits the structure of a Riemann sur-
face and a conformal diffeomorphism K : S%2 — M. It thus is conformally
equivalent to S2. The exercise then implies that every surface diffeomor-
phic to S? and immersed into R? with constant mean curvature is a stan-
dard “round” sphere. This result, as well as the method of proof presented
here, were discovered by H. Hopf.

5. Prove Theorem 8.2.3, assuming only that N is complete but not necessarily
compact.



Chapter 9

Variational Problems from
Quantum Field Theory

9.1 The Ginzburg-Landau Functional

A prototypical situation for the functionals that we are going to consider is the fol-
lowing:

M is a compact Riemannian manifold, £ a complex vector bundle over M, i.e.
a vector bundle with fiber C", equipped with a Hermitian metric (-,-). We consider
sections ¢ of E and unitary connections D4 = d + A (locally) on E. Here, “unitary”
of course means that A is skew Hermitian w.r.t. (-,-). We denote the curvature of
Da=d+ Aby Fu, and we write || for (i, ¢)2.

We consider Lagrangians of the type

L, A) = / (M IFAl? + 72 Dagl? + 3V () (1) (9.1.1)
M

Here v1, 72, v3 are positive constants, while V(-) is some “potential”. If V(¢) is
quadratic in |¢], e.g.
V(p) =m?|gl?, (9.1.2)

the resulting Euler-Lagrange equations are linear in ¢,
D% Dap +m?p = 0. (9.1.3)

The Euler-Lagrange equations also contain a equation for variations of A, namely

. 1
YD Fa = *572(<907DA¢> + (Dagp, p)) (9.1.4)
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(see also the proof of Lemma 9.1.1 below for the derivation of these equations).

It leads to a richer structure, however, if we allow V(¢) to be a polynomial of
higher than quadratic order in |p|. Of particular interest to us will be the case of a
fourth order polynomial, for example

Vip) = (o —leP)?,

for some o € R.

We first consider the case where the base manifold is a compact Riemann surface
> equipped with a conformal metric, and where the vector bundle is a Hermitian line
bundle L, i.e. with fiber C, and a Hermitian metric (-,-) on the fibers.

Definition 9.1.1. The Ginzburg-Landau functional for a section ¢ of L and a unitary
connection D4 = D + A on L is defined as

1 2
L(p,A) = / (IFal + 1Dagl* + 7 (0 = 10)) (1), (9.1.5)
5
for o € R.
The reason for the factor % will emerge in a moment. A simple calculation yields

Lemma 9.1.1. The Euler-Lagrange equations for the Ginzburg-Landau functional
are

. 1
DiDap = 5 (0 = I¢l*) o, (9.1.6)

D3 Fy =—Re(Dap, o). (9.1.7)

Proof. The term [ |Fa|* was handled already in §3.2 when we derived the Yang-Mills
equation. Varying

/ (Dag, Dag) (9.1.8)
w.r.t. A yields

d

pn (DayiB®, Datig)|i=o :/(<DA¢,B¢>+<B¢,DA¢>).

Thus (9.1.7) readily follows (cf. also (9.1.4) above). Varying (9.1.8) w.r.t. ¢ yields

G [(Dalo+ t0), Date + 6o = [ (D3Dag.0) + (5. D3Dap))

Finally, the right hand side of (9.1.6) obviously arises from varying

[3(e-1epy?
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w.r.t. . O

Remark. (9.1.7) is linear in A. Namely, as explained in §3.2 (cf. (3.2.24)), for an
abelian structure group, D% F4 becomes d*Fy, and so (9.1.7) is

d* (0A”" —9A") = —Re ((d+ A)p, p)
(in the notations of (9.1.12) below) which is obviously linear in A (but not in ¢).

Since D4 is a unitary connection, A is a 1-form with values in u(1), the Lie
algebra of U(1). This Lie algebra will sometimes be identified with iR. (U(1) is a
subgroup of the Lie group Gl(1, C), and u(1) is a subalgebra of the Lie algebra gl(1, C).
The latter can be identified with C. Likewise, G1(1,C) can be identified with C*, the
nonvanishing complex numbers, and U(1) then corresponds to to the complex num-
bers of the form e’ ¥ € R. Taking derivatives, u(1) then corresponds to the complex
numbers of the form it, t € R.) Thus, A, A»Y A% and the curvature F4 will then be
considered as imaginary valued forms. This will explain certain factors ¢ appearing
in the sequel.

We should point out that the convention adopted here (which is a consequence
of more general conventions used in other places in the present book) is different
from the convention employed in the physics literature, where one writes a unitary
connection as

d—1iA
with a real valued A. In other words, our A corresponds to —iA in the physics liter-
ature.

We decompose Q', the space of 1-forms on ¥, as
Ol — M0 g Q01 (9.1.9)
with QU0 spanned by 1-forms of the type dz, Q%! by 1-forms of the type dz. Here, z

of course is a local conformal parameter on X, and with z = x+1iy, we have Z = z —iy.
From the beginning of §8.1, we recall the conventions

dz = dz + idy, dz = dx — idy,
9 _1(9 ;9 9_1(9 ,9
0z 2\ox 0y)’ oz 2\0x Oy’
If %, 8% are an orthonormal basis of the tangent space of ¥ at the point under

consideration, we get
(dz,dz) = (dx + idy, dz + idy)
= (dx, dz) + i{dy, dz) — i{dz, dy) + (dy, dy)
=2,
(dz,dz) = 2,
(dz,dz) = 0.

(9.1.10)



524 Chapter 9 Variational Problems from Quantum Field Theory

The last relation in (9.1.10) implies that (9.1.9) is an orthogonal decomposition. We
may also decompose D4 into its (1,0) and (0,1) parts

Dy =04+ 5,4.
Thus
Oap € QV(L), 90 € Q%Y(L), for all sections ¢ of L. (9.1.11)
We also write _ _
Oa=0+A" 94=0+ A" (9.1.12)
with _
d=0+0

being the decomposition of the exterior derivative. Here we have
0 0
of = fdz, of = fdz for functions on X.

We write the conformal metric g on 3 in our local coordinates as

p*(2) dzdz.
Given zy € X, we may assume that

p*(20) =1, (9.1.13)
simply by replacing our coordinates z by )z We may then describe the action of

the * operator of the metric p?dzdz at zg as follows

xdz = *(dz + idy)

=dy — idx
= —idz, (9.1.14)
xdZ = idz. (9.1.15)
We also recall
dz N\ dz = —2idx A dy, (9.1.16)
hence
x(dz N dz) = —2ix(dz N\ dy)
=2 (9.1.17)
and
x(1) =dz Ady

= %dz A dz. (9.1.18)
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We compute

a0ap = (0+ A ) o (0+A)
=00p+ A0 N0+ AV N Ao+ (9AND) o — AV N Dp (9.1.19)
= O7

since 99 = 0 and AL0 A ALY + 9AL0 is a (2,0)-form which has to vanish as 3 has
complex dimension 1.

Likewise e
00=0 (9.1.20)
Moreover,
04040 = 00p + AVO N Dp + AVO A AV + (8A0’1) @ — A% A Dy,
0404 = 5&,0;1— A% /\_8<p + AT A A0 (5141’0) o — AV A Dp (9.1.21)
=—040ap + (6/11’0 — 8A0’1) ®
= —040a¢ — Fa,
ie.
Fp=— (0404 + 0404). (9.1.22)

Theorem 9.1.1. We have

L(p, A) = /<2|5A<,0|2 + (*(—zF) - %(0’ - |@|2))2>*(1) +2nodeg L (9.1.23)
5

with
deg L := ¢1(L)[%] (the degree of the line bundle L).

Proof. We compute (writing F' in place of F4)

/(*(—z‘F) - %(a - |<p|2))2*(1) _ /(|F|2 + ;1(0 —|¢|?)? = o%iF * iF (¢, @)*(1).
(9.1.24)
Now

/ ciF(1) = / iF = 2mey (L)[5] = 27 deg L. (9.1.25)
Also, using (9.1.22),
/(*iF(p, w)x(1) = /<—Z (8,45;1 +5A8A) P, *QD> x(1).

In order to proceed, let 2y € 3, and choose Riemannian normal coordinates with
center zp. Thus, p?(z0) = 1, and the first derivatives of the metric vanish at zg. Also,
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we apply a gauge transformation so that A(zp) = 0 (see Lemma 3.2.3). Since we are
not going to commute any derivatives any more, no second derivatives of the metric
or first derivatives of A will enter our subsequent computations at zy, and we may
therefore proceed with our computations as in the Euclidean case. Thus, we have to
evaluate

/<—i((<pg)zdz Az + (p.)=dZ A d2), %godz A dz)x(1)
—— [2((@9: 7 - ()= B)()

(since (—idz A dZ,idz A dZ) = —|dz A dZ|* = —4,as (-,-) is Hermitian)
= 2/(%@ — :9=)*(1)
=~ [ (100 = Bagl?)+(1)

(the factor 2 disappears since (dz,dz) = (dz,dz) = 2, and in our coordinates dp =
©.dz etc.). Thus we have shown

= [tiPe.o)1) = [ (0l - [Barl?) x(1). (9.1.26)
Finally, of course 3
|Dagl® = 0a¢l* + |0a¢l?, (9.1.27)

since the decomposition
Ql _ Ql,O o QO,I

is orthogonal. The result then follows from (9.1.24) — (9.1.27). O

Theorem 9.1.1 has the following useful consequence

Corollary 9.1.1. Assume deg L > 0. Then the lowest possible value permitted by the
global topology of the bundle for L(p, A) is realised precisely if ¢ and A satisfy the set
of first order differential equations

dap =0, (9.1.28)
i) = 5 (0~ [P, (9.1.29)
O

Remark. If deg L < 0, then these equations cannot have any solution, because for
any solution, L(p, A) would be negative by (9.1.23) whereas we see from (9.1.5) that
for any ¢, A, L(p, A) > 0. Thus, in case deg L < 0, one has to consider the selfduality
equations arising from the following expression for the Ginzburg-Landau functional:

L(p, A) = /(2|8A<p\2 + (#(—iF) — %(0 - |<p|2))2)*(1) —9rdegL,  (9.1.30)
b
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which is derived through the same computations. W.l.o.g., we shall assume deg L > 0
in the sequel.

Integrating (9.1.29) yields the inequality

2w deg L = /zF = %/(O’ — |e]?)x(1) < %Area(E),

with

Area (X) :/*(1).

P

Thus, a necessary condition for the solvability of (9.1.29) is

4 deg L
> —— .1.31
7= Area (%)’ (9-1.31)

and in fact, we must have strict inequality in (9.1.31) unless ¢ = 0.

Corollary 9.1.1 constitutes another instance of the phenomenon of selfduality
that we already encountered in §3.2 when we discussed the Yang-Mills functional on a
fourdimensional Riemannian manifold. The equations (9.1.28), (9.1.29) are also called
selfduality equations because the solutions of these first order equations are precisely
those solutions of (9.1.6), (9.1.7) that realize the lower bound imposed by the topology
for the functional and, if they exist, yield the absolute minima for the functional
considered. In fact, this remark, namely that these equations hold for the absolute
minima, makes it clear that any solution of (9.1.28), (9.1.29) automatically also solves
(9.1.6), (9.1.7), as the latter are the Euler-Lagrange equations for the Ginzburg-
Landau functional, and as such have to be satisfied in particular by minimizers of
that functional. Of course, it may also be checked by a direct computation that
solutions of (9.1.28), (9.1.29) also solve (9.1.6), (9.1.7).

The selfduality may be generalized as follows. Instead of L(p, A), we consider
for e > 0,

Lol A) i = [{@IFAP + 1Dl + 150 — o) }(1)

. . (9.1.32)
= [{2aeP + (exF) = 50~ 0P) (1) + 2m des L,
which leads to the selfduality equations
Oap =0, (9.1.33)
1
ex(iF) = 5(a —|pl?). (9.1.34)

Still more generally, in place of €, one may consider a function f(z) on X, for example,
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€ This leads to the functional

Ee]
Lo (p,A) = L\F (2)]*+|D (z)‘2+i((,_| %)2e(2)? p #(1)
A I VPPl Al T ge T
= / {2|5A<p2 + (L*@F) Lo |¢>|2)|¢|)2} (1) 4 2m deg L
lo(2)] 2¢
(9.1.35)
with the selfduality equations
dap =0, (9.1.36)
, 1
x(iF) = Jlo- o) el? (9.1.37)

The functionals L. and L sy are quite important for studying phase transitions in
superconductivity.

For studying solutions, the following consequence of the maximum principle is
very useful

Lemma 9.1.2. Let X be a compact Riemann surface with a conformal metric, L as
before. For any solution of (9.1.6), hence in particular for any solution of (9.1.28),
we have

ol <o onX. (9.1.38)

Proof. From (9.1.6), we obtain

SAp,0) = (D" Dap,¢) —{Dap, Dag)  (cf. (3:2.7)
1

= 5(0 = [pl)lel® = [Dagl*.
Let 29 € ¥ be a point where |p|? achieves its maximum. We may assume A = 0 at
2o (cf. Lemma 3.2.3), hence D4p = 0 at z. If we had |¢(z0)| > o, then at 2z

Alpl? <0,

which contradicts the maximum principle. O

Perspectives. It was shown by Taubes[245] that on R?, one may solve the Ginzburg-Landau
equations with any given finite collection prescribed as zero set for ¢, with prescribed mul-
tiplicities. This result was extended to compact Riemann surfaces by Bradlow and Garci
a-Prada, and these authors also found generalizations on higher dimensional Kéhler mani-
folds. References include [29, 30], [91, 92, 93]. We should also mention Hitchin’s penetrating
study[127] of the equations

dap =0,
Fa+[p,¢]=0
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on a compact Riemann surface.

The limit analysis for € — 0 of the functional L.(¢, A) and the solutions of the equa-
tions (9.1.33), (9.1.34) on a compact Riemann surface has been carried out by Hong, Jost,
Struwe[128]. The result is that away from the prescribed zero set of . (the “vortices”), |¢e]
uniformly converges to 1, and D4, pe and dA. uniformly converge to 0, whereas the curvature
in the limit becomes a sum of delta distributions concentrated at the vortices. Of course,
the number of vortices counted with multiplicity has to equal the degree of the line bundle
L, deg L. This result thus yields a method for degenerating a line bundle on a Riemann
surface into a flat line bundle with deg L singular points (counted with multiplicity) and a
covariantly constant section.

Results for the ¢°® theory on a compact torus can be found in Caffarelli, Yang[36],
Tarantello[244], Ding, Jost, Li, Wang[63]. For the case of S?, see Ding, Jost, Li, Wang[64].
The general case was solved by Ding, Jost, Li, Peng, Wang[62].

9.2 The Seiberg-Witten Functional

Let M be a compact, oriented, four dimensional Riemannian manifold with a spin®
structure P, i.e. a spin® manifold. (As mentioned in §1.11, in the four dimensional
case, there always exists some spin® structure on a given oriented Riemannian man-
ifold.) As in Definition 1.11.10, the determinant line bundle of this spin® structure
will be denoted by L, and as in Definition 3.4.1 (ii), the Dirac operator determined
by a unitary connection A on L will be denoted by @4. Finally, we recall the half spin
bundle 8* defined by the spin® structure, as remarked after Definition 1.11.10 (we
omit the subscript for the dimension, as the dimension is fixed to be 4 in the present
section). By Lemma 3.4.5, #4 maps sections of §* to sections of §F.

Definition 9.2.1. The Seiberg- Witten functional for a unitary connection A on L
and a section ¢ of 87 is

R 1
SWip.A)i= [ (IVagl + IELP + TloP + glol)s),  (921)
M

where V4 is the spin® connection induced by A and the Levi-Civita connection of
M (cf. (3.4.6)), Ff is the selfdual part of the curvature of A, and R is the scalar
curvature of M.

The discussion of the Seiberg-Witten functional will parallel our discussion of
the Ginzburg-Landau functional in §9.1. In fact, the structure of SW is quite similar
to the one of L, containing a square norm of the curvature of the connection A, the
square of the norm of the covariant derivation of p, and a nonlinearity that is a fourth
order polynomial in |p].
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Lemma 9.2.1. The Euler-Lagrange equations for the Seiberg- Witten functional are

. R 1
ViVap =— (Z + Z|<p|2> ©, (9.2.2)
d*Fi = —Re(Vap, ). (9.2.3)
Proof. As the proof of Lemma 9.1.1. O

In order to proceed, we need to associate to s € S the 2-form 7(s) defined by
7(s)(v,w) 1= (v-w-s,8) + (v,w)|s|.
Lemma 9.2.2.
7(s) € A>T (iR)

(i.e. 7(s) is a selfdual 2-form that assumes imaginary values), and

[m(s)* = 2]s[*.

Proof. We first show that 7(s) takes imaginary values. We start with the skew
symmetry.

7(8)(v,w) = (v-w- s, 8) + (v,w)|s|?
= {(~w-v—2(v,w))s,s) + (v,w)|s|?

= —7(s)(w,v),

next,

7(s)(v,w) = {v-w-s,s)

= (w-v-s,8) + (v,w)|s|* for the same reason

= 7(s)(w,v)

= —7(s)(v,w) by skew symmetry.
This implies that 7(s)(v,w) is in iR.
For the computation of |7(s)|?, we recall that the spin representation I' : C1°(IR*)
— C***, and the half spin representation that we shall now denote as I't: C1“¢(R*) —
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S} = C?. We write s = (s!, s?) € C? and obtain from the formulae for I'(e,, es) from
§1.11,

7(s)(e1, ) = i(s's? + s7s1) = 7(s)(es, ea),
7(s)(e1,e3) = s's? —s%sl = —7(s)(ea, e4),
7(s)(e1, eq) = i(s'st —s2s2) =  7(s)(eq, €3).

This already implies that 7 € A%+,
We may now compute

m(s)F = Im(s)(eir e))?

i<j
=2 ((s sU— 5252)2 4+ (s's2 4+ s%s1)2 — (s's2 — 32?)2)
=2|s|.
O
In more explicit terms we may write
7(s) = (ej - e - 5,8)ed AP
where €’ is a frame in 7*M dual to the frame e; on TM (j =1,...,4).
Theorem 9.2.1. The Seiberg- Witten functional (9.2.1) can be expressed as
SW(p, A) = /(|@A<p|2 + |F§ - }l<ej cek - @, o)l A ekyz)*u), (9.2.4)
M
where €/, j = 1,...,4, are 1-forms dual to the tangent vectors ej, j = 1,...,4, i.c.

e’ (ex) = djk.
Proof. We have

1 ; 2
‘FX — Z<ej cep -, p)e Aek’ =

1 2 1 ;
FAP + g les - en- o, 0)el Aek|” = S(FL e Aef)(ej - en-,0). (9.25)
By Lemma 9.2.2
1 UUICI S
16 ’<€J €k - ¢7SD>6J Ne ‘ = §|QO| N (926)

Writing FX = Fi';'ei Ael, we get

1
—5<Fﬁcej €k P, p)

1
—§<Fis0,<p>-

1 N
—§<FX&J NeFYej e, p) =
(9.2.7)
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On the other hand, the Weizenbock formula of Theorem 3.4.2 yields, (applying (3.4.21)
to ¢, taking the scalar product with ¢, integrating, and using the self adjointness of
@A) that

1 1
J10ael = [1Vaol + TRI0P + 5(FT 0,0 (928)

The result follows from (9.2.5) — (9.2.8). O

Corollary 9.2.1. The lowest topologically possible value of the Seiberg- Witten func-
tional is achieved precisely if ¢ and A are solutions of

Pap =0, (9.2.9)
1 .
FX = Z<ej cep P, gp>ej Aek. (9.2.10)

Definition 9.2.2. The equations (9.2.9) and (9.2.10) are called the Seiberg- Witten
equations.

Thus, we see the mechanism of selfduality at work once more. The absolute
minima of the Seiberg-Witten functional for which the above lower bound is achieved
satisfy not only the the second order equations (9.2.2), (9.2.3), but also the first order
Seiberg-Witten equations (9.2.9), (9.2.10).

So far our discussion of the Seiberg-Witten functional has been completely anal-
ogous to the one of the Ginzburg-Landau functional, except that so far, the parameter
o in the latter has had no analogue in the former. However, this can easily be achieved
by choosing a 2-form g and considering the perturbed functional

1 1 2
SW,(p, 4) = / (19asl® + [Ff = Zles - ex - o006 n e+ ") (1)
R
= /(IVMF + P31+ 7 lel” (9.2.11)

1 ; 2
+ |n = gles - en - o)l NeF[* +2(F ) ) (1),
If we assume that p is antiselfdual, then
(Fi,m =0, (9.2.12)

as F;{ by definition is selfdual and the decomposition of the 2-forms on a four dimen-
sional manifold into selfdual and antiselfdual ones is orthogonal (see §3.2). Thus, in
that case the additional term (F'{, ) in (9.2.11) disappears.

If we assume that p is a closed selfdual form, then

(Fy,m) =0,
again since the antiselfdual form F; is orthogonal to the selfdual forms, and hence

(Fi,p) = (Fa,p)-
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Further, since F'4 represents the first Chern class ¢; (L) of the determinant line bundle
L (see §3.2), and since p is assumed to be closed, hence represents a cohomology class

(1],

/(me*(l) (9.2.13)

M

does not depend on the connection A (see the discussion of Chern classes in §3.2),
hence represents a topological invariant, denoted by (c1 (L) A[u])[M]. This expression
then plays a role that is completely analogous that one of 27 deg L in the discussion
of the Ginzburg-Landau functional.

The corresponding first order equations for SW,, are

Dap =0, (9.2.14)
1 .
Ff =l en-p o) net —p. (9.2.15)

Since, by our conventions, both F™ and (e; - e - ¢, )el A ek are imaginary
valued, (9.2.15) may only admit a solution if we assume that u is imaginary valued
as well. As in the Ginzburg-Landau theory, one may also introduce a scaling factor

€ > 0 or a scaling function like @ into the Seiberg-Witten functional. For example,

one may define

R
SWiclor ) = [ {9l + @FLP + Tl
M

1 j 2
+ 5 ln—lejex g p)el At +2<FX,M>}*(1)

= [{ioasl? + |ert - 2 (e wred net = )|
" (9.2.16)

We have a maximum principle similar to Lemma 9.1.2:

Lemma 9.2.3. For any solution ¢ of (9.2.2), hence in particular for any solution of
(9.2.9), on a compact four-dimensional Riemannian manifold, we have

2
< — . 2.
max |¢|” < max(—R(),0) (9.2.17)

Proof. (9.2.2) implies

1 *
FAI = (VaVag, o) = [Vagl®  (cf. (3.27))

_ R 1 2 2 2
= (Z+Z|<P| )M IV apl*.
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Let 29 € M be a point where |V 4¢|? achieves its maximum. Then
Alip(o)|* > 0.

Thus,
R(x0) + |p(0)]* <0,

and (9.2.17) follows. O

Corollary 9.2.2. If the compact, oriented, Riemannian Spin® manifold M has non-
negative scalar curvature, then the only possible solution of the Seiberg- Witten equa-
tions s

¥
+

0,
Ff=o0.

Proof. By Corollary 9.2.1, solutions of the Seiberg-Witten equations (9.2.9), (9.2.10)
also solve (9.2.2), (9.2.3). From Lemma 9.2.3 we conclude that in case R > 0, the
only solution of (9.2.2) is

p=0.

(9.2.10) then yields F;f = 0. O

In fact, the conclusion of Corollary 9.2.2 may also be obtained directly from
Theorem 9.2.1 as follows: From (9.2.4) is clear that for any solution of (9.2.9), (9.2.10),
we have SW (@, A) = 0. If R > 0, (9.2.1) on the other hand implies that SW(p, A) =0
can only hold if all terms in the integral in (9.2.1) vanish. Hence ¢ =0, F{ = 0.

Perspectives. The Seiberg-Witten equations were introduced by Seiberg and Witten[232,
233]. The mathematical relevance of these equations was first shown by Witten[265],
Taubes[246, 247], Kronheimer and Mrowka[173]. Further references can be found in the
monographs of Salamon[221] and Morgan[196]. The equations and their applications are
also described in several survey articles, among which we mention Friedrich[87] (see also
[88]). All these references have been useful in assembling the material presented here.

As in the case of other gauge theories like the Yang-Mills theory discussed in §3.2,
the functional and the equations are invariant under the action of a gauge group. Here the
structure group is U(1), and so the Gauge group § consists of maps from M into U(1) = S*,
u € G acts on a pair (¢, A) via

w(p, A) = (u™ g, u” du + A).

One has
Pura(u™ ) =u™ Pap
and
Fusa = Fa,
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so that the functional and the equations (including the perturbed ones) remain invariant
under the action of §. For a given spin® structure ﬁc, Riemannian metric g and imaginary
valued selfdual 2-form p as pertubation, one considers the space of solutions of (9.2.14),
(9.2.15) modulo the action of §. This space is called moduli space M (M, P¢, g, 1) of solutions.
One writes the second Betti number by of M as

by =b"+0b7,

where b (b7) is the dimension of the subspace of H?(M,R) represented by (anti)selfdual
2-forms. In Seiberg-Witten theory, it is shown that in case b+ > 0, the moduli spaces
M(M, ﬁc,g, u) are finite dimensional, smooth, compact, oriented manifolds, at least for
“generic” p. The compactness here comes from the fact that solutions satisfy uniform esti-
mates. (Lemma 9.2.3 and estimates for higher derivatives, see e.g. Jost, Peng, Wang[150]
for a general presentation) that imply convergence of subsequences of families of solutions.
This is different from the situation in Donaldson’s theory of (anti)selfdual connections on
SU(2) bundles where no uniform estimates hold. The most useful case seems to be where
the moduli space is zerodimensional, i.e. where one has a finite number of solutions. The
theorem of Seiberg-Witten says that if b= > 1 and b" — b~ is odd, then the number of
solutions counted with orientation is independent of the choice of the Riemannian metric
g and the pertubation p and depends only on the spin® structure P¢ on M. Also, these
moduli spaces are nonempty only for finitely many spin® structures. If (M, g) in addition
has positive scalar curvature, then in fact all Seiberg-Witten invariants vanish (cf. Corollary
9.2.2). On the other hand, such Seiberg-Witten invariants, i.e. numbers of solutions counted
with orientation, can often be computed from general index theorems, i.e. from topological
data alone, and when these numbers are found to be nonzero, this yields an obstruction for
certain compact, oriented, differentiable 4-manifolds to carry metrics with positive scalar
curvature. For results based on such ideas, see e.g. Le Brun[33]. The Seiberg-Witten the-
ory can be used to prove, to reprove and to extend many results from Donaldson theory.
Kronheimer-Mrowka[173] and Morgan, Szabd, Taubes[197] used Seiberg-Witten theory to
prove the Thom conjecture, stating that smooth algebraic curves (i.e. compact complex
smooth subvarietes of complex dimension one) in CP? minimize the genus in their homology
classes.

The Seiberg-Witten equations seem to be particulary useful on symplectic 4-manifolds
(M, w). Using iw as a perturbation and using the limit e — 0 for the parameter e introduced
into the equations above (see (9.2.16)), Taubes[248, 249] showed that in the limit the zero set
of the solution ¢ is a collection of pseudoholomorphic curves in the sense of Gromov[106].
Also, the curvature Fa will concentrate along the pseudoholomorphic curves in the limit
e — 0. In this way, one may identify the invariants defined by Gromov that are very useful
in symplectic geometry, but hard to compute, with the invariants of Seiberg-Witten that can
typically be computed from topological index theorems. For a generalization of the Seiberg-
Witten functional with a potential term of sixth order, see Ding, Jost, Li, Peng, Wang[62].
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9.3 Dirac-harmonic Maps

Let ¥ be a compact oriented Riemann surface, equipped with a conformal Riemannian
metric as in Definition 8.1.2, in local coordinates

p*(2)dz ® dz (9.3.1)

for some positive, real valued function p(z). In real coordinates, we write the metric
as Yap(r)dz®dx”, and put v = det(yag), as usual. For a map f: % — N into some
Riemannian manifold, we shall use the abbreviations

oft

o= (9.3.2)

in local coordinates on N and real coordinates z', 2% on 3.

As defined in 1.11, we let 8% be the spinor bundle of ¥, w.r.t. to some choice of
spin structure, equipped with a Hermitian product (-,-). We also recall the Clifford
multiplication

T, xc 8ty — 8Ixm (9.3.3)

VRS = v-S
which satisfies the Clifford relations
veow-s+w-v-s=—2(v,w)s (9.3.4)
for v,w € T, Y and s € 8,3, and which is skew-symmetric,
(v-s,8")y=—(sv-5) (9.3.5)

for v e T, X and s,s" € 8§,2.

Let f be a smooth map from ¥ to a Riemannian manifold (N, g) of dimension
n > 2. f~'TN is the pull-back of the tangent bundle TN by f. We consider the
twisted bundle 8X ® f~!T'N. On this bundle, there is a metric (-, -) induced from the
metric on 8 (induced in turn by the metric on X) and the metric of N on f~'TN.
Also, we have a natural connection Von $E® f~'T'N induced from those on 8% and
fITN.

In local coordinates, a section ¢ of 8 ® f~'TN can be expressed as

Y(z) = ZW (z) ® @(f(x)), (9.3.6)
j=1
where % is a spinor and a%j,j = 1,...,n, is the natural local basis of TN. The

connection V can then be expressed as

0
y’

T = Vi (o) ® %(fm) LTV @)t (@) © 2 (f(2)), (9.3.7)
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where, of course, the I‘; i are the Christoffel symbols of V. Since the connection Vs
induced from the Levi-Civita connections of 3 and N, we have

0(h1,2) = (Vothy, a) + (b1, Vaiba), (9.3.8)

for any vector field v.
After these preparations, we can define the Dirac operator along the map f by

P =Py (z) @ azi (f(2)) + Ve, £ (2)(ea - ¥ (2)) @ azi

(f (@), (9-3.9)

where eq, e is the local orthonormal basis of ¥ and @ = e, - V. is the usual Dirac
operator as defined in Definition 3.4.1.
Like @, see (3.4.11), also the Dirac operator Pis formally self-adjoint, i.e.,

/E<¢,IZE> :/EUZMQ, (9.3.10)

for all 1,& € T'(8X ® f~'T'N), the space of smooth sections of 8X ® f~1TN.
We consider the space

X:={(f,¥)| f€C®(E,N)and ¢ € [(SL® f~'TN)}

of smooth maps from ¥ to N together with smooth sections of the bundle $X® f TN
along those maps. On X, we define the functional

L) = g R+ o ) pPazas

[ (550 5258 gy poh) v, 030

So far, we do not make use of the assumption that the domain ¥ is two-dimensional.
Thus, the next result is, in fact, valid for Riemannian manifolds of arbitrary dimension
as domains.

Theorem 9.3.1. The Euler-Lagrange equations for L are
T(f) =R(f, ), (9.3.12)

Dy =0, (9.3.13)
where T(f) is the tension field of the map f and R(f, ) € T(f~*TN) is defined by

RUf,0)(0) = RN V0. (031)

Here, the R}, are the components of the curvature tensor of N.

Definition 9.3.1. Solutions (f,) of (9.3.12) and (9.3.13) are called Dirac-harmonic
maps.
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Proof of Theorem 9.3.1: We first keep f fixed and vary ¥. We consider a family
ty with dip/dt = n at t = 0. Since Pis formally self-adjoint (see (9.3.10)), we have
for a critical point of L for all such 7

dL
0= o= [ P+ =2 [ (npy). (93.15)

which yields (9.3.13) by Theorem A.1.5.
Next, we consider a variation {f;} of f with df;/dt = & at t = 0 for which the coeffi-
cients ¢’ (j =1,2,--- ,n) of the spinor ¥ (z) = ¥ (z) ® %(f(x)) are independent of

t. Then
dL(ft)

9 0
‘t 0= " §||dft||2|t:0 + /M a(ﬂ%ﬂ/}ﬂt:o- (9316)
By (7.1.13), we have
9 .
[ 2o = [ #(Dgume 9317)
Ot o

For the remaining term in (9.3.16), we first compute the variation of /). As usual,
we choose Riemann normal coordlnates that is, V ai = 0 at the point under

consideration. We also put e, := Bz“ Then

d
= Co VoV,
= e Ve ®Vaai—|—ea e BV Ve
. P . P P P
= eq Ve ®V%a—yi+ea«¢ ®(V6av%ayi (E),df(ea))ayi)
= GQ'Vea(d) ®V%@)+€a¢ ®R(df(§),df(ea))ay

Hence, we have

[ St mleo= [ €mi+ [ W gmi
= [ © 9 g Lo + (a0 8 R, diea)) im0
M Yi
:/ P’ &9 g, Ljlimo + (e ' © R, dfea)) o lomo
/ (o 0! © RU(G) Al ea)) oo by (93.13)
/<w,ea Ve RE ) L

= [ o vt O R 5

y;

:/ W vy ) Ry €™
M
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Altogether, when (f,) is a critical point of L for such variations, we obtain

d ‘ | |
chtft) |t=0 = /M (_QQmiTl(f) 4 leij(ﬁll,v‘fl ¢]>) em

and hence (9.3.12). O
There are obvious solutions of the Euler-Lagrange equations (9.3.12), (9.3.13), namely
those where either f or ¢ is trivial. In the first case, we have a constant map f and
a harmonic spinor v, that is, # = 0. In the second case, we have a harmonic map
f, that is, a solution of (9.3.12) with vanishing right hand side, and 1 = 0. On S?,
we also have an interesting class of nontrivial solutions. For a map f : $? — S? and
a spinor ¢ on S2, that is, a smooth section of 852, we define a spinor field 1) along f
by

Vo =€q-0® fileq), (9.3.18)
for a local orthonormal basis e, of the tangent space as before.
Proposition 9.3.1. Let ¢y, be defined by (9.3.18) from a nonconstant map f :

S% — 8% and a spinor o. Then (f,vt,) is a Dirac-harmonic map if and only if f is
a (possibly branched) conformal map and o is a twistor spinor (see (3.4.14)).

Proof. Let (f,1) be a Dirac-harmonic map. The spinor field ¢ of (9.3.18) satisfies
WF, V) = (VIR o, VTV o) = [ flea - 0,05 ey - o).

Hence (%, V f7 -4t} is purely imaginary by the skew-symmetry of Clifford multipli-
cation. On the other hand, because of the skew-symmetry of R; i With respect to the
indices k and [, Rj-klw)k, V f7 - ') must be real, and hence

1. ,
B (Wt Vgl = 0.

Thus, if (f,¢¢,) is a Dirac-harmonic map, then f is harmonic by (9.3.12). By
Corollary 8.1.5, f therefore is conformal.

We may, as always, choose Riemann normal coordinates so that V. eg = 0 at
the point € S? under consideration. (9.3.13) then yields at

0 = Pyo
= 65'%6/3(60¢'U®f*(6a))
= ep-ea {Ve;0® fulea) + 0@ Ve, fulea)}
= —(Ve,0® fulea) +o@7(f))
ter ez (Ve,0@ filez) = Ve,0 @ filer) + 0 @ (Ve, fulez) — Ve, fu(ez2)))
= Ve, 0® fulea) —e1 €2 (Ve,0 @ fuler) — Ve, 0@ fulea))

Since ¢ is conformal (and non-constant), the above equation is equivalent to

€1 - Vela = €9 Ve2a, (9319)
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which says that o is a twistor spinor, see (3.4.14).
In the other direction, the above computations also yield that if f is a conformal
map and o is a twistor spinor, then (f,1y ) is a Dirac-harmonic map. O

We now use the fact that the domain is two-dimensional in order to detect
important structural properties of the functional L and its critical points, the Dirac-
harmonic maps. These depend on the analogue of Corollary 8.1.4, that is, conformal
invariance.

Theorem 9.3.2. Let k : ¥ — X be a conformal diffeomorphism, with u(z) := \d—lz\
With B )
fi=fok and ¢ =pu*poK, (9.3.20)
we have o
L(f, %) = L(f, ). (9.3.21)
Proof. The conformal invariance of [, ||V f||?p?dzdz follows from Corollary 8.1.4. From
(3.4.7), one may infer that the Dirac operator ¢ for the new metric p?(k(z)) % 22 dz®
dZz satisfies s s
Mo =p2P0, (9.3.22)

remembering (9.3.20). Hence also

Db =5 e, (9.3.23)

whence the conformal invariance of [(1, JW))p?dzdz. Thus, both terms in L are
conformally invariant. O
The conformal invariance of L will now lead to the analogue of Theorem 8.1.1.

Theorem 9.3.3. Let X be a Riemann surface with local holomorphic coordinates
z=x+1y, N a Riemannian manifold with metric (-,-)n (with associated norm ||||),
or (9ij)i,j=1,...dim N in local coordinates. If (f,v) is Dirac-harmonic, then

o) = (L1 = 1P = 2o F) 4 (0 - ) = i 5T )] %

Bx By
(9.3.24)
is a holomorphic quadratic differential.

Remark. The expression in (9.3.24) involving ¢ does not look symmetric in x and y,
but the subsequent computations will clarify this issue.

Theorem 9.3.3 can be proved by direct computation, of course, but it is more
insightful to derive it from conservation laws.
Define a two-tensor by

¢aﬁ = 2<faa fﬁ) - 504,3<f"/7 f’y) + <w7€a . eegw% (9325)
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where f,, := f.(en). Here, as before, {e,} is a local orthonormal frame on ¥ and {n®}
is a coframe dual to {e,}. The tensor ¢osn® @ n° is called the energy-momentum
tensor. This tensor is symmetric and traceless, as we shall now verify. First the
symmetry: The equation ) = 0 yields

€1 ﬁeﬂ/f = —€z- 6e2¢,

then _ _ _
€2-€71 - Veﬂb = _eg . V521/1 = Veﬂ%
that is: _ _
—€1 €2 Vel¢ = VPJ/J
therefore,

which implies that ¢ is symmetric.
The first term in ¢ is traceless by construction, and that the second one is traceless
as well follows directly from the equation i = 0.

Proposition 9.3.2. When (f,4) is a Dirac-harmonic map, the energy-momentum
tensor is conserved, i.e.,

> Ve, bas =0. (9.3.26)

Proof.

Ve bap = VEa(2<foufﬁ>_5aﬁ<f77f7>)+vea<w>ea'6%1@
= I+ 11

As before, we choose a local orthonormal basis {e,} on ¥ with V. ez = 0 at the
point under consideration. We compute

I = 2(Ve,f(ea), fulep)) + 2(fu(€a), Ve, fi(es))
—260p(fx(€y), Ve, frley))
= 27(f), f3) + 2(fa: Veg fi(€a)) — 2(f5, Ve, fi(eq))
= 2(7(f), fs),

and

I = <¢a, [ ¢5> + <¢,€a : %eaﬁeglm
= _<ea'¢avwﬂ>+<wawﬂ>
= W»Wﬁ)

Therefore, we have

Ve, bap = 2(1(f), fo) + (¥, Php)- (9.3.27)
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Now

2r()fah = ARGV o)

= Ydmp lij(d’lavfl ¢j>fg
= R (i, Y f! '¢j>f§n. (9.3.28)

We compute g = e, - %ea %eﬁd). By a direct computation,

~ ~  ~ ) 0
veavegd)*veaveﬁw :Rsz(ea»eﬂ)wl(g) z”flf[ﬂ/) (29 a aom

oy

where RS is the curvature operator of the connection V on the spinor bundle $X.
By (3.4.19), this curvature operator satisfies for a tangent vector V of ¥

o - R®%(eq, V)U' = %Ric(V) UL (9.3.29)

It follows that

9] 8 . 0
8yl> = </l/}] ® o 0 Ca Rsz(eaa 65)1/)1 ® 8yl>
= Yij <w ;€a RS (6047 %)W)
1 . )
= 59i{¢’, Ric(eg) - ¥")
= 0.

W, €a - Rsz(eaa e,@)wi ®

Therefore

(%Wﬁ) = <¢7ea Veavegw>

<¢7vea(ea veoﬂp» lzgfﬂ<vfz 1/)I® 3ym7w ® ayp>
lijfﬁ@ﬁpzvfl P! )gmp

_leij<w17 vf'l ' d}j>fén

From (9.3.27),(9.3.28) and (9.3.30) we conclude that ¢4z is conserved. O
Proof of Theorem 9.3.3: The proof follows directly from Proposition 9.3.2. O

Perspectives. The variational problem presented in this section is a mathematical version
of the nonlinear supersymmetric sigma model of quantum field theory. In that model, the
variables and fields are Grassmann instead of real valued. In particular, the ones correspond-
ing to the spinor ¢ represent fermionic particles and are anticommuting. It was discovered
in [50] that one still obtains a rich mathematical structure when one makes all fields real
valued, and therefore commuting, even though one then looses the supersymmetry. The con-
formal invariance of the functional L, however, is not affected. Here, we have followed that
reference. Further analytic results are derived in [49]. It remains to explore the geometric
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significance of Dirac-harmonic maps further, but since they arise from a deep structure in
quantum field theory, one naturally also expects deep geometric applications. The physical
aspects including supersymmetry are discussed in [77, 78, 144].

Exercises for Chapter 9

1. Show by a direct computation that (9.1.28), (9.1.29) imply (9.1.6), (9.1.7).

2. Derive the Euler-Lagrange equations for the functional defined in (9.2.16).



Appendix A

Linear Elliptic Partial
Differential Equations

A.1 Sobolev Spaces

We are going to use the integration theory of Lebesgue. Therefore, we shall always
identify functions which differ only on a set of measure zero. Thus, when we speak
about a function, we actually always mean an equivalence class of functions under the
above identification. In particular, a statement like “the function f is continuous” is
to be interpreted as “f differs from a continuous function at most on a set of measure
zero” or equivalently “the equivalence class of f contains a continuous function”.

Replacing functions by their equivalence classes is necessary in order to make
the LP- and Sobolev spaces Banach spaces.

Definition A.1.1. Q C R? open, pe R, p > 1,
LP(Q) : = {f : Q — RU {£o0} measurable
’l
o |7 ley = [ 17@)pae)” <o},
Q
L*(Q): = {f : Q — R U {£o00} measurable
on ]y = es5 sup f(0)] < oo . with
faS

ess sup f(z) := inf{a € RU {oo} : f(z) < a for almost all z € Q}.
€N
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Theorem A.1.1. With norm || - |[1»(q), LP() is a Banach space for 1 < p < oo.

Theorem A.1.2 (Holder’s Inequality). Let p,q > 1, % + % =1(g=oc0 forp=1
and vice versa), f € LP(),g € LY(Q). Then fg € L*(Q) and

[ ir@stnas < ([ |f<x>f’dx)’l’ ([ 1steiras)

More generally, for pr,...pm > 1, pil—x—----}—i =1, fieLPi(Q),i=1,...,m,

Dm
1
Pi
Pi

Theorem A.1.3. If (fn)nen converges to [ in LP(QY), then a subsequence converges
pointwise almost everywhere to f.

1
q

/\f[lfi(x)\dx < f[l (/ £i(x)

Theorem A.1.4. C3°(Q) is dense in LP(Q) for 1 < p < oo (but not for p = o).

Theorem A.1.5. If f € L*(Q) and

/ f(@)p(z)dx =0, for every ¢ € C5°(R),
Q

then
f=0.

We let

LP

loc

(Q):={f: Q= RU{+o0}: f e LP(Q) for ¥ @ € Q}.

Definition A.1.2. Let f € LL _(Q). We call v € LL _(Q) the weak derivative of f in

loc loc

the direction of z*, v = D, f, if

/Qv(x)@(x)dx:—/ﬂf(x)agif)

for all p € C}(Q). Here z = (21,...,2") € R™.
Weak derivatives of higher order are similarly defined (notation D, f for a mul-
tiindex o).

dx,
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Definition A.1.3. £ € N, 1 < p < co. We define the Sobolev spaces and Sobolev
norms as follows:

WHhP(Q) == {f € LP(Q) : Ya with |a| < k: Do f € LP(Q)},

ooy = (3 [ D,,f”) for 1< p < oo,

<k
[ fllw.oo () == Z ess sup |Dq f()],
jal<ke €2
HyP(Q) := closure of C§°(2) w.r.t. | - llwer ),
H*P?(Q) := closure of C*°(Q) w.r.t. || - e )

Theorem A.1.6. WFP(Q) = H*P(Q) for 1 <p < oo,k € N. WFP(Q) is a Banach
space for 1 <p < oo, ke N.

Some local properties of Sobolev functions:

Lemma A.1.1. Q C R? open, f € H“'(Q), i € {1,...,d}. Then for almost all
A ER, flizizay is absolutely continuous.

Let f € L'(Q), Q open in R?. Then for almost all zq € €,

lm ———— /|f f(zo))|dx =0

r—0 ‘B Zo, T

(|B(xg,7)| = war? denotes the Lebesgue measure of the ball B(zg,r)).

An zq satisfying this property is called a Lebesgue point. If zg is a Lebesgue
point, then f is approximately continuous at xg; this means the following:
For e > 0, let

Sci={y e Q:|f(y) — flzo)| <e}.

Then 5 n B
lim ‘ e M ($O,T')|

r=0  |B(zo,7)|

Similarly, f € HY1(Q) is called approximately differentiable at zo € €2, with approx-
imate derivative V f(zo), if for

Si={y € Q:|f(y) = flzo)(y — w0) — Vf(o)| < ely — wol},

|52 N B(xo,7)]
lim ————————
r=0 |B(xo,7)|

=1 foralle>0.

=1 foralle>0.

We then have

Lemma A.1.2. A function f € HY'(Q), Q C R? open, is approzvimately differ-
entiable almost everywhere, and the weak derivative coincides with the approximate
derivative almost everywhere.
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Lemma A.1.3. Q C R? open, £ : R — R Lipschitz, f € H'P(Q). If Lo f € LP(Q),
then Lo f € HYP(Q) and for almost all z € Q,

Dj(to f)(z) = l(f(x)Dif(z), i=1,....d.
Theorem A.1.7 (Sobolev Embedding Theorem). Q C R" open, bounded, f €
HyP(Q). Then

fe L7% for p <n,
fec®Q) forp>n.
More precisely, 3 constants ¢ = ¢(n,p):
A1l 225 ) < €llDFllze (o) forp <mn,
sup |f(@)] < Vol (Q)" "D fll Loy forp>n.
EdS

Forn=p, f € L1Q) for all ¢ < oo.

Remark. H“"(Q) is not contained in C°(Q) or L*°(9).

Let us consider the following example:
o
d>2Q=B(01) Cc R f(z):=loglog ﬁ is in HJ*(€2), but has a singularity at
2 = 0 and is unbounded there. Using this example, we may even produce functions

in ¢ with a dense set of singular points. For example, take Q =B (0, 21—6) C R?, let
(pv)ven be a dense sequence of points in §2 and consider

g(x) == ZQ‘”f(x — D).

Corollary A.1.1 (Poincaré Inequality). Q@ C R"™ open, bounded,

f e Hy*(Q) = || fllr2q) < const Vol ()% || Df]|2(q)-

Corollary A.1.2. Q C R" open, bounded, then,

L7 (Q)  for kp <n,

HP(Q) _
0" (@) {cm(ﬂ) for0<m<k—2

In particular, if f € H(’f’p(Q) for all k € N and some fized p, then f € C>(1Q).
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Theorem A.1.8 (Rellich-Kondrachov Compactness Theorem). Q C R" open,
bounded. Suppose 1 < q < & if p<d, and1 < q < oo if p>d. Then HyP(Q) is

compactly embedded in LY(), i.e. if (fn)nen C HyP(Q) satisfies

| frllwrr) < const,

then a subsequence converges in LI().

Corollary A.1.3. Q as before. Then Hé’2(Q) is compactly embedded in L*(S2).

H*2(Q) is a Hilbert space, the scalar product is

(fs9) mr2(q) = Z /QDaf(:c)Dag(x)d:c.

e <k

Finally, we recall the concept of weak convergence:
Let H be a Hilbert space with norm ||- || and a product (-,-). Then (v,)nen C H
is called weakly convergent to v € H,

Up —7 VU,

iff
(U, w) — (v,w) forall we H.

Theorem A.1.9. Every bounded sequence (vy,)nen in H contains a weakly convergent
subsequence, and if the limit is v,

lv]] < liminf ||v,|]
n—oo

(where (v,) now is the weakly convergent subsequence).

Ezample. Let (e,) be an orthonormal sequence in an infinite dimensional Hilbert
space. Then e, — 0. In particular, the inequality in Theorem A.1.9 may be strict.

A.2 Existence and Regularity Theory for Solutions
of Linear Elliptic Equations

Q) will always be an open subset of R™.
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For technical purposes, one often has to approximate weak derivatives if they
are not yet known to exist by difference quotients which are supposed to exist. Thus,
let

feL*(QR),
(e1,...,em) an orthonormal basis of R™,
heR, h#0.
We put
f(@+ he;) — f(z)
Al =
() h

If o € L?(Q), supp p € Q, |h| < dist (supp @, ), we have
/(Aff(@)@(l‘) dx = —/ f(m)A;hcp(:c) dx. (A.2.1)
Q Q

Lemma A.2.1. If f € H'2(Q), Q' € Q, |h| < dist (,09), then Al'f € L2(Q') and
IAT fllzziy < IDiflp2iy fori=1,....m.

(ifdist (z, 9Q) > |h]).

Conversely,
Lemma A.2.2. If f € L?(Q) and if for some K < oo
A7 f

for some sequence h, — 0 and all ' € Q with h, < dist (Q,09Q), then the weak
derivative D; [ exists and

|2y < K

1Difllz2(0) < K.
The fundamental elliptic regularity theorems for Sobolev norms may be proved

by approximating weak derivatives by difference quotients.

We now formulate the general regularity theorem.
We consider an operator

Lf(z) := aia (aa%)% f(x)) (A.2.2)

forze, f:Q—=R, QCR™.
We assume that there exist constants 0 < A < p with

MNP < a® (2)éaép < plel? (A2.3)

for all z € Q,6 € R™. We say that L is uniformly elliptic. Let k € L*(Q). Then
f € HY2(Q) is called weak solution of

Lf=k

if
/ a®P(2)Dg f(x)Doip(z) dx = —/ k(z)po(x) d (A.2.4)
Q Q
for all p € Hy?(5).
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Theorem A.2.1. Let f € HY2(Q) be a weak solution of (A.2.4). Suppose k €
HY2(Q), a®® € C*+1(Q) (v € N).
Then
f c Hu+2,2(Q/)

for every ) € Q.
If
[a®?|| cvs1(ay < Ko,

then
I fll 522y < cllfllzz) + 1kl a2 ) (A.2.5)
where ¢ depends on m, A\, v, K, and dist (2, 09).

The Harnack inequalities of Moser are of fundamental importance for the theory
of elliptic partial differential equations:

Theorem A.2.2. Let L be a uniformly elliptic operator as in (A.2.2), (A.2.3).
(i) Let u be a weak subsolution, i.e.
Lu>0 n a ball B(xg,4R) C R™

([a**DyuDsp <0  for all ¢ € Hy*(B(xo,4R))). Forp>1 then

2 1

P \7» 1 ?

sup ugcl( ) < / maxum,()pdx> ,
B(zo,R) p—1 Wi (2R)™ /By ,2R) (), 0)

where ¢y depends only on m and § in (A.2.3).

(ii) Let u be a positive supersolution, i.e.
Lu<0 in a ball B(xg,4R) C R™.

Form >3 and0<p<%then

S
—_ U < ———— inf u,
W (2R)™ JB(zy,2R) (%5 — p)? B(zo.R)

¢z again depending only on m and §. For m =2 and 0 < p < oo, the same

estimate holds when (mC—Q_W is replaced by a constant c3 depending on p and
m—2

o

.

The Harnack inequality also translates into estimates for the fundamental solu-
tions of the Laplace-Beltrami operator, and their generalizations, the Green functions.
The Green function G(zg, ) of a ball B C M (or another sufficiently regular domain),
for x in the interior of B, is symmetric in = and xg, smooth for x # xg, becomes
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singular like md(az,xo)2_d in case d = dimM > 3 (wg = Vol S971) (and like
wi? log d(zg, x) for d = 2), vanishes for € 9B, and satisfies

h(xo) = /BAh(x) G(wg,x)dVol (z) for allh € CZ(B).

A geometric approximation of the Green function (that is exact in the Euclidean
case) has been investigated in §4.7. An analytic alternative that allows to avoid the
singularity is the use of the mollified Green function. For simplicity, and because that
typically suffices for applications, we only consider the case of a ball. The mollified
Green function G®(z¢,z) on the ball B(zg, R) relative to the ball B(zg,2R) of double
radius, GF(xg,-) € HY2 N CY(B(z0,2R)), satisfies

/ Ap(x) GR(xg, ) dVol (z) = / (do(x), dGR (g, z)) dVol ()
B(x0,2R) B(x0,2R)

- ][ () dVol (z),
B(wo,R)

for all ¢ € HY? with supp ¢ € B(xg,2R).

For purposes of normalization, it is convenient to consider

_ |B(wo,2R)|

R
( R2

wh(z) : G"(xo, )

with |B| := Vol B.
We then have

e L i
/B P ) = /B G

for all ¢ € H%? with supp ¢ € B(xg,2R).
We then have the estimates

Corollary A.2.1.
0<wl <~y in B(xo,2R),
w® >~ >0 in Bz, R),
for constants v1, 2 that do not depend on R.
The estimates of J. Schauder are also very important:

Theorem A.2.3. Let L be as in (A.2.2), (A.2.3), and suppose that the coefficients
a®®(z) are Hélder continuous in (), i.e. contained in C?(S2) for some 0 < o < 1.

(i) If u is a weak solution of
Lu=k
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and if k is in L>°(Q), then u is in C*7(Q), and on every Qo € Q, its CH-
norm can be estimated in terms of its L*-norm and the L™ -norm of k, with a
structural constant depending on Q, Qqo, m, o, X\, u and the C?-norm of the

a“B(z).

(i) If u is a weak solution of
Lu=k

for some k € C*7(Q), v=0,1,2,...,0< 0 < 1, and if the coefficients a®® are
also in C*°(Q), then u is in C*T%7(Q), and a similar estimate as in (i) holds,
this time involving the C*-norm of k and the a®”.

Finally, we quote the maximum principle.

Theorem A.2.4. Let Q@ C R™ (or, more generally, @ C M, M a Riemannian
manifold) be open and bounded, f € C*(2) N C°(Q) with

Lf>0 1inQQ,
L asin (A.2.2), (A.2.3). Then f assumes its mazimum on the boundary OS.

All the preceding results naturally apply to the Laplace-Beltrami operator on a
ball B(xg,r) in a Riemannian manifold M, putting

1 0 0
_ 1 ag_9
Nkl <ﬁ7 896[’) ’

(Yap)a.p=1.....m the metric tensor of M in local coordinates, (Y*7) = (ya45)7 1, v =
det(7a5)'

L=-A

References for the material in this appendix are: Gilbarg and Trudinger[96], Jost[146]
and, with a more elementary presentation, Jost[143]. The results of Corollary A.2.1
about Green functions are systematically derived in [113], and in a more general con-
text in [23]. Some further points about Sobolev spaces can be found in Ziemer[273].

A.3 Existence and Regularity Theory for Solutions
of Linear Parabolic Equations

In this section, we consider differential equations on © x [0, 00) where € is an open
subset of R™ as in A.2, and we continue to use the notations introduced there.
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In particular, as before, let the operator L be a uniformly elliptic operator of
the form

0

0
— af
Lf(@) = 5= (a" (@) 55 /(@) (A.3.1)
with constants 0 < A < p satisfying
AEP? < a(z,1)6als < plé]? (A.3.2)

for all z € Q,0 < ¢, € R™. The equation we wish to study then is

0

§f(x7t) — Lf(z,t) =k(z,t)forz eQ, t>0 (A.3.3)

f(z,0) = ¢(x) (A.3.4)

for some continuous function ¢(x) and some bounded function k(z,t) (and suitable

boundary conditions, but since in the text, we are interested in compact manifolds M

in place of the open domain 2, these will not play an essential role and consequently

are not emphasized here). (A.3.3) is a linear parabolic partial differential equation
We first state the parabolic maximum principle.

Theorem A.3.1. Let Q C R™ (or, more generally, Q@ C M, M a Riemannian man-
ifold) be open and bounded, f € C?(2) N CO(Q) with respect to x and in C*((0,T)) N
C°([0,T)) with respect to t, with

%f—Lng in Q x [0,T]. (A.3.5)

Then f assumes its maximum for (xz,t) with x € OQ or fort = 0, that is, either on the
spatial boundary or at the initial time. In particular, when M is a compact manifold
(without boundary), the supremum of f(-,t) is a decreasing function of t.

We have the following existence and regularity theorem for solutions of (A.3.3),
with Schauder type estimates

Theorem A.3.2. Let L be as in (A.8.1), (A.3.2), and suppose that the coefficients
a“P(x,t) are Hélder continuous in 2 x [0,00), i.e. contained in C7(Q x [0,00)) for
some 0 < o < 1. If we prescribe some boundary values, say f(y,t) = g(y) for all
y € 09, for some given, e.g. continuous, function g, the solution of (A.3.3) then
exists for all t > 0.

Furthermore, we have the following estimates:

(i) If u is a weak solution of
Lu=k (A.3.6)

and if k is in L=(Q x [0,00)), then as a function of x, u is in CH7(Q), and
for every Qo € Q and to > 0, its (spatial) C17(Q)-norm on Qg x [tg,00) can
be estimated in terms of its L°°-norm and the L°°-norm of k, with a structural
constant depending on Q, Qqo, to, m, o, X\, p and the C-norm of the a®?(x).
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(it) If u is a weak solution of

Lu=%k

for some k € CV7(Q x[0,00)), v =0,1,2,..., 0 < o < 1, and if the coefficients
a®® are also in CV7(Q x [0,00)), then u is in C*+27(Q) with respect to x and
of class C*T17 with respect to t, and the corresponding norms can be estimated
analogously to (i), this time involving the C¥:°-norm of k and the a®®.

The restriction to ¢ > ¢y > 0 can be avoided if the initial values fy satisfy
appropriate regularity results. The estimates on [0, 00) will then naturally also involve
the corresponding norms of fj.

Theorem A.3.2 concerns a linear parabolic equation. In the text, we shall en-
counter nonlinear parabolic equations and systems. For those, the global existence
and regularity cannot be deduced from a general result, but rather needs to invoke
the detailed structure of the system. What one can deduce from Theorem A.3.2, how-
ever, is the short time existence of solutions when the linearization of the differential
operator satisfies the assumptions of that theorem. This follows by linearization and
the implicit function theorem. That means that for such nonlinear systems, we can
obtain the existence of a solution on some interval [0,7') whose length depends on the
regularity properties of the initial values. This also implies that the maximal interval
of existence for nonlinear parabolic systems is open. For the closedness of the interval
of existence, and consequently the existence of a solution for all “time” ¢t > 0, one
then needs to derive specific apriori estimates that prevent solutions from becoming
singular in finite time.

A reference for parabolic differential equations and systems is [174]. For a text-
book treatment, we refer to [146].



Appendix B

Fundamental Groups
and Covering Spaces

In this appendix, we briefly list some topological results. We assume that M is a
connected manifold, although the results hold for more general spaces.
A path or curve in M is a continuous map

c:[0,a] = M (a>0).

A loop is a path with ¢(0) = ¢(a), and that point then is called the base point of the
loop. The inverse of a path c is

ct:[0,a] — M,
cHt) :=cla —t).

If ¢; : [0,a;] — M are paths (i = 1,2) with ¢2(0) = ¢1(a1), we can define the
product ¢; - ¢o as the path ¢: [0,a1 + as] — M,

; 1 (t) for 0 <t < ay,
c(t) =
co(t —ay) forap <t<ay+as.

Two paths ¢; : [0,a;] with ¢1(0) = ¢2(0) and ¢1(a1) = c2(az) are called equivalent or
homotopic if there exists a continuous function

H:[0,1] x [0,1] — M
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with

H(t,0) = (i),

ay

t
H(t,1) = ¢ (a—g) for all ¢,

H(0,5) = c1(0) = ¢2(0),
H(1,s) =ci(a1) = ca(az), for all s.

In particular, ¢ : [0,a] — M is equivalent to ¢ : [0,1] — M with ¢&(t) = ¢(£), and so
we may assume that all paths are parametrized on the unit interval.

We obtain an equivalence relation on the space of all paths. The equivalence
class of cis denoted [c], and it is not hard to verify that [c;ce] and [c~!] are independent
of the choice of representations. Thus, we may define

1 - co] =t [en] - [ea],

In particular, the equivalence or homotopy classes of loops with fixed base point
p € M form a group 71 (M, p), the fundamental group of M with base point p.

If p and ¢ are in M and v : [0,1] — M satisfies v(0) = p, v(1) = ¢, then
for every loop ¢ with base point ¢, v~tcy is a loop with base point p, and this
induces an isomorphism between (M, q) and 71 (M,p). We may thus speak of
the fundamental group 71 (M) of M without reference to a base point. M is called
simply connected if (M) = 0. A continuous map f : M — N induces a map
fu:m(M,p) — (N, f(p)) of fundamental groups.

A continuous map

m: X —-M

is called a covering map if each p € M has a neighborhood U with the property that
each connected component of 7~ 1(U) is mapped homeomorphically onto U. If p € M
and H is a subgroup of 71 (M, p), there exists a covering 7 : X — M with the property
that for any = € X with 7(z) = p, we have m,(m (X, 2)) = H.

If we choose H = {1}, we obtain a simply connected manifold M and a covering

7 M — M.

M is called the universal covering of M.
If 7: X — M is a covering, ¢ : [0,1] — M a path, zo € 7 (2(0)), then there
exists a unique path
¢:0,1] — X

with ¢(0) = xo and ¢(t) = 7w(é(t)). ¢ is called the lift of ¢ through .
More generally, if M’ is another manifold, f : M’ — M is continuous, py € M,
Yo € £~ (po), w0 € 7 1(po), there exists a continuous

f:M'—>X
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with f(yo) = zo and f = 7o f if and only if fu(m (M’ o)) C mu(mi (X, z0)). f is
unique if it exists.

Let 7 : M — M be the universal covering of M. A deck transformation is a
homeomorphism ¢ : M — M with

T =10 .

Let m(z0) = po. m1(M,po) then bijectively corresponds to 7~ *(pgy). More precisely,

x1 € T (po) corresponds to the homotopy class of 7(7,,), where v,, : [0,1] — M

is any path with 7., (0) = 2o, 7z, (1) = z1. The deck transformations form a group

that acts simply transitively on 7= 1(pg), and associating to a deck transformation
—1 . . .

©(xo) € 7 H(po) then yields an isomorphism between the group of deck transforma-

tions and 71 (M, po).

If M and N are manifolds with universal coverings M and N, resp., and if
f:M—N
is a continuous map, we consider the induced homomorphism
p = fy:m(M,p) = m(N, f(p))

of fundamental groups. If  : M — M is the universal covering, we can lift f o :
M — N to a map o ~

f:M— N,
because the above lifting condition is trivially satisfied as m (M) = {1}. f is equivari-

ant w.r.t. the above homomorphism p in the sense that for every A € 71 (M, p), acting
as a deck transformation on M, we have

fOx) = p(\)f(z) for every z € M, (B.1)

where p(A) acts as a deck transformation on N. We say that f is a p-equivariant map
between the universal covers M and N.
Conversely, given any homomorphism

p:m(M,p) — m(N,q)
and any p-equivariant map
g: M — N (with g(p) = q),
not necessarily continuous, then g induces a map
g :M—N

whose lift to universal covers is g. ¢’ is continuous if g is.
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Finally, if M is the universal cover of a compact Riemannian manifold M, a
so-called fundamental domain F (M) for M in M can be constructed as follows:

For simplicity of notation, we denote the group m (M, z¢) operating by deck
transformations on M by T', and its trivial element by e.

Let d(.,.) be the Riemannian distance function on M. We select any zy € M.
We then put

F(M):={ze M :d(z,2) < d(yz,z) forallyel,vy+#e}
F(M) is open. Since I' operates by isometries, i.e.
d(Az1,\z2) = d(21,22) forall \ €T, 21,20 € M,
we may also write
F(M)={z€ M :d(z,2) < d(z,\z) forall A€, \#e}.

By its definition, F'(M) cannot contain any two points that are equivalent under the
operation of I'. On the other hand, for any z € M, we may find some p € I such that

uz € F(M).

Thus, the closure of F'(M) contains at least one point from every orbit of I' in M.
If f: M — R is an integrable function, and if f : M — R is its lift to the
universal cover of M, then

/M f(z) dVol (z) = /F oy T v )

Examples of fundamental groups.
1. m(R™) = {1} for all n.
2. m(SY) =Z.
A generator is given by
c:[0,1] — S' = {(z,y) € R? : 2? +¢* =1},
c(t) = (cos 27t sin 27rt).
The universal covering of S' is R, and the covering map is likewise given by
7(t) = (cos 2mt, sin 27t).
3. m(S™) = {1} for n > 2.

4. m(SO(n)) = Zy for n > 3.

The preceding results can be found in any reasonable textbook on Algebraic
Topology, for example in [99] or [240].
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